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Abstract. In this paper we obtain two interrelated results. The first result is the following inequality:

Theorem. Assume that f : IN, — R satisfies V) f(t) > 0, for each f € IN,,1, v > 0,v ¢ Ny, and choose
N € Ny, such that N =1 < v < N. Then for each k € IN,,n, we have

N-2 k-1

VWU f@+k) 2 = Y Hola+ka+ )V fa+i+1)= Y Hopeala+koa+i— DV fla+ ),
i=0 =N
where —+N-2
. k —i+1 —v+N-2
Hoyina(@+ka+i-1)= W <0.

As an application of the above inequality we prove the following result:

Theorem. Assume that f : N, — R satisfies V; f(t) > 0, for each t € IN,;;, where 5 < v < 6. Then
V3f(t) >0, for t € Nyse.

This demonstrates that, in some sense, the positivity of the v-th order fractional difference has a strong
connection to the positivity of an integer-order difference of the function f.

1. Introduction

Discrete fractional calculus has generated much interest in recent years. Some of the work has employed
the forward or delta difference operator, and these studies have included a variety of areas such as initial
and boundary value problems, operational properties of the fractional difference, and applications of the
discrete fractional calculus. We refer the reader to [1, 3, 4, 14, 19], for example, and more recently to
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[2, 5, 6,11-13, 15, 16, 18, 23]; see also the book by Kelley and Peterson [20], which provides a thorough
overview of the integer-order difference calculus with delta difference.

On the other hand, many other works have developed the backward or nabla difference, and for this we
refer the readers to [9, 11]. There has also been some work [4, 21] to develop relations between the forward
and backward fractional operators, A" and V”, and, furthermore, fractional calculus on time scales [7] - see
also the monographs by Bohner and Peterson [8, 9] for a survey of the calculus on time scales. This present
work is motivated by C. S. Goodrich [17], who obtained convexity results for the delta fractional difference
(see also for monotonicity results [10] and [21]).

We will be interested in functions defined on sets of the form

N, :={ag,a+1,a+2,---}.
Our results could also be stated for functions on the finite set
INZ ={a,a+1,a+2,---,b},

where 4,b € R and b — a is a nonnegative integer. We leave it to the reader to consider our results for this
case. For f : N, — R we define the nabla (backwards difference) operator by

VAl = f) -~ ft=1) €Ny,

We will briefly compare our results for the nabla case to the delta case, where the delta (forward difference)
operator is defined by

Af(H) = f(t+1) = f(5), teN,.

With this context in mind, in this paper we obtain a couple of interrelated results. The first of these
results is the following inequality:

Theorem 1.1. Assume that f : Nay1 — R satisfies V) f(t) > 0, for each t € Npyq, v > 0,v ¢ INy, and choose
N € Ny, such that N =1 < v < N. Then for each k € INy we have

P4

) k-1
VN fa+k)> - ) Hopa+ka+iVifla+i+1)- Z H_yino(@+ka+i—-1)VN" fa+i), 1)
i=N

1]
o

i
where, for N <i<k-1,
(k—i+1)"+N-2

TovaN-1) "

H_ ,no@+ka+i—1)=

As an application, we prove the following theorem.

Theorem 1.2. Assume that f : N1 — R satisfies Vi f(t) = 0, for each t € Nyy1, where 5 < v < 6. Then
Vo £(t) > 0, for t € Nyse.

As a consequence of Theorem 1.2, we demonstrate an interesting corollary, which essentially states that the
positivity of the v-th order fractional nabla difference, for 5 < v < 6, implies certain positivity results about
the integer-order nabla differences Vi f(t), for i € ]Ng — see Corollary 3.9 for the details.

Finally, in Section 4, we provide analogous results in the cases where either 3 <v <4 or4 <v < 5. Since
the proofs of the corresponding results are similar to the case in which 5 < v < 6, we omit the proofs. In
any case, the statement of these results, as provided in Section 4, are as follows.

Theorem 1.3. Assume that f : N, — R satisfies V), f(t) > 0, for t € Ng4q, where 4 <v < 5. Then V4f(t) >0 for
t [S Nﬂ+5.
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Theorem 1.4. Assume that f : N,11 — R satisfies VY f(t) > 0 for t € Nys1, where 3 <v < 4. Then V3 f(t) > 0 for
t € Nyi4.

