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Abstract. In this paper, we study the hereditary properties of module (¢, p)-amenability on Banach
algebras. We also define the concept of module character contractibility for Banach algebras and obtain
characterizations of module character contractible Banach algebras in terms of the existence of module
(¢, p)-diagonals. We introduce module approximately character amenable Banach algebras. Finally, for
every inverse semigroup S with subsemigroup E of idempotents, we find necessary and sufficient conditions
for the £1(S) and its second dual to be module approximate character amenable (as a ¢!(E)-module).

1. Introduction

M. Amini [1] introduced the notion of module amenability for a class of Banach algebras which could be
considered as a generalization of the Johnson’s amenability [16]. He showed that for an inverse semigroup
S with the set of idempotents E, the semigroup algebra ¢!(S) is module amenable, as a Banach module over
{(E), if and only if S is amenable. This notion is modified in [7], using module homomorphisms between
Banach algebras. Motivated by ¢-amenability and character amenability which are studied in [17], [18] and
[20], Bodaghi and Amini [8] introduced the concept of module (¢, p)-amenability for Banach algebras and
investigated a module character amenable Banach algebra. They showed that such Banach algebras posses
module character virtual (approximate) diagonals. Also, in [8], the authors have characterized the module
(¢, p)-amenability of a Banach algebra A through vanishing of the first Hochschild module cohomology
group Hy (A, X*) for certain Banach A-bimodules X. In [24], Aghababa and Bodaghi introduced the concepts
of module (uniform) approximate amenability and contractibility for Banach algebras (for the classical cases
of such notions, see [13] and [14]). They proved that ¢!(S) is module approximately amenable (contractible)
if and only if it is module uniformly approximately amenable if and only if S is amenable. Also, they showed
that the module (uniform) approximate amenability of £!(S)* is equivalent to the finitness of a maximal
group homomorphic image of S. Furthermore, in [24], the authors provided some examples of Banach
algebras that are module approximately amenable but not approximately amenable (for more information
about other notions of module amenability, see [4], [5], [6], [9], [19] and [22]).

In this paper, we continue the investigation of the module character amenability which is begun in
[8] and study the hereditary properties of module (¢, ¢)-amenability on Banach algebras. We also give a
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characterizations of module (¢, ¢)-amenability in terms of Hahn-Banach type extension property (module
version). As an example, we indicate a module character amenable Banach algebra which is not character
amenable. In section 4, we define module character contractible Banach algebras. The main result of this
section asserts that module character contractibility is equivalent to the existence of a module diagonal and
having a left identity. In the last section, we define the concept of module approximate (¢, ¢)-amenability
on Banach algebras and characterize the structure of such Banach algebras. We show that for an inverse
semigroup S with a set of idempotents E, £}(S) and its second dual are module approximate character
amenable (with respect to the special actions).

2. Preliminaries and Notations

Let A and A be Banach algebras such that A is a Banach A-bimodule with compatible actions, that is

a-@b)=(a-a)b, @b)-a=alb-a) (abeA ac). (1)

Let X be a Banach A-bimodule and a Banach 2-bimodule with compatible actions, that is
a-a-x)y=(@-a)-x,a-(a-x)y=@-a)-x, (a-x)-a=a-(x-a)
foralla € A, a € A, x € X and similarly for the right and two-sided actions. Then we say that X is a Banach
A-U-module. If moreover - x = x -« for all @ € Aand x € X, then X is called a commutative A-U-module.
Note that when A acts on itself by algebra multiplication, it is not in general a Banach A-A-module. Indeed,
if Ais a commutative A-module and acts on itself by multiplication from both sides, then it is also a Banach
A-U-module.
A bounded map D : A — X is called a A-module derivation if it is A-bimodule homomorphism and

D(a+b) = D(a) + D(b), D(ab)=D(@)-b+a-Dk),  (a,be A).

Note that D is not necessarily linear, but its boundedness (defined as the existence of M > 0 such that
ID@)|| < Mllall, for all a € A) still implies its continuity, as it preserves subtraction. There are plenty of
known examples of non linear, additive derivations (see for instance [29]) and some of these are also module
derivations (at least for the trivial action). On the other hand, when U is unital (or even has a bounded
approximate identity) then each module derivation is automatically linear [1, Proposition 2.1].

If X isa commutative A-A-module, then each x € X defines an inner module derivationas D,(a) = a-x—x-a
for all 2 € A. The Banach algebra A is called module amenable (as an A-module) if for any commutative
Banach A-A-module X, each A-module derivation D : A — X* is inner [1].

Definition 2.1. Let X be a commutative Banach A-W-module, then a module derivation D : A — X is approxi-
mately inner, if there exists a net {x;} C X such that D(a) = lim;(a - x; — x; - a) for alla € A.

Note that {x;} in the above definition is not necessarily bounded. Let A be a Banach algebra with character
space @y and let A be a Banach A-bimodule with compatible actions. Put ¢ € ®y. Consider the linear map
¢ : A — Wsuch that

(ab) = p@P®B), Pa-a) = pla-a) = P(@)p(a) (@ €A, € ).
We denote the set of all such maps by Q.

Definition 2.2. Let A be a Banach U-bimodule and ¢ € Oy and ¢ € Q5. We say the Banach space X is ((p, ), A-
A)-bimodule if left module action A on X given a - x = ¢(a) - x and the action Won X given by a - x = x - o = p(a)x
foralla e A,a € Wand x € X. Similarly, we say X is (A-Y, (¢, ¢))-bimodule, if right module action A on X given
by x -a = ¢(a) - x and action Won X given by a - x = x - a = p(a)x.

Definition 2.3. Let A be a Banach A-bimodule and ¢ € @y and ¢ € Qn. Then
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(i) A is module (¢, )-amenable (contractible), if every derivation D : A — X* (D : A — X) is inner for all
(¢, @), A-W)-bimodule X;

(ii) Aisright [left] module character amenable (contractible), ifevery (¢, ), A-W)-bimodule [(A-U, (¢, ¢))-bimodule]
X, every derivation D : A — X* (D : A — X) is inner;

(iii) A is module character amenable (contractible) if it is both left and right module character amenable (contractible).

