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On the Generalization of a Theorem of Bor

Tuba An?

P. O. Box 23, TR-38002 Kayseri, Turkey

Abstract. In [6], Bor proved a theorem dealing with absolute Riesz summability factors of infinite series.
In this paper, we generalize that result for the absolute matrix summability factors of infinite series. Some
new results are also obtained.

1. Introduction

A positive sequence (b,) is said to be an almost increasing sequence if there exists a positive increasing
sequence (c,) and two positive constants A and B such that Ac, < b, < Bc, (see [1]). A sequence (A,) is said
to be of bounded variation, denoted by (A,) € BV, if Y, AL, = Y., | Ay — Aus1 |< 00. A positive sequence
X = (Xy) is said to be a quasi-f-power increasing sequence if there exists a constant K = K(X, f) > 1 such
that Kf, X, > fuXy, foralln > m > 1, where f = (f,) = {né(logn)“,o >0, 0 <0 <1} (see[12]). If we take
o = 0, then we get a quasi-6-power increasing sequence (see [10]). Let ) a, be a given infinite series with
partial sums (s,). We denote by (u,) and (¢,) the nth (C, 1) means of the sequence (s,,) and (na,), respectively.
The series Y a,, is said to be summable |C, 1|, k > 1, if (see [7], [9])

(e8] (e8]

- 1
Z 7Ny — [ = Z E|tn|k < 0. (1)
n=1 n=1
Let (p,) be a sequence of positive numbers such that
n
Pn:va—)OO as n—oo, (Pi=p_;=0,i>1). )
v=0

The sequence-to-sequence transformation

1 n
Oy = P_n vzzo pvsv (3)
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defines the sequence (v,) of the Riesz mean or simply the (N, p,) mean of the sequence (s,), generated by
the sequence of coefficients (p,) (see [8]). The series ). a, is said to be summable | N, p, |, k > 1, if (see [2])

Z(Pn/pn)k‘1 | 04 = 041 < 0. @
n=1

In the special case p, = 1 for all values of n | N, p, |, summability is the same as | C, 1 |, summability.
Given a normal matrix A = (a,,,), we associate two lower semi-matrices A = (@) and A = () as follows:

n

Apy = Zaniz n,v=0,1,.. (5)

i=v
and

agp = EOO = 4apo, Any = Env - En_l,v, n= 1, 2, (6)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series trans-
formations, respectively. Then, we have

n

Au(s) = Zamsv, n=0,1,.. "
v=0
and
An®) = Ar(9) = ) | ot ®
v=0

The series ), a, is said to be summable |A, p,li, k > 1, if (see [11])

Y (Pulp) T IAAL) < 9)
n=1

where
KAn(s) = An(s) - An—l(s)-

In the special case, for a,, = py/Py, |A, pulk summability is the same as | N, p,, | , summability.

2. The Known Result

Quite recently, Bor has proved the following theorem dealing with | N, p, |, summability factors of
infinite series.
Theorem 2.1 ([6]). Let (A,) € BV and let (X,,) be a quasi-f-power increasing sequence for some 6 (0 < 6 < 1)
and ¢ > 0. Suppose that there exists sequences (5,) and (A,) such that

| Ady |< Bu, (10)
pn—0 as n— oo, (11)
Y AR 1 Xy < o0, (12)
n=1

| An | X = O(D). (13)
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1f
5ty

0
v=1

=0(X,) as n— oo, (14)

and (p,) is a sequence such that

P, = O(”Pn), (15)
PnApn = O(pnpn+1)/ (16)
are satisfied, then the series )., ; a, Puls js summable N, pu Ik, k> 1.

npn
It should be noted that if we take ¢ = 0, then we get a result which was proved in [4].

3. The Main Result

The aim of this paper is to generalize Theorem 2.1 by using absolute matrix summability factors. Now,
we shall prove the following theorem.
Theorem 3.1. Let A = (a,,,) be a positive normal matrix such that

dw=11n=012,.., (17)
Ap-1,p = Ano, forn>v+1 (18)
o = O (1”3—) (19)
nay, = O(1) (20)
dn,v+1 =0 (U|Avdnv|) . (21)

Let (A,) € BV and let (X,,) be a quasi-f-power increasing sequence for some 6 (0 < 6 < 1) and ¢ > 0. If the
conditions (10)-(16) are satisfied, then the series ), 4, Py js summable | A, pn ., k> 1.

np”
It should be noted that if we take a,,, = f;—:, then we get Theorem 2.1.
We require the following lemmas for the proof of our theorem.