Allin all, these results demonstrate that, in some sense, the positivity of the v-th order fractional difference
has a strong connection to the positivity of an integer order difference of the function f.
Recently, for the delta fractional difference Baoguo, Erbe, and Peterson [22] obtained the following result.

Theorem 1.5. Assume f : N, — R, that AL f(t) > 0 for each t € N1, where 5 < v < 6, (-1)°7'Alf(a) > 0, for
i=0,1,---,4and NS f(a) > 0. Then ASf(t) > 0, for t € N,.

Comparing Theorem 1.5 with Theorems 3.8, 4.3, and 4.4, we see that there are substantial differences
between the nabla fractional difference and the corresponding delta fractional difference. In particular,
as the statement of Theorem 1.5 above indicates, in the delta fractional difference case one must assume
additional, auxiliary hypotheses in order to ensure that the desired conclusion, i.e. A°f(t) > 0, holds.
Moreover, these auxiliary hypotheses are not so natural since one must, in particular, assume that f satisfies
A3 f(a) > 0 as well as the collection of the conditions (—1)*7A’f(a) > 0, for i € N,

Finally, it should be pointed out that the computational methods in Section 3 are also valid for N > 6.
However, for the sake of brevity, we focus in this article on the case where N < 6.

2. A Basic Inequality for the Nabla Difference Sum

Let the map x +— I'(x) denote the gamma function. We then define the rising factorial function (see [18,
equation (3.2)]) by

7o I(t+7)

B X3
for those values of t and r such that the right hand sides of these equations are well defined. We also use
the standard extensions of their domains to define these functions to be zero when the numerator is well

defined, but the denominator is not defined. The nabla fractional Taylor monomial of degree v based at a
(see [18, Definition 3.56]) is defined by

The following lemma is from [18, Theorem 3.62]. We will frequently use this result in the sequel.
Lemma 2.1. Assume that f : N, — R, v > 0,v ¢ Ny, and choose N € Ny such that N —1 <v < N. Then

t t
VO = [ Hoalt p)f@Vei= Y, Hocalt o),

T=a+1
fort € Ngiq.
We now prove the following important inequality.

Theorem 2.2. Assume that f : N, = R, V} f(t) = 0, for each t € Ny11, where v > 0 and v ¢ INy. Choose N € IN;
such that N -1 <v < N. Then for t =k € Ny

N-2 k-1
VN f@+ k) > =Y Howia+ta+)Vif@+i+1) =Y Honol@+ka+i- 1)V fa+i), 2)
i=0 i=N

where

(k—i+1) N2

H_V+N_2(El +ka+i— 1) = F(—v TN l)

<0. 3)
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Proof. For simplicity, we only prove this theorem for the case a = 0. So, using Lemma 2.1, the power rule
(see [18, Theorem 3.57])

VTH,V(t, T) = _H—v—l(tl P(T))/

and integration by parts, we have

f
0< H_,_(t, \%
< fo 1t pO) FOVT
t

= Hoa(t, 0)f(1) + f1 oy (t, p() f(0)VT

t
= Hoya (6, 0)f(1) — [Hoot, O, + f1 H, (¢, p(e)V (1)

t
 [Hoat 0 + Hott DO+ [ Ho )V Ve
t

= HLJ (5, 0)f(1) + f1 HLo(t, pO)V F()V,

where we used the formula
H_,1(t,0)+ H_,(t,1) = H_,(t,0);

this formula is a special case of a formula in [18, Theorem 3.96], but it is easy to prove directly. Hence,
another application of integration by parts gives the following estimate

t
0 <H_,(t,0)f(1) — [H-ys1(t, T)Vf(’()]i:1 + [ H_,.1(t, p(T))sz(T)VT
t
= Hy(, 0)f(1) + Hoyn(, DVF(1) + f1 Heya(t, p(0) V2 f(0)Vx
2 t
= H_,(t,0)f(1) + H_,;1(t, DV (1) + fl H_y1(t, p(0)) V2 f(T)VT + f2 H_yu1(t, p(0))V2f(T)VT
t
= H—v(t/ O)f(l) + H—V+1 (t/ 1)Vf(1) + H—v+1(t/ 1)V2f(2) + jz‘ H—v+1(tl P(T))sz(T)VT
t
= Ho(t, 0)f(1) + Hovur (1, DVFQD) + fz Hoyoa (0, pla) VOV,

where we use both that H_,(¢,t) = 0 and that H_,,1(¢,t) = 0.
Continuing in this manner we get by mathematical induction for i € Ny that