Definition 2.4. Let A be a Banach A-bimodule and ¢ € Py and ¢ € Q. Then

(i) A is approximate module (¢, p)-amenable, if every derivation D : A — X* is approximately inner for all
(¢, @), A-W)-bimodule X;

(if) Ais right [left] approximate module character amenable, if every ((¢, @), A-N)-bimodule [(A-U, (¢, @))-bimodule]
X, every derivation D : A — X" is approximately inner;

(iii) A is approximate module character amenable if it is both left and right approximately module character amenable.

Remark 2.5. Any statement about approximate module left character amenability (contractibility) turns into an
analogous statement about approximate module right character amenability (contractibility) by simple replacing A
by its opposite algebra A .

One should remember that if 2 = C and ¢ is the identity map then all of the above definitions coincide
with their classical case (see [15], [17], [18], [20] and [25]).

3. Module Character Amenability

Throughout this section, we assume that A is a Banach A-bimodule with compatible actions (1) and
@ € Oy, p € Qn. The canonical images of 2 € A and A in A™ are denoted by 7 and A, respectively.

Definition 3.1. [8] A bounded linear functional m : A* — C is called a module (¢, p)-mean on A* if m(f - a) =
@ o p(aym(f), m(f - @) = p(a)ym(f) and m(p o ¢) = 1 for each f € A*,a € Aand a € A.

It is proved in [8, Theorem 2.1] that A is module (¢, p)-amenable if and only if there exists a module
(¢, p)-mean on A*. Two upcoming theorems which characterize module (¢, ¢)-amenability of a Banach
algebra, are the module versions of [17, Theorem 1.4] and [18, Theorem 1.2], respectively. The proofs are
similar but we give them for the sake of completeness.

Theorem 3.2. Let A be a Banach -module. Then the following statements are equivalent:

(i) Ais module (¢, p)-amenable;
(ii) There exists a bounded net (a;) in A such that |laa; — @ o p(a)ajll — 0, [|a-a;—p(a)ajll — Oforalla € A,a € A
and ¢ o ¢(a;) = 1 for all j.

Proof. (i)=(ii) Suppose that A is module (¢, p)-amenable and thus a (¢, ¢)-mean m € A™ exists. Take a
net () in A with the property that u; — m in the w*-topology of A™ in which |[ujl| < m for all j. Since
(po@,uj) = {po¢d,m) =1, after passing to a subnet and replacing u; by (m)u j we can assume that
@ o ¢P(uj) = 1and |luj|| < [[mll +1 for all j. Consider the product space A endowed with the product of
norm topologies. Then A7 is a locally convex topological vector space. Define a linear map T : A — A7
viaT(x)=(@-x—@pod@x+a-x—@(a)X)ea foralx e A ac U Put

B={xedA |x|<|ml|+1and pod(x)=1} C A

Clearly, B is convex and so T(B) is a convex subset of A™. Since ¢ o ¢(u;) = 1 for all j, the zero element of
A7 is contained in the closure of T(B) with respect to the product of the weak topology. Thus for all f € A,
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we have
(frauj— @ oPp@uj+a-uj—@u)) = (f,auj) = ¢ o p@)f,uj) + (f,a-uj) — pa)f,u;
=(f-a,uj) — @ o Pp@)f,up) +<{f - a,u; — pa)f,u;)
= (m, f-ay—@od@)m, f)+(m, f-a)—pla)(m, f)
=0

This product of weak topologies coincide with the weak topology on AX; [28, Theorem 4.3]. By Mazur’s
theorem, the weak closure of T(B) equals the closure of T(B) in the norm topology on A™. In other words,

0eT@B) =T@B) .

It follows that there exists a bounded net (a;); in B such that [|T(a;);|| — 0 and this means that ¢ o ¢(a;) = 1
and
laa; —pop@ajll >0 and |la-a;—p(a)ajl| — 0

forall jandalla € A,a € .
(ii)=(i) Assume that a net (a;); exists. Let m be w*-cluster point net (a;); in A™. Then

(m,p o) = li}n«ﬁ o¢,a;) =1
On the other hand,
(m, f -a) = lim(f - a,a;) = lim(f, aa;)
= lim(f,aa; = ¢ © p@)a) + im(f,p © p(@);)
= @ o P(a)(m, f)
and
(m, f-ay = li§n<f S0 = li§n<f/04 “a;)
= lim(f, a -a; = p(a)a;) + im(f, p(a)a;)
= ¢(a) li§n<f/ aj) = p(a)m, f)

foralla € Aand f € A*. This finishes the proof. [J

Theorem 3.3. Let A be a Banach -module. Then the following statements are equivalent:

(i) Ais module (¢, p)-amenable;

(ii) If X is any Banach A-W-module and Y is any Banach A-W-submodule of X and g € Y* such that the left action
of Wand Aon garea - g = @(a)ganda- g = @ o ¢(a)g, respectively, for all a € A, € N, then g extends to
some f € X*suchthata- f = (po@)a)f,a-f=@(@)f forallae A aecW

Proof. (i)=(ii) Let § € X* such that § extends g and ||4]| = |lg]l. Take a € A satisfies ¢ o ¢p(a) = 1. Thena - g
also extends g. Since A is module (¢, p)-amenable, by the pervious theorem there exists a net (u;); in A
such that, for all j, we get ¢ o ¢(u;) = 1 and |[u;|| < C for some constant C > 0 and

lau; —pop@uil >0 , |la-uj—p@u|— 0

for all 2 € A, a € A; see Theorem 3.2. Then, u; - § extends g and we may assume that |[u; - gl < Cllgll + 1
for all j. After passing to a subnet, one can also assume that u; - § — f in the w*-topology for some f € X".
Obviously, f extends g because for any y € Y, we have

(fry) = li§n<u; G,y ={
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Taking w*-limits for all 2 € A, a € A, we deduce that
a-f:li;na-(u]--ﬁ) =1i§n(a-uj)-9“
= lign{(auj) g pop@u;-g+¢opau;- g}
= li}n{auj —@pod@uj}t-g+ h?“f’ op(a)u;-g
=poo@f.
Also,
og-f=h§noc-(uj-g~)=li§1f1(0f'14j)'9~
= lim{(au)) - 7 = p(@)u; - 7 + p(@)u; - )
= h?n{au]- —p(@)uj}-g+ lign p(a)u;-g
= p(a)f.

for all f € X* and all & € U, Therefore (ii) holds.