Lemma 3.2 ([3]). If the conditions (15) and (16) are satisfied, then A( P ) =0 (n1_2)

n2p,
Lemma 3.3 ([5]). Except for the condition (4,) € B8V under the conditions on (X,), () and (A,) as expressed
in the statement of the theorem, we have the following;

nXuB = O(1), 22)
Z BuXy < 0. (23)
n=1

Proof of Theorem 3.1. Let (T,) be the A-transform of the series )., %. Then, we have

Using Abel’s transformation, we get that

-1 v
S PU/\U ﬁnnpn/\n
Ay [ =22 2 +
-1 ’ (ﬂm; *py ) " n2p,

r=1

n n

Tn - Tn—l

Uiy

v=1

B

-1 n—1
N Ao ~ ty Py
= _ Av(anv)p_v(v + l)ﬁtv + UZ; an,v+1(v + 1){?ZAAU

= g

-1
o P
+ an,v+1/\v+1(v + 1)t7JA (2_0) +
v=1 Upo
= n1 t T11,2 + Tn,3 + Tn,4

P,A
B 12 0+ 1)

Pn
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To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show that

0 k-1
P
Y (—) | T, < oo, for r=1,2,34 (24)

n=1 Pn

When k > 1, we can apply Holder’s inequality with indices k and k’, where } + £ = 1 and so we get that

m+1 P k-1 m+1 k-1
Z(p—) | Tua I = omZ( ) {Zm @)t |}
n=2 n
m+1 k-1 (n-1
- 1)2( ) { |AottnollAoflE |"](Z|Avam|]

=1

k

m+1
= 0(1) Z ( ) ﬂnn)k_l Z |Avﬁnv”/\v|k|tvlk
m+1
= 1)2 Mol Teol Y 1ol
n=v+1

= oMY Multfn =0m Y Molltal £
v=1 v=1 v

m—1 v m
_ Pr, Po.
= O<1>UZ="A|AU| 2 p, ol + OMMnl )
m—1
= 0(1) ) IAAIXy + O(1) | Ay | Xin

v=1

m—1
= 0(1) )Xo+ O) | A | Xy = O(1)

v=1

as m — oo, by virtue of the hypotheses of Theorem 3.1 and Lemma 3.3.
Now, by using (15), we have that

mal o \k1 mal o \k-1 (1 k
Z (_n) | Tn,Z |k = O(l)z (_n) {Z | ﬁn,v+1 || A/\v ” ty |}
n=2 pn P =1
m+1 n-1 k
= O(1>Z( ) {Z v|Avﬁnv||AAvntv|}
m+1 k-1 (n-1 k=1
= 1) Z ( ) {Z(levanvl)k(ﬁv)k” |kJ (Z |Avanv|)

m+1 P k-1
= 1>Z<vﬁv)(vﬁv>k ol Z( ) (@) Aot

n=v+1 n

= 0(1) Z vﬁv“vlkavv(z}ﬁv)k_l
v=1

- 1 - t
= oY e It =0 Y opy
v=1 v=1
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_

m— v k m k
= oY awp) Y 2E + oamp, Y e
v=1 r=1 =1
m=1
= 0 Y 1@+ DAy = o | Xo+ O()mB X
v=1
m—1 m—1

oMY 0] Ay | Xo +OM) Y BoXo + OW)MBuXu = O(1), as m — oo,

s}
—_
IS}
Il
—_

by virtue of hypotheses of Theorem 3.1 and Lemma 3.3.

Now, since A (0123;1,) =0 (01—2), by Lemma 3.2, we have
m+1 k-1 m+l k=1 (n-1 k
P P X 1
Z (_n) | Tn,3 |k = O(l) Z (p_n) {Z |an,v+1”/\v+1”tv|5}
n=2 n n=2 n v=1
mil o (k1 (] n-1 k=1
= om)y (—) [Z |Avﬁnv|mv+1|’<|t§|] [2 |Ayam,|]
n=2 Pn v=1 v=1
m+1 P k-1 n—1
= omy’ (—) @)Y ol Ao [t
n=2 Pn v=1
m m+1
= 0() ) Woalltl Y 1Al
v=1 n=v+1
m
= 0(1) ) Wonlltelac,
v=1
m—1 v k m k
t t
= om Y Al Y s 0t Y 1
v=1 r=1 v=1 v
m—1
= 01) Y AlAoIXy + O A X
v=1

O) Y oXo + OWAns1lXni1 = O(1)

v=1

as m — oo by (10), (13), (14), (15), (20) and (21).
Finally, as in T}, 3, we have

m k-1

P
E (_n) | Tn,4 |k
n=1 pn

a1 _
nk 1_k|An |k 1|/\n I| tn |k
n

[
B
=

gk

m k
= 0(1)2 t:ll =0(1), as m— co.

B
Il
—_

This completes the proof of Theorem 3.1. If we take a,, = ;—:’, and p, = 1 for all values of n, then we obtain a
new result concerning the | C, 1 |, summability factors of infinite series.
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