0 H_, (¢, \Y
< fo 1t p() flD) Ve
= Ho(t,0)f(1) + Hopa( V@) + -+ Hoyit, DV (G4 1) @

t
o [ Hott oV SO

for t € Nj;1. Taking i = N — 2 in (4), we get that for t € Ny

t N-2 t
fo Hepa(t, p()FOVT = ) Hovat VIS + D) + fN Hevanalt, p)VY SV 5
j=0 -
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Then putting ¢ = k in (5), we have

0

IN

fo Hevr(t, p(0)) f(0)VT

N-2 k-1
Y Howilk )V G+ 1) + ) Hopaneall i = VN £G) + VN £(R),
i=0 i=N

for k € Ny, where in the last step we used H_,n-2(k, k — 1) = 1. Solving this last inequality for yN-1 fk) we
obtain the desired inequality (1) for a = 0.

Finally, we show that (3) holds for a = 0. This follows by noting that for each N <i < k — 1 we have
, _(k—i41)N=2
H—V+N—2(kll ]') - r(_v + N _ 1)
_ Tk-i-v+N-1)
CTk—i+ DI(—=v+ N -1)
] k2

= m H(—V+N+j)
=1

<0,

since N — 1 <v < N, and this completes the proof. [

3. Preliminary Lemmas and Main Result

In this section we state and prove the main result of our paper. Prior to this, however, we need to
establish some preliminary lemmas. To begin, we notice that the following lemma may be established.

Lemma 3.1. Assume that f : N1 — Rand V; f(t) > 0, for t > IN,41. Then the following inequalities hold:

fla+1) =0, H_,(a+2,a)fa+1)+Vf(a+2) 20,
H_,@a+3,a)f(a+1)+H_y(a+3,a+1)Vfa+2)+Vfla+3)>0,

2
Z Howia+4,a+)Vif@+i+1)+V3fa+4) >0,
i=0

3
Y Howia+5,a+)Vf@a+i+1)+Vif@+5)=0,
i=0

4
Z Hevuila+6,a+i)Vifa+i+1)+ Vi f(a+6)>0.
i=0

Proof. We just prove this result for the case a = 0. Using (4) and letting both i € N7 and t = i + 1, the result
follows by noticing that H_,;(i + 1,i) =1. O

We next establish another lemma. This particular result is a key observation in establishing the main
result, Theorem 3.8, of this section. It is also of some independent interest.

Lemma 3.2. Assume f : Ny = R, 5 <v < 6,and V) f(t) > 0, for t € Ny41. Then each of the following inequalities
holds:
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.V fa+6)>-H_,(a+6,a)f(a+1)>0;
. Vif@@+5)> H_,(a+5a)f@+1)>0;

Vif(a+4)>-H_,(a+4,a)f(a+1)>0;
Vif(a+3)> H_,(a+3,a)f(a+1)>0;
Vf(a+2)>-H_ ,(a+2,a)f(a+1) >0;
Fla+1)>0.

AN N

Proof. For simplicity we just prove this theorem for the case a4 = 0. In this proof we will use the following
notation. If

Y = (y1, Y2, Y3, Ya, Y5, Ye)",

then we write Y > 0, where 0 is the 6 X 1 column vector 0 := (0,0,0,0,0,0)7, if and onlyify; >0for1 <i<6.
If we let

X = (V2 £(6), V*f(5), V’ f(4), V2 £(3), V£(2), F(1))",

then by Lemma 3.1, we have that
AX >0,

where A; € R® is the matrix defined by

A1 =
1 H7V+4 (6/ 4) H7v+3 (6/ 3) H7v+2(6/ 2) H7v+1 (6/ 1) va (6/ 0)
01 H—v+3 (5r 3) H—v+2(5/ 2) H—v+1 (5/ 1) H—v (5/ 0)
0 0 1 H—v+2(4/ 2) H—v+1 (4/ 1) H—v (4/ 0)
00 0 1 H_,1(3,1) H.,(3,0)
0 0 0 0 1 H_,(2,0)
0 0 0 0 0 1