(ii)=(@) Take X = A*and Y = C(@ o ¢). Let n € Y* be defined by (1, ¢ o ¢) = 1. Then, the left action of A
onnwillbebya-n=¢o@(@anand a-n = p(a)n. By assumption, there exists m € A such that m|y = n and
a-m=g@odp@ma-m=q¢p(a)mforallaec A ac A Wehave

(m,po¢)=_(npop)=1,
(m, f-a)y=(a-m, f) = (pod@m,f)=qod@imf),

and
<m/f' (X) = <a : m/f) = «P(“)mrf) = (P(a)<mlf>
for all « € AWand all a € A. Therefore, m is a (¢, p)-mean on A™. [J
Let § € A and G € A™. Take the nets (¢;) C A and (a) C A such that a; Y Fand 7 -5 G. We
consider the module actions A on A as follows:
§-G=w —lim;w —limga;j-a, G-F=w -limw —lim;ja - a;.

Let ¢ € Qg and @ € Oy. If ¢™ and @™ are the double conjugate of ¢ and ¢, respectively, then ¢™ € Qz-
and @™ € Oy.. We denote by O the first Arens product on A™, the second dual of A.

Proposition 3.4. Let A be Banach -module and let ¢ € Qz and ¢ € Oy. Then A is module (¢, @)-amenable if
and only if A™ is module (¢™, @™)-amenable.

Proof. Let A be module (¢, p)-amenable and m be a (¢, p)-mean in A™. For each F € A™ and ¥ € A™, take

bounded nets (1;) € A and (fy) € A" witha; “, Fand ﬁ: ', W. We consider m as an element 7 of A™".
Hence, m(¢™ o ¢**) = m(p o ) =1 and

(m,V - F) =(V¥,FoOm) = li]£n<F|:|m,fk)
= li}I(n(F,m iy = liin im{m - fy,a;)
j
= liin lim(m, fi - a;) = likm Lim @ o ¢(a;)(m, fr)
j j

= lim(p o g)(a) lim(m, f) = (¢ 0 9")(F)(7, V).
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Now, for any & € U and W € A*™, similar to the above computations, we can show that (m, ¥ - §) =
@™ (&)(m, V). Thus A* is module (¢™, ¢**)-amenable.

For the converse, assume that M is a (¢™, ¢™)-mean on A™ satisfying M(p o ¢) = 1,(M,¥ - F) =
(@™ 0o d™")YEF)YM, W) and (M, WV - F) = @™ (F)M, W) for all F € A, ¥ € A™ and § € A™. Then the restriction
of Mto A" is a (¢, p)-mean on A*. [

Let A be a Banach A-bimodule with compatible actions (1) and ¢ € @y, P € Q4. Similar to the classical
case, by applying w*-continuity, it is easily verfied that an element m € A™ is a module (¢, ¢)-mean for A
if and only if for all n € A™ and « € A, we have

nm = (@™ o ¢™)m)ym and a - m = p(a)m.

Sometimes a module (¢, p)-mean can lies in A. However, this motivates us to introduce a new notion of
module (¢, )-mean. We say a A-bimodule A has a module (¢, ¢)-mean m in itself if am = ¢ o Pp(a)ym and a -
m = @(a)m for alla € A and a € A. Note that a Banach A-module A has a (¢, p)-mean if and only if A* has
a (", ¢™)-mean which lies in A™.

Now, let I and 3 beideals in A and U, respectively. If 7 is an A-submodule of A such that I C ker¢, then
A/T be a Banach A/JI-bimodule with compatible actions (1) and the mapping ¢ : A/T — W/J;a+ I —
¢(a) + 3 is well-defined.

Proposition 3.5. With the above hypotheses, let 3 C kerp and @ : W/I — C be the homomorphism induced by .

If T has a right identity and A/ T has a module (¢, ¢)-mean in A/ T, then A has a module (¢, ¢)-mean in A.

Proof. Let® : A — A/T and P : A — A/J be the canonical projections. Assume that e is a right identity
for 7 and m € A such that P(m) is module (¢, ¢)-mean for A/I. Clearly, P(e) = 0. Thus for any a € A, we
get

Pa)P(m — me) = P(a)P(m) = @ o J)(P(a))@(m)
= (¢ o P)@)P(m) = (¢ o P)@)P(m — me).

This implies that a(m — me) — @ o ¢(m — me) € 1. Since e is a right identity for J and (m — me)e = 0, we have
a(m — me) — @ o ¢(a)(m — me) = a(m — me)e — @ o P(a)(m — me)e = 0.
So a(m — me) = (p o ¢)(a)(m — me). Also, for each @ € A, we have

Pla - (m —me)) = P()P(m — me) = P(a)P(m)
= (B (@)P(m) = p(a)P(m)
= p(a)P(m — me).

Hence a - (m — me) — @(a)(m — me) € 3. Now, similar the above we can show that a - (m — me) = @(a)(m — me).
Furthermore,

(m—me,p o) = (m—me,(pOJ)OP)
= (¢ o ,P(m — me))
= (P o ¢, P(m))
=1
Therefore, m — me is module (@, ¢p)-meanin A. [

The following result indicates a necessary and sufficient for being module (¢, ¢)-amenability of a Banach
algebra.
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Proposition 3.6. ker(¢p o ¢) has a bounded right approximate identity if and only if A is module (¢, p)-amenable
and has a right approximate idnetity.

Proof. Assume that (1)) is a bounded right approximate identity for ker(¢ o ¢). Choose a9 € A such that
@ o P(ag) = 1. Let bj = ap — apu;. Then for each b € ker(¢ o ¢) we have

I1bb;ll = 1I(bag) — (bao)u;|l — 0.

