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Abstract. In the paper [32], we have defined the concepts of lacunary statistical convergence of order
« and strong Ny (p) —summability of order a for sequences of complex (or real) numbers. In this paper
we continue to examine others relations between lacunary statistical convergence of order a and strong
Ny (p) —summability of order a.

1. Introduction

The idea of statistical convergence was given by Zygmund [34] in the first edition of his monograph
puplished in Warsaw in 1935. The consept of statistical convergence was introduced by Steinhaus [33] and
Fast [10] and later reintroduced by Schoenberg [31] independently. Over the years and under different
names statistical convergence was discussed in the theory of Fourier analysis, ergodik theory, number
theory, measure theory, trigonometric series, turnpike theory and Banach spaces. Later on it was further
investigated from the sequence space point of view and linked with summability theory by Bhardwaj and
Bala [2], Colak ([3],[4]), Connor [5], Et et al. [9], Fridy [12], Fridy and Orhan ([13], [14]), Glingor et al.
([171,[18]), Isik [19], Mursaleen et al. ([23],[24],[25]), Rath and Tripathy [28], Salat [30] and many others.

The a — density of a subset E of IN was defined by Colak [3]. Let a be a real number such that 0 < @ < 1.
The a — density of a subset E of IN is defined by

04 (E) = limnl—a l{k <n : k € E}| provided the limit exists,

where |{k < n : k € E}| denotes the number of elements of E not exceeding n.

If x = (x) is a sequence such that x; satisfies property p (k) for all k except a set of a—density zero, then

we say that x; satisfies p (k) for “almost all k according to a” and we abbreviate this by “a.a.k («)”.

2010 Mathematics Subject Classification. 40A05;40C05;46A45

Keywords. Lacunary sequence, Statistical convergence, Modulus function

Received: 18 July 2013; Accepted: 20 November 2013

Communicated by Hari M. Srivastava

Email addresses: mikailet@yahoo.com (Mikail Et), hacer.sengul@hotmail.com (Hacer Sengiil)



M. Et, H. Sengiil / Filomat 28:8 (2014), 1593-1602 1594

The order of statistical convergence of a sequence of numbers was given by Gadjiev and Orhan [15] and

after then statistical convergence of order a and strong p—Cesaro summability of order a studied by Colak
[3].

Let x = (xx) € wand 0 < a < 1 be given. The sequence (xx) is said to be statistically convergent of order

a if there is a complex number L such that

limlal{kSnzlxk—LIZE}IZO

n—oo N

i.e. for a.ak () |x, — L| < € for every ¢ > 0, in which case we say that x is statistically convergent of order «,

to L. In this case we write S* — lim x; = L [3].

By a lacunary sequence we mean an increasing integer sequence 6 = (k,) such that ky = 0 and h, =

(k; = k;—1) = coasr — oo. Throught this paper the intervals determined by 0 will be denoted by I, = (k,—1, k;]

and the ratio kfil will be abbreviated by g,.

Subsequently lacunary sequences have been studied in ([6],[11],[13],[14],[21]).

2. Main Results

In this section we give the main results of the paper. In Theorem 2.10 we give the inclusion relations
between the sets of S4—statistically convergent sequences for different a's and different 0's. In Theorem 2.12
we give the relationships between strong N (p) —summability and strong Ng (p) —summability for different
0's. In Theorem 2.14 we give the relationship between strong Ng (p) —summability and S§—statistical

convergence for different 0's.

Definition 2.1 [32] Let 6 = (k,) be a lacunary sequence and 0 < & < 1 be given. The sequence x = (x) € w is
said to be Sg—statistically convergent (or lacunary statistically convergent sequence of order a) if there is a

real number L such that
o1
rlggﬁl{kelr tl =Ll 2 e} =0,

where I, = (k,_1,k,] and 1% denote the ath power ()" of h,, that is h* = (h?) = (hf,hg‘, o he, ) In this case
we write S§ — limx; = L. The set of all Sj—statistically convergent sequences will be denoted by S7. For
0 = (2) we shall write S” instead of S§ and in the special case @ = 1 and 6 = (2") we shall write S instead of

se.