Our goal is to use elementary row operations to obtain from A;X > 0 a suitable matrix-vector inequality of
the form BX > 0, where B is chosen in such a way that the desired conclusion immediately follows.
To facilitate the computations that follow, given a matrix C; € R, for use in the sequel we shall put

Ci/]' = e]'Ci,

where e; € R® is the j-th basis vector (interpreted as a row matrix) in the standard, ordered basis for R®;
that is to say, the matrix C;; is the j-th row vector of matrix C;. Finally, we recall that the matrix e]Tei, for

1 <1i,j < 6, has the property that for any matrix A € R® the matrix

e].TeiA € R

is a matrix, whose j-th row is the i-th row vector of A and each of whose other rows is the zero vector in IR®.
So, with these observations in mind, we begin by noticing that

—H_y4(6,4) =v—5>0.

Thus, if we then put

A2 = e{ _H—v+4(6/4) A1,2 +A1’
~——
=82A1

€]R6%6
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we obtain that
AX>A1X2>0,

where
1 0 L6 —T(-v+6) —T(-v+6) —T(-v+6)
2T(—v+4) 3T(—v+3) AT (—v+2) 35I(—v+1)
0 1 H.,4305,3) H.4205,2) Hon(5,1) H.(5,0)
A, = 0 0 1 H_,.»(4,2) H_,+1(4,1) H_,(4,0)
0 00 1 H—V+1(3/ 1) H—V(3/ 0)
0 0O 0 1 H_,(2,0)
0 0O 0 0 1
Next notice that —H_,;3(5,3) = v —4 > 0 and that % > 0. Using these observations, we next define
the matrix Az by
I'(-v+6
Az = eg (_H—V+3(5, 3)A2,3) + e{ (ZF((—V T 4?) A, 3) + A

We thus obtain the vector inequality
AsX > AX >0,

where
T(—v+6) I'(-v+6) I'(—v+6)
100 6r(—vv+3) 8r(—vv+2) 200 (—v+1)
01 0 —T'(=v+5) —I'(-=v+5) —T'(=v+5)
2T (—v+3) 11-3T(-v+2) 204 (—v+1)
A3 = 0 0 1 H—V+2(4/ 2) H—v+1 (4/ 1) H—V(4/ 0)
0 001 H_,:1(3,1) H-(3,0)
0 00O 1 H_,(2,0)
0 00O 0 1

Now notice that —H_,+2(4,2) = v — 3 > 0. Moreover, it may be easily shown that each of the following
inequalities holds as well.

I'(—v+5) T'(—v+6)
v +3) Y Terves)

So, we may then construct the matrix A4 by setting

I'(-v+5) )
AT(v +3) A

Ay = el (Hoyi2(4,2)A34) + €] ( 2T(—v+3

T( I'(-v+6)

+ - Az )+ A
“\Ter—v +3) 3'4) 3

which thus yields the inequality
AX>A3X >0,

where 100 0 ~wo ~[(-v+6)
2F4(r(—v5+)2) sro(r(—vgr)l)

U+ —v+

0100 6rr((_v+i)) srr((—v+14))

—TI'(-v+ —I(—v+

A= 0 01 0 775 3T (—v+1)
0 00 1 H,u@31) H.(30)
00001 H_,(2,0)

0O 0 0 0 O 1

At last, we observe both that —H_,,2(3,1) = v — 2 > 0 and that each of the following inequalities holds:
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I'(-v+4) I'(-v+5) I'(-v+6)
2T(-v +2) S 6I(-v +2) 24T (—v +2)

Consequently, we may put
I'(-v+4)
As = e} (—H_,41(3,1)Ag5) + €} (m 4,5)

I'(-v+5) I'(—v+6)
T|_~-\ " "Y) T -\ "%
+ e, ( 61_,(_1/ n 2) A4,5) + e; (241_,(_V n 2) A4/5 + A4.