It is clear that (aap — ¢ o P(a)ag), (a - ap — p(a)ag) € ker(p o @) for alla € A and a € A. Putting a; = apb; for all
Jj, we have @ o ¢(a;) = 1 and

llaa; — @ o @(a)ajll = ll(aao — ¢ o P(a)ao)bjll — O,

ll - aj — p(a)ajll = [I(a - ao — p(@)ao)bjll — O

for all a € A and a € A. Therefore, A is module (¢, p)-amenable by Theorem 3.2. Now, by letting
ej = uj —aou;j + ap for all j, we geta — aay € ker(p o ¢), and thus

llae; — all = |I(a — aag)u; — (a — aap)ll — 0

for all a € A. It follows that (e)) is a right approximate identity for A.
For the converse, it follows firsty from the definition that A is (¢, ¢)-amenable. Now, the proof of [17,
Proposition 2.2] can be repeated to obtain the result by interchanging ¢ by ¢ o ¢. [

Consider the module projective tensor product A®yA which is isomorphic to the quotient space
(ASA) /14, where I is the closed ideal of the projective tensor product A®A generated by elements
of the forma-a®b—-a®a-bfora € A,a,b € A[27]. Also consider the closed ideal |z of A generated by
elements of the form (a-a)b—a(a-b) fora € A, a,b € A. ThenI4 and |z are A-submodules and A-submodules
of ARA and A, respectively, and the quotients ARyA and A/]# are A-modules and A-modules. Also
A/]a is a Banach A-A-modules with the canonical action. Throughout, We shall denote I# and | # by I and
J, respectively, if there is no risk of confusion.

A discrete semigroup S is called an inverse semigroup if for each s € S there is a unique element s* € S
such that ss’s = sand s*ss* = s*. Anelemente € S is called an idempotent if e = ¢* = ¢>. The set of idempotents
of S is denoted by E.

For an inverse semigroup S, the ideal [ s) (or ]) is the closed linear span of {65t — 05 : 5,t € S,e € E}. We
consider an equivalence relation on S as follows:

st 0s—0r€] (s,t€S).

In this case the quotient S/~ is a discrete group (see [2] and [22]). In fact, S/~ is homomorphic to the
maximal group homomorphic image Gs [21] of S [23]. In particular, S is amenable if and only if S/~ = Gs
is amenable [11, 21]. As in [26, Theorem 3.3], we may observe that ¢(S)/] = ¢'(Gs). With the notations of
the previous section, €1(S)/] is a commutative ¢! (E)-bimodule with the following actions

Oc * O[s) = Ors], Ofs] - 6 = O[se) (s € S,e € E),

where [s] denotes the equivalence class of s in Gg.
In the next example, we bring a module character amenable Banach algebra which is not character
amenable.

Example 3.7. Let G be a group with identity e, and let I be a non-empty set. Then the Brandt inverse semigroup
corresponding to G and T, denoted by S = M(G,T), is the collection of all T X T matrices (g);j with g € G in the (i, j)™
place and O (zero) elsewhere and the I X T zero matrix 0. Multiplication in S is given by the formula

h); ifj=k .
(g)ij(h)kl={ (%)l if;‘;tk @heC ijkleD,
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and (g);‘j = (g’l)ﬁ and 0* = 0. The set of all idempotents is Es = {(e);; : i € I'} | J{0}. It is shown in [22] that G is the

trivial group. Hence €'(S) is module amenable by [1, Theorem 3.1] and thus it is module character amenable. But if
the index set T is infinite, then €1(S) is not character amenable [12, Corollary 2.7].

Let N be the closed ideal of A" generated by (F - a)0G — FO(x - G), for F,G € A™ and a € A. Then
clearly ] € N. It follows from the proof of [3, Theorem 3.4] that N' C J*+, and thus the map A : A*/N —
A F + N = F + J& is well-defined. It is also a bounded A-A-module homomorphism which is an
epimorphism.

In analogy with the classical case we characterize the inverse semigroup that the second dual of its
algebras is module character amenable.

Theorem 3.8. Let S be an inverse semigroup with the set of idempotents E. Then, €'(S)* is module character
amenable (as an €' (E)-module with trivial left action) if and only if the discrete group Gs is finite.

Proof. In light of [2, Theorem 3.4], we need to prove the necessity part of the theorem. Suppose that ¢!(S)*
is module character amenable. Going back to the case where A = ¢1(S)* and A = ¢'(E). We may consider
J = N in [8, Remark 2.5] applied to ¢!(S)**. Then ¢!(S)*/N is character amenable. Since A is a continuous
epimorphism, £}(S)*/J*+ = £}(Gs)* is character amenable by [20, Theorem 2.6]. Now, it follows from [10,
Theorem 11.17] that Gg is finite. O

4. Module Character Contractibility

Let] = I ;54 and | = ]z be the corresponding closed ideals of A®A and A be as in section 3, respectively.
Consider the map w : ARA — A defined by w(a® b) = ab and @ : ASwA = (ASA)/I — A/] defined
by w(@®b +I) = ab + | and extended by linearity and continuity. It is clear that @ and its double conjugate
0" (ARWA)™ — A™/]J** are both A-bimodule and A-bimodule homomorphisms.

Theorem 4.1. Let ¢ € Oy and ¢ € Q4. Then the following are equivalent:

(i) Ais module (¢, p)-contractible;
(if) There exists m € A such that ¢ o p(m) = 1andam = p(a) -m,a-m=m-a = e(a)m foralla € A,a € W

Proof. (i)=(ii) We define the right actions of A on X = A by x-a = ¢(a) - x and action of A on X by
a-x =x-a= @(a)x, and the left actions of A on X is naturally. Take b € A such that ¢ o ¢(b) = 1. Define a
module derivation D : A — X by D(a) = ab— ¢(a) - b. obviously, D(a) belongs to the kernel of ¢ o ¢. Due to
the (¢, p)-contractibility of A, there exists a n € ker(p o ¢) such that D(a) =a-n—-n-a. f weputm=>b-mn,
then ¢ o ¢p(m) = 1 and

am=ab—a-n=ab—-(D(@)—n-a)=¢@)-b— @) -n=¢@) m

and obviously a - m = p(a)m foralla € A, a € W.