The lacunary statistical convergence of order « is well defined for 0 < a < 1, but it is not well defined

for @ > 1in general. For this x = (x;) be defined as follows:

1,k=2r
_ b =1,2,3, ..
Yk {0,k¢2r r=123

then both

s 1 . . kr_kr—l
}LIEEWCGL-|xk—1|28}|§rh_>r£10 e _r_m%
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and

limll{kelr:ka—OIZE}ISIim k= ko = li f

,
r—co h% rooo 2hE T roe 2%

for @ > 1, such that x = (x¢) lacunary statistically convergence of order o, bothto 1 and 0, i.e., S — limx, =1

=0

and S — lim x; = 0. But this is impossible.

Definition 2.2 [32] Let 0 = (k) be a lacunary sequence, a € (0, 1] be any real number and p be a positive real
number. A sequence x is said to be strongly N¢ (p) —summable (or strongly N (p) —summable of order a)
if there is a real number L such that

limla Y |x —LIP =0.

rooo My kel
In this case we write N (p) — lim x; = L. The set of all strongly Np (p) —summable sequences of order a will
be denoted by N (p). In the special case a = 1 we shall write Ny (p) instead of N (p) and also in the special
case 6 = (2") we shall write w;, instead of Nj (p). If L = 0, then we shall write w;;‘,o
all strongly N (p) —summable sequences of order a, to 0 will be denoted by Ng ; (p) -

instead of w;f. The set of

Definition 2.3 Let0 < a < 1and 0 = (k;) be a lacunary sequence. The sequence x is said to be an S§—Cauchy
sequence if there is a subsequence {xk' (r)} of x such that k¥’ (r) € I, for each r, lim, x ¢ = L, and for every ¢ > 0
1
e

Theorem 2.4 [32] Let 0 < & < 1 and x = (%), ¥ = (yx) be sequences of real numbers, then

lim |{k el,: |xk - xkf(,)| > €}| =0.

() If S — lim x; = xo and ¢ € C, then S — lim (cxx) = cxo,

(@) If Sg — lim x; = xp and Sg — lim Yk = Yo, then Sg — lim (xk + yk) = Xo + Yo.

The proofs of the following two theorems are obtained by using techniques Fridy ([12],Theorem 1) and
Fridy and Orhan ([14], Theorem 2) respectively, therefore we give them without proofs.

Theorem 2.5 Let 0 < a < 1, then the following statements are equivalent:
(i) x is a statistically convergent sequence of order a;
(i1) x is a statistically Cauchy sequence of order «;

(ii) x is a sequence for which there is a convergent sequence y such that x; = yx a.a.k (a).

Theorem 2.6 Let 0 < @ < 1 and 0 = (k;) be a lacunary sequence. The sequence x is S —convergent if and

only if x is an Sg—Cauchy sequence.
Theorem 2.7 Let 0 < a < 1 and 0 = (k) be a lacunary sequence. If liminf, g, > 1, then w;;‘ C Ny (p).

Proof. If liminf, g, > 1 there exists 6 > 0 such that 1 + 6 < g, for all ¥ > 1. Then for x € wg or We write

ky kr—1
1 1 1
T = z il = 7 E il — 7 E il
" kel, roi=1 roi=1
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Since h, = k, — k,_1, we have

k' (1+0)" ki, 1
— < < —
S o nd e <m

Hence x € Ng (p).

Theorem28let0O<a<land 6 =

(p) cwy.

ka’ < M for all r > 1. Now let
r—1

x € Ngy (p) and ¢ > 0, then we can find R > 0 and K > 0 such that sup,.p Ti < ¢and 7; <Kforalli=1,2,....