And this at last yields the inequality
AsX > AyX >0,

where it can be checked that

0 T'(—v+6)
T200(—v+1)
—T'(—v+5)
24T (—v+1)
T(—v+4)
6l (—v+1)
T (—v+3)
(—v+1)
H_,(2,0)

1

00

As =

SO =k, O O O

SO O O o -
SO O O© -
OO O = O
OR O O O

Observe that after some routine simplification we obtain that

H_,(6,0)
_va (5/ O)
H_,(4,0)
_H—V(3/ 0)
H_,(2,0)
1

As

S OO OO
(e lNoNol ol
S OO R OO
SO R OO O
O, OO oo

Finally, the inequality AsX > 0 implies immediately that each of the following inequalities holds.

VP £(6) > —H_,(6,0) f(
VAf(5) > H-,(5,0)f(
V3f(4) > -H_,(4,0)f(1) = 0
V2f3) > H_,(3,0)f(1) >0
2
(

o O

1)>
1)>

VF(2) > —H_,(2,0)f(1) > 0
fWz= 0

This completes the proof. [J

We next state and prove four different technical lemmas, each of which will be used in the sequel —
particularly, in the proof of Lemma 3.7.

Lemma 3.3. Assume f : N,u1 — R,V f(t) 2 0 for t € N1, and 5 <v < 6. Then for t € Ny

I(—v+1t)

- [H—V+3(tla + 3) - H—v+4(t/a + 4)H—V+3(51 3)] = (t — 6)'(t — 4)1—~(_v T 4) > 0.

Proof. We omit the straight forward proof of this lemma. O
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Lemma 3.4. Assume f : Nyy1 — R, Vi f(t) > 0 for t € Ny4q, and 5 <v < 6. Then for t € Ny46

I'(—v+tH_2(4,2)
=6 - (—v+4)
_ I'(-v+1t)

S TN e -3y @

- [H—v+2(t/ a+ 2) + - H—V+4(tl a+ 4)H—v+2(5/ 2)]

Proof. For simplicity we only consider the case a = 0. We merely observe that

[fent, 2+ P D H s 95,2
(v + 1) -1 1 1
:U—@TGV+$[G—$G—®U—®_t—4+20—&]
I'(-v+19
S TN et -3t

And this completes the proof. [

Lemma 3.5. Assume f : Nyy1 = R, Vi f(t) > 0 for t € Ny4q, and 5 <v < 6. Then for t € Ny46

[(—v+HH-_y+1(4,1)

(t—6)I(t — 4T (—v + 4)

I(=v+HH_+1(3,1) 8)
2(t - 6)!(t — 3)[(-v + 3)

- H—V+1(tra + 1) -

+H_,4(t,a+4)H_,11(5,1) +

> 0.

Proof. For simplicity we only consider the case a = 0. We observe that

T(-v+HH_,11(4,1) T(-v+HH_,11(3,1)
_}{”+“h1)_(t—6ya-4ﬂx—v+4)+1{”*“L4N{W+NSJ)*'2@-—®xt—3ﬂx—v+3)
_ T(=v+D 2 =12t + 47t — 60
T T(—v+2)(t—6) 6(t—2)(t—3)(t—4)(t—5)

_ I'(-v+1t) 20

6L(—v+2)t—6)(t—2)

which establishes the claim. [

Lemma 3.6. Assume f : Nyy1 = R, VL f(t) 2 0 for t € Nyyq, and 5 <v < 6. Then for t € Ny

T(—v + HH_,(2,0)
T 6I(—v + 2)(t—6)I(t—2)

T(=v + H)H_, (4, 0)
(t—6)(t — DT (—v + 4)

T(=v + )H_,(3,0) @)
2(t— 6)!(t — 3)[(—v + 3)

- H—V(t/ {1) -

+ H_V+4(t,ﬂ + 4)H—V(5/ 0) +

B I(—v+1t)
T 6h(—v+ D(t-6)(t-1))
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Proof. We observe that

T(—v + HH_,(2,0) o0 T(—v + HH_,(4,0)
CeL(—v+2)(t-6)(t-2) ~(0) = (t—6)I(t — )T (—v + 4)

T(-v + H)H_,(3,0)

FHont DHL0G,0) + S S T S 1 3)
B I'(—v+1) t* — 1413 + 71> — 154t + 120
T L=+ )((t-6)) 6(t=1)(t=2)(t=3)(t—4)t-5)
~ T(—v +1) (t—2)(t=3)(t - 4)(t - 5)
T T+ )((t-6))) 6(t—1)(t—2)(t-3)(t—4)(t-5)
B r(-=v+1)
T 6I(—v+ D)((t—6)I(t— 1))

which completes the proof. 0O

With Lemmas 3.3-3.6 in hand, we now prove one final preliminary lemma.