(ii)= (i) Let p o p(m) = 1 and am = ¢p(a) -m,a-m =m-a = @(a)m for alla € A, a € A. Suppose that
D : A — X is module derivation, when the right action A on X is x - a = ¢(a) - x and action of A on X is
a-x=x-a=q@(a)xforall « € Aand x € X.Put x = D(m), then

a-x = D(am) — D(a) - m = D(am) — ¢p(m).D(a)
= D(am) — ¢ o p(m)D(a) = D(¢(@).m) — D(a)
= @ o ¢(a)D(m) — D(a).
Hence, D(a) = pop(a)x—a-x = Pp(a)-x—a-x = x-a—a-x. This shows that A is module (¢, ¢)-contractible. [J

Let A be Banach A-module, and let ¢p € Qz, ¢ € Oy. It is obvious that ¢((a - a)b — a(a - b)) = 0, hence
¢ =0on [ and ¢ lifts to ¢ : A/] — A and thus ¢ € Qz/;. Also, (@ P)a-a®b—-a®a-b) =0, and so the
map o ®a¢: Ay A = (AA) /I — ASA defined by p @ p(a®b +1) := (¢ ® p)(a ® b) is well defined.
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Definition 4.2. Let A be Banach A-module and let ¢ € Qg and @ € Oy. An element m € AyA is a module
(¢, p)-diagonal for A if
(i) m-a=(poo)a)ym, (ae ﬂ)i
(i) ((p®¢) o (@), m) = (¢ o Pa((m) = 1.
Recall that a left Banach A-module X is called left essential if the linear spanof A-X = {a-x:a € A, x € X}
is dense in X. Right essential A-modules and two-sided essential A-bimodules are defined similarly.

Theorem 4.3. Let A be Banach left essential -module and let ¢ € Q7 and ¢ € Py. Then

(i) A is module (0, p)-contractible if and only if A has a left identity;
(i) If A is module (¢, p)-contractible, then A has a module (¢, p)-diagonal. The converse is true if A is
commutative W-bimodule;
(iii) A is module character contractible if and only if A has a left identity and has a module (¢, p)-diagonal for all
¢ € Qqand @ € Oy

Proof. We follow the argument in [15, Theorem 6.3].

(i) Suppose that A is module (0, ¢)-contractible. Let Xy = A ®; A. Consider the module actions A and
A on X as follows:

a-(b,c)=1(0,0), (bc)-a=(ba,ca) (a,b,c e A)
a-(a,b)=(a,Db) a=(pa pb), @ beAaec).

Then, Xj is a Banach A-A-module with the compatible actions (1). It follows from the assumption that the
bounded derivation D : A — X is inner, and thus D = Dy, j,) for some (a9, bp) € Xo. This shows that —ay
and —by are left identities for A. For the converse, if ay is a left identity for A, then for every the bounded
derivation D : A — X, we have D = Dpy,) for some ag € A.

(ii) Let A is module (¢, p)-contractible. We consider the Banach A-bimodule ARA with the module
action

a-b®c)=gpodp@b®c, (b®c)-a=b®ca, (a,b,c e A).

Sincec-(a-a®b—-a®a-b) =(ca-a®b—-ca®a-b) € [ and similarly for the right action, A acts as a bimodule
on ARy A. Also ARyA is a A-bimodule with the following actions:

a- @b+ =@eb+)-a=pauaeb+] (@a,beA ac).

Obviously, the above actions are well-defined. Let m € ARyA such that {(p®@p)o(p®p),my) =1, and
consider the inner derivation

Dy, : A — ABwA;a - (¢ o )(a) - 1y — 1 - a.

Since A is a left essential A-module, it follows from the proof of [9, Theorem 3.14] that the map ¢ o ¢ is
C-linear. A simple computation shows that image of D7 is a subset of ker (¢ ® ¢) o (¢ ® ¢). Thus, by the
hypothesis there exists 11, € ker (¢ ® ¢) o (¢ ® ¢) such that Dy, = Dj,. Now, it is routine to show that
my — my is (¢, p)-diagonal.

Conversely, let m be a (¢, ¢)-diagonal for A. Suppose that X is a Banach A-module and Banach 2A-
module such thata-x = ¢@)-xanda-x =x-a=¢@(a)xforallx e X,ac Aanda € A. Let D : A — Xbea
module derivation. Put xg = D(w(m)) and a € A such that (¢ o ¢)(a) = 1. Then

Dy,(a) =a-xo—xo-a =a-D(w(m)) — D(w(m)) - a
= ¢ o ¢(a)D(w(m)) — [D(w(m) - a) — w(m) - D(a)]
= @(in) - D(a) = (¢ o P)a((m))D(a) = D(a).

Not that in the above statements, we have used this fact that w(in)-a = w(m-a) = w(pop(a)m) = pod(a)w(m) =
w(m). Since the elements of the form (¢ o ¢)(a) = 1 span A, we have Dy (a) = D(a) for alla € A.
(iii) This is a direct consequence of (i) and (ii). O



A. Bodaghi et al. / Filomat 31:6 (2017), 1639-1654 1648

5. Module Approximate Character Amenability

Definition 5.1. Let A be a Banach A-bimodule and ¢ € Oy and ¢ € Qz. A net {m;}; C A is called a module
(uniformly, w*-) approximate (¢, p)-mean if mj(p o ¢) = Land for alla € Aand o € A

a-mj—@@)-my—0, a-mj—@pl@m;—0
(uniformly on the unit ball of A, in the w*-topology of A™, respectively).

Theorem 5.2. Let A be a Banach A-bimodule and @ € Oy and ¢ € Q. If left action Won Ais a - a = p(a)a, then
the following statement are equivalent:

(i) Ais module (uniformly, w*-) approximately (¢, @)-amenable;
(ii) There exist a module (uniformly, w*-, respectively) approximately (¢, )-mean;
(iii) There exists a net {m;}; C A™, such that mj(p o ¢) — 1 and for alla € A,a € Wa-m;— Pa) - m; —
0,a-mj— p(a)ym; — 0 (uniformly on the unit ball of A, in the w*-topology of A, respectively);
(iv) Let K = ker(q o ¢) and A act on the K™ from the right by action m -a = ¢(a) - m for alla € A, m € K™ and
taking the left action to the natural one. If Wacts on the K™ by a-m = m - a = p(a)ym, for a € Wand m € K*,
then any bounded module derivation D : A — K™ is module (uniformly, w*-, respectively) approximate inner.

Proof. (i)=(ii) We firstly define the actions of A and A on X = A" through

arf=¢@)-f, fra=f-a, aef=fea=gp()f, (@cWacAfecX).