Proof. Let limsup, k# < 090, then there exists a constant M > 0 such that
r—1

Then if t is any integer with k,_; < t < k,, where r > R, we can write

Z|x1| <E 2|x1 T [Z|x1|7’+2|x1|v+ +Z|xl|!7

_ k ko —kq kr — kr-1 kre1 — kR
= kf_lTl + kf_l Ty + ...+ kff_l TR + kf_l

kr k. — kg kr
sup T; ka sup Ti| ——
i>1 i>R

kr - kr—l
TR+1 + ... + —k“ Ty
r—1

<K

kf_l k“ +eM

a
Hence x € wp,o.

Theorem 2.9 If x € w* N Ny and lim sup, k{f’ < oo then Njj — lim xx = w® — lim x;.
r-1

Proof. Let N4 —limx; = L and w* — limx; = L', and suppose that L # L. Since lim sup, k# < o by
r-1

Theorem 2.8 we have Ny (p) C w, o+ Since (x L ) € Ngo (p), it follows that (x - L’) € wy,
1

tu

and therefore

i=1 |x1 L | — 0. Then we have

Z|x, L|+—Z|xl L|>—|L L'|>o0,

and hence L =L’.

Theorem 2.10 Let 6 = (k,) and 0" = (s,) be two lacunary sequences such that I, C ], for all r € IN and let
aand fbesuchthat0 <a<p <1,

() If
e
lim inf — >0 (1)
o0 B

B
then Se’ Cc Sg ,

(ii) If

B
then Sg Cc SQ,.
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Proof. (i) Suppose that I, C |, for all € IN and let (1) be satisfied. For given € > 0 we have
kel l—L>el2 kel :g—Ll>e
and so

L kel :|x — Ll > el

a
=
& h

1 I

ke -z el >
&

for all r € N, where I, = (k—1,k/], J; = (S-1,5/], Iy = ky — k-1 and ¢, = 5, — 5,_1. Now taking the limit as

r — oo in the last inequality and using (1) we get Sg, cSg.

(i) Let x = (xx) € S and (2) be satisfied. Since I, C ], for ¢ > 0 we may write

1 1
—5I{k€]r:|xk—L|2€}|=g—ﬁl{sr-l <k <ky1:|xx—L|= ¢}l
r r
1
+—ﬁ|{kr<kSSrZ|xk—L|Z€}|

r

+lﬁ|{kr_1<k§k,:|xk—L|28}|
L

r

B Rk . et S TP O T EY
Vi VA
—n 1

_ b L — kel =L > €}
g

¢, -

< fe kel L > e

Wooou

g(ﬁ—l]+ll{kel,:lxk—LIZE}l
W he

r

b

for all » € IN. Since lim,_,0o —
4

1 by (2) the first term and since x = (xi) € Sg the second term of right hand

side of above inequality tend to 0 as r — oo (Note that (}f—; - 1] > 0]. This implies that S C S’Z, .

T

From Theorem 2.10 we have the following results.

Corollary 2.11 Let 0 = (k,) and 6’ = (s,) be two lacunary sequences such that I, C J, for all r € IN.
If (1) holds then,

(@) Sg, C §g foreach a € (0,1],
(i) Sy € S§ for each a € (0,1],
(ii)) Sy C So.

If (2) holds then,

(1) 8¢ C Sg,, foreach a € (0,1],

(i) S € Sy, for each a € (0,1],
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(iii) So € S .

Theorem 2.12 Let 0 = (k,) and 6" = (s,) be two lacunary sequences such that I, C J, for all¥ € N, a and f8
be fixed real numbers such that 0 <@ < <1and 0 < p < co. Then we have

(i) If (1) holds then N”, (p) < N3 (p),

(ii) If (2) holds and x € {w then N§ (p) C N’Z, (p).

Proof. (i) Omitted.