Lemma 3.7. Assume f :Nyy1 = R, 5 <v <6,and V) f(t) 2 0 for t € Nyiq. Then for t € Ny46

—iH (ta+i)V'fa+i+1)z- Levenfarl) (10)
—~ T oeI(—v+D(E-6)N(E-1) T

Proof. We will just prove this result for 2 = 0. From Lemma 3.1, we have both that

3
VAf(5) 2 = Y Hovil5, )V (i + 1) (11)
i=0
and that
2
Vi) 2 = Y Hopold, DV (i +1). (12)
i=0

So using both (11) and —H_,.4(t,4) > 0, we have
4 2
= Y Hoilt )V + 1) = = Y Hopuilt, OV £+ 1) = [Hovaa(t, )V F(4) + Hoyalt, HVA5)]
i=0 i=0

2
5 Y Hosb DV G+ D) = [Horialt,3) + Hovaalb A Ho a5, DIV )
i=0

2
+Hopua(t,4) ) Hoai(5,)V/ G+ 1)
i=0
6,12 ¢ i T(-v +1) 2 N
> - ZO Horsib IV (1) ~ ot oo ) 20 Hovsild, V' + 1)

2
+ Hopaa(t,4) ) Hoyi(5, )V (i + 1)
i=0

1 Wi F(i I(-v+1) - R
. ; Hounilt V' +1) — B r e D) Z(; Heyui(d, VI + 1)

[(—v+tH_2(4,2)
(t—6)l(t— L (—v + 4)

1
+ H—v+4(tr 4) Z H—V+i(5/ l)vlf(l + 1) - [H—V+2(t/ 2) +
i=0

— Hopaa(t, HH14i(5,2) [V2£(3).
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Furthermore, using (7) it follows that
4 .
= ) Hovsit, DV £ + 1)
i=0

I(-v+1t)
(-6t -4 (-v+4

1 1
> - Z; Hoyuilt, )V f(i +1) - ) Z; H_y i, )V f(i + 1)

I'(-v+1t)
2(t - 6)!(t — 3)['(—v + 3)

1
+ Hovaa(t,4) ) Houi(5, )V (i + 1) = V2£(3).

i=0
Next recalling that V2£(3) > —[H_,+1(3, 1)Vf(2) + H-,(3,0) f(1)], we estimate

4
= ) Hovuit, DV f(i + 1)
i=0
[(—v+1%)
(t—6)(t— 4T (—v + 4

1 1
> =Y Hopult, )VIf(i+1) - )ZH_M@, DVIfGi+1)
i=0 i=0

I'(-v+1t)
2(t—6)!(t = 3)['(—v +3)

1
+Hoya(t,4) ) Houil5, )V (i +1) + [Horia (3, 1)VFQ) + Ho,(3,0)£(1)]

i=0
T(—v + t)H—v+1 (4/ 1)
(= 6)(f — AT (—v + 4)

T(=v + )H_, (4, 0)
(t—6)I(t — DI (—v + 4)

I(-v+HH11(3,1)
20—6ﬂ@—3ﬁpw+3ﬂvﬂm
I(-v+HH_,(3,0)
2(t - 6)!(t — 3)T(—v + 3)]f(1)-

+ H—V+4(t1 4)H—v+1 (5/ l) +

= [ - H—V+1(t/ 1) -

+ H_,4(t,4)H-,(5,0) +

+ [ —H_,(t,0) -
Now, inequality (8) implies the estimate
4 .
=Y Hoilt, )V'fGi + 1)
i=0

I'(-v+1)
T 6l(—v+2)(t-6)l(t-

T(~v + HH_,(4,0)
(t—6)l(t— I (—v + 4)

) V£2)+ [ —H_,(t,0) -

I'(-—v+t)H_,(3,0)
(t = 6)!(t —3)['(—v + 3) ]f(l)'

+ H_y4a(t,4)H_,(5,0) + 5
Finally, since Vf(2) > —H_,(2,0)f(1), this together with (9) yields the inequality
4 .
= ) Houit, DV £+ 1)
i=0

T(~v + )H_,(2,0)

T(=v + H_,(4,0)
S v sy WAO M

(t—6)I(t — DT (v + 4)

[ - H*V(t/ 0) -

I'(—v + HH_,(3,0)

+ H—V+4(tl 4)H—v (51 0) +

_ (-v+1)
o 6I(=v+ 1)((t—6)(t — 1))f(1)

> 0.