Then X is a ((¢, @), A-A)-bimodule and X* = A™ is a (A-U, (¢, p))-bimodule that module action are given
by
arm=a-m, mra=@@m, aem=mea=pam (@cWaecAmeX).

It follows the facta - (¢ o ) = P(a) - (p o ¢) that Cp o ¢ = {A(¢p o ¢); A € C} is a closed submodule of A* and
thus A*/Cy o ¢ is a ((¢, @), A-A)-bimodule, for which the module actions are given by:

a-[f1=¢@-[f], [fl-a=I[f+al, a-[fI=[f]-a=9@)f], (@eAlfleA/Cpodp).

Setting m € A™ with (m, ¢ o ¢) = 1 and defining a derivation D : A — A" via D(a) = a-m — ¢(a) - m,
we find out D(a) € {n € A™ : n(p o ) = 0} = {Cp o p}* = (A*/Cp o ¢p)". Due to the module approximate
(¢, p)-amenability of A, there exists a net {n;} C {Cy o ¢}* so that

D(a) = lim(a - nj —n;-a) = lim(a - n; — ¢(a) - n)
j j

Letting m; = m —n;, we have (mj, p o p) = (m,podp)—(nj,po¢p)=1-0=1and

a-mj—@@)-mj=a-m-a-nj— @) -m-qoa)-n;
= (a-m= (@) m) — (@ n;— $@)- n))

-0

for all a € A. Obviously, (a - m; — p(a)mj, f) — 0 for all « € Aand all f € A". Therefore, {m;}; is a module
approximate (¢, ¢)-mean on A".

(i1)=(iii) It is clear.

(iii)=(i) Consider {m;}; € A™ such that m (¢ o ¢) — 1 and

a-mj—@@)-miy—0, a-mj—qpl@m;—0
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foralla € A, a € A. Suppose that X is a ((¢, ¢), A-A)-bimodule and D : A — X* is a bounded derivation.
Put D' = D'lx : X — A* and gj = (D')*(m;) € X*. Similar to the proof of implication (i)=(ii) from [8,
Theorem 2.1], one can show that D'(x - a) = D'(x) - a — (D(a), x)¢ o ¢ for all a € A and x € X. This implies
(a-gj,x)={gj,x-a)y= (D) (mj),x-a)=(m;,D (x-a))
= (mj, D' (x) - a) = (x, D(@)){m;, ¢ o P)
= <€l s mj, D/(x)> - <xl D(ﬂ)><1’}’l], ¢ o d))

Hence

I<a - gj, x) = (@ o p)(a)g), x) + (D(a), )l < (¢ o p)(@)m;j, D (x)) — (a - m;, D' (X))
+ (¢ © P)@)gj, x) = (¢ © P)@)(m;, D' (¥
+ [Kx, D(a)) — {x, D(a)){m;, ¢ o H)|

-0
The above relations show that
D(a) = lign(qo oP)a)gj—a-gj= lign(qb(a) gji—a-gj) lign gi-a—a-gj=ad_,

for all a € A. It follow that A is module approximately (¢, ¢)-amenable.

(1))=(iv) It is obvious.

(iv)=(ii) Take b € A with (p o ¢)(b) = 1. Clearly, ab—ba € K for alla € A. Thus, D(a) = ab— ¢(a) - b define
a derivation from A into K**. We have

(o), aby = {(p 0 ¢)", ¢(@a) - b) = (¢ © P)@)(p © P)(b) — (¢ 0 P)(@)(p © )", b) = 0.
By assumption, there exists a net {n;} C K** such that

D(a) = lima - n; — ¢(a) - n; (a € A).
j

Put mj =b—n;. Then, (mj, @ o) =<b,pop)—(nj,pop)=1-0=1and

a-mj—q@@a)-mj=ab—a-nj—@@)-b+ @) n;
= ab = p(p@)b — (a - nj = (Ppa)n;)

-0

Also, a-mj—@(a)ym; — 0 for all a € A. Therefore, (1) is a module approximately (¢, ¢)-mean. The proof in
the case of uniform module approximate (¢, ¢)- amenability and module w*-approximate (¢, ¢)-amenability
are similar. [J

The proof idea of the following result is taken from the proof of [25, Proposition 2.3]. We include its
proof and stress on the details for the sake of clarity.

Proposition 5.3. Let A be a Banach A-module and ¢ € Oy and ¢ € Qn. Then the following are equivalent:

(i) There exists a net {uj}; C A™ such that uj(p o ¢) — landa-uj— (p o p)@yu; = 0, a - u;— p(a)u; — 0 for all
aeAac;

(ii) There exists a net {my} C A™ such that my(p o ¢) — 1and a - my — (¢ o P)(@)ymy — 0, a - my — p(a)ymy — 0 for
alla € A, a € W, in the w*-topology of A™;

(iii) There exists a net {n;}; C A such that (p o ¢)(n;) = land a-n; — (¢ o Pp)(a)yn; — 0, a - n; — p(a)yn; — 0 for all
a€Aaecl
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Proof. Since the proof of implications (i)=(ii) and (iii)=(i) are clear, we only prove the implication (ii)=(iii).
Take € > 0 and finite sets F ¢ A, $ C A and A € A*. Then, there exists k such that [(my, ¢ o ¢p)| > 1 — € and

Ka-mi=(p o Yam, HI< 3, Ka-me-p@m, <3  @ecEaed fea)
By Goldstine’s theorem, there exists a; € A such that
(fray—ma Hl< 52 fEAUQB-PUlpoglu(a-9)
where M = sup{|(p o ¢)(@)l, lp(a);a € F, a € H}. Thus, for any f € A and a € F, we have

Kf,a-ax— @ op@ap) < Ka-ax —a-my, /)l +Ka-mg— @ o playmy, f)l
+ @ o pa)my — ¢ o p(a)ay, f)l
<SKf-a,a0) = (my, f - a)| + Ka - my, f) — @ o p(a)(my,
+lp o pa)(my, f) — ¢ o pa)(f, ar)|