(i) Let x = (x) € N (p) and suppose that (2) holds. Since x = (xx) € £ then there exists some M > 0

such that |x; — L| < M for all k. Now, since I, C |, and h, < ¢, for all r € IN, we may write

Zm—u” = Z b = LI + —Zm—u”

r ke, r ke, —I, r kel,
¢ —h,
<= ]M”+—2|xk—L|”
f gr kel,
b~ ]
< xx — LI
W ’j;;
< ——1 M’”+— |xx — LI
W ] hy ;‘

for every r € IN. Therefore x = (x;) € N[;, (p).

From Theorem 2.12 we have the following results.

Corollary 2.13 Let 6 = (k;) and 8’ = (s,) be two lacunary sequences such that I, C J, for all r € IN.

If (1) holds then,

(i) N, (p) € Ng (p), for each a € (0,1],

(ii) Ng (p) € N§ (p), for each a € (0,1],

(iii) No (p) < No (p),

If (2) holds then,

(i) ls NN (p) C Ng, (p), for each « € (0,1],

(ii) £ N N§ (p) € Ny (p) for each a € (0,1],

(iii) { N No (p) € Ny (p) -

Theorem 2.14 Let 6 = (k,) and 6" = (s,) be two lacunary sequences such that I, C J, for allr € N, @ and 8
be fixed real numbers such that 0 <@ < <1and 0 < p < co. Then

(i) Let (1) holds, if a sequence is strongly Ng, (p) —summable to L, then it is S§—statistically convergent
toL,

(i) Let (2) holds, if abounded sequence is S —statistically convergent to L then itis strongly N Z, (p) —summable
to L.
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Proof. (i) For any sequence x = (x;) and € > 0, we have

Y he-LP= ) ba-LP+ ) pe—Lp

ke], ke, keJ,
[xx—L|>e lxx—Ll<e
> Y bu-LP
kel,
l—Lie

>Hkel :|xg—L| > e}l
and so that
LY - LP > Lkl ~ Ll > elfe!
B - gﬁ r -
r kej,

Hkel, :|xx—L|> e} .

r
a

-
B
r

x
O

1599

Since (1) holds it follows that if x = (xx) is strongly Ng, (p) —summable to L, then it is Sp—statistically

convergent to L.

(if) Suppose that Sg—limxy = Land x = (xr) € €. Then there exists some M > 0 such that |x; — L| < M

for all k, then for every € > 0 we may write

Zm 1= Y oL+ —Zm -1y

r keJ, r keJ,—1, r kel,
h,
<[4z ) P+—Z|xk—L|P
7 kel,
¢, —
< ] + —Z e — LI
r kel,
£, 1 1
<|Z<-1|mr+= lxp — LI + = lx, — LIP
1} H} ;‘ H} ;‘
l—Ll>e |xe—Ll<e
¢ MP h
< —;—1 M”+—ﬁ|{keI,:ka—L|ZE}|+—;E”
ik W W
¢ MP ¢
<|Z-1|Mm + kel :|xi—L| = e}|+ =&
hﬁ h‘)‘ h‘B
r r

for all ¥ € IN. Using (2) we obtain that NZ, (p) - limx; = L, whenever S§ — lim x; = L.

From Theorem 2.14 we have the following results.

Corollary 2.15 Let o and g be fixed real numbers such that0 <a < <1,0<p <ooandlet 0 =

0’ = (s;) be two lacunary sequences such that I, C J, for all r € IN.

If (1) holds then,

(i) If a sequence is strongly N, (p) —summable to L, then it is Sj—statistically convergent to L,

(k;) and
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(ii) If a sequence is strongly Ny (p) —summable to L, then it is S§—statistically convergent to L,

(i1i) If a sequence is strongly Ny (p) —summable to L, then it is Sg—statistically convergent to L.
If (2) holds then,

(i) If abounded sequence x = (x;) is Sj—statistically convergent to L then it is strongly N' g, (p) —summable

toL,

(ii) Ifabounded sequence x = (x;) is S§—statistically convergent to L then it is strongly Ny (p) —summable

toL,

(iti) If abounded sequence x = (xi) is Sy—statistically convergent to L then itis strongly Ny (p) —summable

to L.