This completes the proof. [

1751



Jia Baoguo et al. / Filomat 31:6 (2017), 1741-1753 1752
We now prove the main result of this paper.

Theorem 3.8. Assume that f : N, — R satisfies V), f(t) > O, for each t € Nyy1, and 5 < v < 6. Then Vo ft) =0,
fort € Nye.

Proof. For simplicity, we leta = 0. We prove that V° (i) > 0, for i € Ny by the principle of strong induction.
From Lemma 3.2, this holds for i = 6. Suppose that Vo f@i)>0,fori=6,7,--- ,k—1. From Lemma 3.3 and
Theorem 2.2, we have V° f(k) > 0. Hence, the proof is complete. [J

From Lemma 3.2 and Theorem 3.8, we can get the following interesting corollary. Essentially, this
corollary states that if V} f(t) > 0, for each t € N1, and 5 < v < 6, then this information actually implies
the nonnegativity of i-th order nabla difference of f, for each i € Nj. Obviously, this does not occur in the
integer-order setting. That is to say, just because, say, V¢ f(t) > 0, this hardly implies that V/f(t) > 0, for each
i € Ny; in fact, this sort of conclusion need not even eventually hold. That this somewhat unexpected result
holds in the fractional-order setting is a direct consequence of the nonlocal structure of the fractional nabla
difference.

Corollary 3.9. Assume that f : N, — R satisfies V; f(t) > 0, for each t € INyy1, and 5 < v < 6. Then Vi f) =0,
fort S Nﬂ+i+1, O S l S 4

Proof. For simplicity, we again let a = 0. From Lemma 3.2 we have that V4£(5) > 0. From Theorem 3.8, we
have that V4£(t) is increasing, for t € N;. So, it follows that

V() = VHf(5) 2 0,
for t € Ns. Similarly, we have that
Vif(t) = Vif(i+1) 20, for t € N1,

for each i € IN. This completes the proof. [J

4. Additional Results in Case Either3 < v <4o0ord <v <5

In this section, we briefly show how the techniques of Sections 2 and 3 can generate additional results,
similar to Theorem 3.8, in case either 3 < v < 4 or 4 < v < 5. Since the proofs of each of the results in this
section is similar to those of Sections 2 and 3, we omit the proofs here for the sake of brevity.

Lemma 4.1. Assume f : N, = R, Vi f(t) = 0 for t € Nyyq, and 4 < v < 5. Then we have that
V4f@@+5) > H_(a+5,a)f@a+1) >0,
and

I'(-v+19
=9It -1DI(-v+1)

3
_ ZH,W-(t,a +i)Vifa+i+1) > 60
i=0

fla+1)>0. (13)

Lemma 4.2. Assume f : Nyy1 — R, Vi f(t) > 0 for t € Ny4q, and 3 <v < 4. Then for t € IN,44, we have both that
VPfa+4)>-H_,(a+4,a)f(a+1)>0
and that

I(—v+1t)
20—t -1I(=v+1)

2
- 2 H_yi(ta +)Vifa+i+1)> — fla+1)>0.
i=0
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Using Theorem 2.2 together with Lemmas 4.1-4.2, we can get the following theorems, whose proofs we
omit.

Theorem 4.3. Assume that f : N, — R satisfies V! f() > 0, for each t € N,11, where 4 <v < 5. Then VAf(t) > 0,
fort € Ngys.

Theorem 4.4. Assume that f : N, — Rsatisfies V! f(t) > 0, for each t € N1, where3 < v < 4. Then V3f(t) > 0,
fort € Nyi4.

Remark 4.5. We note finally that similar techniques apply for the case N > 7, but we leave this to the interested reader.
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