9o Pz

Wl +

Similarly, one can show that [(f, & - ar — @(a)ar)| < e for all f € A and a € . So, there exists a net {b;}; C A
such that for eacha € A, p o p(b;) — 1 and

a-bp—qpop@b -0, a-bj—e@b —0

weakly in (A. Lastly, for each finite sets F = {a1,ay, ..., 4.}, D = {a1, ..., am} of A and Y, respectively, consider
the set

C = {((@ibi — @ o pab)_y, (aj - by = p(apb)iLy, @ o p(br); b € A

n+m—times

N
Hence, in the Banach space A"*"XC, (0,0, ..., 0, 1) is in the weak cluster of the convex hull of C. Using Mazur’s
theorem, for each e > 0, there exists V. rs € co{b;} suchthat|[aVerg—@pod@)Versll <€, lla-Vers—p(@)Versll <
eand |[pop(Vers)— 1| < eforalla € Fa € 9. Therefore, there exists a net {n;}; C A such that (p o ¢)(n;) — 1
and foralla € A,a € Wan; — @ o p(a)n; — 0, - n; — p(a)n; — 0. This completes the proof. 0O

Proposition 5.4. Let A and B be -modules, and 0 : A — B be continues W-module epimorphism. Then module
approximately (¢ o 0, )-amenability of A implies module approximately (¢, ¢)-amenability of B.

Proof. By hypothesis, there exists a module approximate (¢ 060, ¢)-mean {m;} C A such that mj(popo0) =1
anda-mj—(po0)a)-mj —> 0,a-mj—@aym;j — 0 foralla € A a € A For any j, define n; € B~ via
nij(g) = mj(g o 0) where g € 8°. Then, nj(p o ¢) = mj(p o ¢ o 0) = 1. Similar to the proof of [8, Proposition
2.3], we can show that (g-a)c 0 =(go ) -aand (g-6(a)) o0 =(go O)-aforallac A aeWand g e B*. So
we have

(nj,g-a) = pla)nj, g) = (mj, (g - a) o 0) = p(a){mj, g o 6)
= (mj, (g0 0)-a) - p(a)mj,g o 0)
=(a-mj,go0)—pa),go0)
={a-mj—qp(aymj,go 6)

-0
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foralla € Wand g € B*. Hence, a - m; — p(a)m; — Ofor all @ € Aand g € B. On the other hand,

0@) - nj = (p o P)OW@)n), gy = (nj, g 6(a)) — (¢ ° P)(O(a))(n;j, g
= (mj, (g - 6(a)) o 0) — (¢ © P)(6(a))(mj, g © O)
= (mj, (g0 0)-a) — (¢ o ¢)(O(a))(mj, g o 0)
=(a-mj go0)—(pod@ob)a)mjgo0)
=(a-m;—(po@o0)a)ymjgo0)

-0
for alla € A and g € B". Therefore, (1) is module approximate (¢ o ¢)-mean for 8. [

Corollary 5.5. Let A and B be Banach W-modules and 0 : A — B be a continues -bimodule epimorphism. Then
the module approximately character amenability of A implies the module approximately character amenability of B.
In particular, if A is approximately character module amenable, then so is A/].

Module approximate character amenability of £1(S) and its second dual for an inverse semigroup S is
characterized in the following result.

Theorem 5.6. Let S be an inverse semigroup with the set of idempotents E. Then

(i) €1(S) is (*(E)-module approximately character amenable if and only if S is amenable;
(ii) €1(S)* is £ (E)-module approximately character amenable if and only if Gs is finite.

Proof. (i) Let €'(S) be module approximately charater amenable. It follows from [8, Remark 2.5] that
£1(S)/] = £*(Gs) is approximately character amenable. Since Gs is a discrete group, by [25, Theorem 7.1], it
is amenable and so S is amenable.

Conversely, if S is amenable, then by [1, Theorem 3.1] (or [22, Theorem 2.9]) we conclude that £(S) is
module amenable and hence module approximately character amenable.

(ii) If Gs is finite, then ¢}(S)* module amenable by [2, Theorem 3.4] (see also [22, Theorem 2.11]). Thus
£1(S)™ is module approximately character amenable.

Conversely, let N be the closed ideal of A™ and A be the map before Theorem 3.8. By [8, Remark 2.5],
£1(S)*/N is approximately character amenable. Since A is a continuous epimorphism, by Corollary 5.5,
NSy /| J++ = £1(Gs)™ is approximately character amenable. Now, by applying Theorem 7.4 from [25], we
see that Gg is finite. O

Let A be a Banach algebra and a Banach U-bimodule with compatible actions. Suppose ¢ € Qz and ¢
is the extention of ¢ on A = A C defined by p(a, 1) = p(a) + A, foralla € A, A € C. If u = (a, A) € W, it is
easy to check that

o@-u) = p@u-a) =pu)p@a) (a € A).

Define 5 LA = AW — A by a(a, u) = (p(a), p(u)) (A* is the module unitization of A). We can eaily
verify that ¢ is multiplicative and

P(u - (a,0)) = P((a,v) - u) = P)P(a, v).

Therefore 5 is an extension of ¢ such that E(O, u) = @(u) is the extension hy = 0 of the zero function (for
more details see [8]).

Proposition 5.7. Let ‘A be a Banach A-module Banach without identity and let ¢ € @y and ¢ € Oz, then A is
approximately module (¢, @)-amenable if and only if A* is approximately module (¢, P)-amenable.
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Proof. If ¢ = 0, then ¢ o ¢ = 0 and A* = Ce ® A where e = (0, 1) is the identity of A*. So (¢ o 5)(\?() =(0and
@ o ¢(e) = 1. Now, similar to the proof of [25, Proposition 2.8], we can prove that A has a right approximate
identity, say {b;}. Put m; = e — b;. Then (¢ o $)(m,) = (¢ o P)(e) — (¢ o p)(bs) = 1 and

lam; — (@ o G)ayml = llamjl| = llae = abjl] >0 (a € F).

Also, for each u € A*, we have
llue - m; — p(u)my|| — 0.

By Propositions 5.2 and 5.3, A is approximately module (5, @)-amenable. If ¢ € Dy, the process of the
proof of [8, Proposition 2.7] can be repeated to get the result by substituting the net of module means instead
of the module mean. O

Proposition 5.8. Let A be a Banach U-module and let ¢ € Py and ¢ € Qg, then A is module approximately
(¢, p)-amenable if and only if A™ is module approximately (¢p*, ¢**)-amenable.