3. Results Related to Modulus Function

In this section we give the inclusion relations between the sets of S;—statistically convergent sequences

and strongly wi‘p) [6, f] —summable sequences with respect to the modulus function f.

The notion of a modulus was introduced by Nakano [26]. We recall that a modulus f is a function from
[0, 20) to [0, o) such that

i) f(x) =0ifand only if x =0,

ii) f(x+y) < f(x) + f(y) forx,y > 0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, o). Maddox [22] and Ruckle [29] used a modulus

function to construct some sequence spaces. Later on using a modulus different sequence spaces have been
studied by Altin [1], Et ([7], [8]) ,Gaur and Mursaleen [16], Isik [20], Nuray and Savas [27] and many others.

Definition 3.1 Let f be a modulus function, p = (px) be a sequence of strictly positive real numbers and
@ € (0,1] be any real number. We define the sequence space w? . [6, f] as follows:

@]

w? |\ [0, f] = {x = (x¢) : lim 1 Y. [f (xx — L))" = 0, for some L}.
() r—eo h?ke[,

In the special case pr = p, for all k € IN and f(x) = x we shall write N§ (p) instead of w‘é‘p) [6,f]. 1t
x€ w‘gp) [6, f], then we say that x is strongly w‘(‘p) [6, f] —summable with respect to the modulus function f

and write w? | [0, f] — limx, = L.

(v)
In the following theorems we shall assume that the sequence p = (pi) is bounded and 0 < & = infy py <

pr < sup, pr = H < o0

Theorem 3.2 Let ¢, § € (0, 1] be real numbers such that @ < g, f be a modulus function and let 6 = (k,) be a

lacunary sequence, then w‘zp) [6,f]c Sg.
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Proof. Letx € w( ) [6, f] and let ¢ > 0 be given and }; and ), denote the sums over k € I, [x; — L| > € and

kel,|xx—Ll<e respectively. Since h* < ! for each r we may write

LY -] [21 (ke = DI + Lo [f (e = L]

r kel,

2 7 [21 [f Qe = LD + X [f (k- L|)]”k]

=Lilf @

7

> hl_ﬁzl min([f (&)]", [f ()]")

> hlm{k el : | — LI > e}l min([f (9)]",[f ()]

7

Since x € w? [9 f], the left hand side of the above inequality tends to zero as ¥ — co. Therefore the right

()

hand side tends to zero as r — oo and hence x € Sg.

Theorem 3.3 If the modulus f is bounded and lim,_, ha = 1then 5§ C w ) (6, f1.

h?
Proof. Let x € S and suppose that f is bounded and ¢ > 0 be given. Since f is bounded there exists an

integer K such that f (x) < K, for all x > 0. Then for each r € N we may write

—a Y Lf (oo — L]

a
r kel, h

(S L i~ DY + Ko f (e~ LT)

< hazlmax (K", kM) + —22 [f (&)

< max (Kh,KH) hl—a |{k el : f(x—Lj) = a}|
+ Z—‘;max (f (e)h, f(é)H)
Hence x € w‘z ) [e, f1.

Theorem 3.4 If lim p; > 0 and x = (xi) is strongly w [6 f]—summable to L with respect to the modulus

function f, then w? ) [6, f] - lim x; = L uniquely.

Proof. Let lim py = s > 0. Suppose that w‘("p) [6, f]-limx, =L, and w‘(Xp) [6, f] - limx; = L;. Then

hm Z Lf (e = LD

r kel,
and
hm = ¥ [f (e — L]
r kel r
Definition of f, we have

L [f(L - L)) S—aZ [f (b= LDV + 2 3 [F (e = LT
hy kel

r kel, r kel,
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where sup, pr = H and D = max (1,2H‘1). Hence

tim = Y [F0L - L =0,

T kel,

Since %im pr = s we have L — Ly = 0. Thus the limit is unique.
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