Proof. Assume that A™ is module approximately (¢™, ¢*)-amenable and ¢ = 0. Since A™ has a right
approximate identity (see the proof of Proposition 5.7), A has also a right approximate identity, and thus
A is approximate module (¢, ¢)-amenable. If ¢ # 0, let {m,} € A™™ be an approximate module (¢, ¢™)-
mean for A™, then by Theorem 5.2, {1,|#-} forms an approximate module (¢, ¢)-mean for A and thus A is
approximate module (¢, ¢)-amenable.

Conversely, let A be approximate module (¢, ¢)-amenable and {m;} be a approximate module (¢, ¢)-
mean in A™. For each F € A" and ¢ € A™, take bounded nets (2;) € A and (fy) € A" with ﬁ;* — Fand

PN
ok

.~ — 1 in the w'-topology. For any I, we consider m; as an element m™ of A™. Hence m)"(¢™ o ¢™) =
my(p o ) =1and

lim(F - " = @™ o ™ (Fymy’, ) = HndF - my”, ) = limd (@™ 0 ¢™)(E)miy", )
= lim¢m}*, i - F) = 9™ o " (F) lim(my", )
= lim(y, Fom) — ¢ o ¢™(F) limm;", )
= lim lim(Fam, fo) = ¢ o ¢™(F) im(m}", )
= lim im(E m; - fi) = @™ o ™ (F) lim(my", )
= limlim li§n<mz Jioaj) = @7 0 ¢ (F) iy, )
= limlimlimn, fic-aj) = @™ o ¢ () lim(m;", )
= limlimlim ¢ o ¢(a;)(m, fi) = ¢™ o " (F)lim{m[", )
= limlim g o ¢(a) lim(m, fie = ¢ © 7 (F)limdmr”, )
=lim "™ o " (F)m)", i) = lim ™ o ™ (F)my", )
=0

Now, forany § € Wand ¢ € A™, similar to the above computation, we can show lim (§-m}* — ™ (F)m;", ) =
0. This means that A" is module approximately (¢™, ¢**)-amenable. [

Corollary 5.9. Let A be a Banach -module. If A™ is module approximately character amenable, then so is A.

Let A and B be Banach algebras and A®B be the projective tensor product of A and B. Then ARB is a
Banach A®A-module with the following actions:

(@®p)-(a®b)=(a-a)®B-b) (@acAbeBape),
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and similarly for the right action. For ¢ € Q4 and ¢ € Qg, consider ¢ ® ¢ by (¢ ® ¥)(a ® b) = @(a)y(b) for
alla e Aand b € B. Clearly, ¢ ® P € Q 55. Also if p1, @2 € Dy U {0}, then @1 ® @2 € Dyzy U {0}, and if
(NS CDQ@Q[, then @ = @1 ® @2 where @1, P2 € Dy

Proposition 5.10. Let A and B be Banach U-modules, and let ¢ € Q7,1 € Qg and @1, 2 € Dy.

(i) If A®B is module approximately (¢ ® P, 1 ® @a)-amenable (as ASU-module), then A is module approximately
(¢, p1)-amenable and B is module approximately (Y, p2)-amenable.

(i) If A is module (¢, p1)-amenable and B is module approximately (1, p2)-amenable, then ARB is module approxi-
mately (¢ ® P, p1 ® o)-amenable.

Proof. Assume that (m;) C (A®B)" is a module approximate (¢ ® 1, p1 ® @2)-mean for ARB. Then,
mi((p1 ® @2) o (p ® 1)) = 1 for all a, Also,

l@a®Db)-mj—mi((p1 ®p2) 0 (@ Y))@a@b)mjll = 0, [l(a1 ® az) - m;j — (1 ® P2)(a1 ® az)m; — 0

forallae A,be B, a1, a2 €Y, f € A*. We choose ag € A and by € B such that (1 o P)(ag) = (p2 0 P)(bg) = 1.
Define {m;} € A" by m;(f) = m(f ® (p2 o Y)) (f € A"). For eacha € Aand f € A, we have

lima - 11; = (1 0 @)@y, f) = ((p1 0 ) ® (92 © Y)) (a0 @ bo) limdom, (- @) & (p2 © )
= lim(imj, (f - @) ® (92 0 §) - (@0 ® by))
= lim¢m;, f - (aao) @ (@2 © §) - bo)
= lim{mj, f @ (p2 0 Y) - (320 ® bo))
= (P10 9) ® (P2 © ¥)){@ao @ bo) limm;, £ @ (p2 0 )
= (@1 © P)@)(@1 © P)@ao)(g2 © P)(bo) li§n<mj,f ®(p209))
= (p1 0 Q)@ lim 7r;(f)
We now take 1,2 € U such that ¢1(y1) = @a(y2) = 1. For each @ € A and f € A", we have
lima -7t — a ()i, f) = Uiy, f - a) = p1(@) imdit;, f)
= lim(@1 ® p2)(y1 ® y2)(mj, (f - @) @ (2 0 ) = pr(@) lim(mj, f & (@ © 1))
= lim(rmj, (f-a)@(@209) - (y1®72)) — p1(@) li§n<m/,f ®(poy)
= limmj, (f - (ay1)) & (p2 0 ) - y2)) = pr(@) Timomj, f & (p 0 y))
= limmj, (f @ (@2 0 ) - (@1 @ 72)) = pr(@) immj, f @ (@ o))
= (1@ @2)(ayr @) limim), f & (92 © ) = (@) limm;, £ & (p o )
= Pr(@)@1(y1)2(y2) li§n<mf,f ® (p209)) — p1(a) li§n<m]vf ®(poy))
= p1(a) li§n<mj,f ® (p209)) — p1(a) li§n<mj,f ®(poy))
=0.
Thus, we get |l 712;— p@)iij|| — 0. Also, for any j, we have 7;(¢1 0) = m;((1®¢2) o (¢®1)) = 1. Therefore,

A is module approximately (¢, ¢1)-amenable. Similarly 8 is module approximately (y, ¢;)-amenable. The
proof of part (i) is similar to the proof of necessary implication of [8, Theorem 2.8] and so we omit it. [J
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