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Abstract. In this paper we study the existence of positive solutions for the fractional p-Laplacian boundary
value problem

Dy, (D5, u()) = f(t, u(t), t € (0,1),
u(0) = u’(0) = 0,u'(1) = au’(§), Dy, u(0) = 0, Dg, u(1) = bDg, u(n),

where2 < a <3,1< <2, Dj +,D‘g . are the standard Riemann-Liouville fractional derivatives, ¢,(s) =

1p
IslP~2s,p > 1, cp;l = ¢, 1/p+1/g=1,0<&En<1,0<a<&,0<b <y and f € C([0,1]X[0, +c0), [0, +00)).
Using the monotone iterative method and the fixed point index theory in cones, we establish two new
existence results when the nonlinearity f is allowed to grow (p — 1)-sublinearly and (p — 1)-superlinearly at

infinity.
1. Introduction

In this paper we discuss the existence of positive solutions for the fractional p-Laplacian boundary value
problem

D (¢p(Dg,u())) = f(t, u(t),t € (0,1), "
u(0) = u'(0) = 0,u’(1) = au’(&), D8‘+u(0) =0, Dg‘+u(1) = bD8‘+u(n),

where 2 <a <3,1<B<2 Dj +,D§ . are the standard Riemann-Liouville fractional derivatives, ¢,(s) =

Is|P=2s,p > 1,q5;1 =g, 1/p+1/0=1,0<&En<1,0<a<E590<b< ,]:%’f and f € C([0, 1]x [0, +0), [0, +c0)).
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Fractional differential equations arise naturally for example in physics, chemistry, diffusion and transport
theory, chaos and turbulence, viscoelastic mechanics and non-newtonian fluid mechanics; for more details
on fractional applications, we refer the reader to [1-3]. There are many papers in the literature on the
existence of solutions for fractional boundary value problems; see for example [4-12] and the references
therein. In [4], the authors investigated the existence of positive solutions for the fractional differential
equation with integral boundary conditions

Dg, u(t) + q(t)f(t, u(t)) = 0,t € (0,1),

1
u(0) = u’(0) = 0,u(1) = f g(s)u(s)ds,
0

and obtained an existence result if the following condition is satisfied:
(Hy) there exist a, A > 0 such that f(t,x) < f(t,y) < Aa, forO<x <y <a,te[0,1]
Note for multi-point boundary value problems the Green’s functions may be complicated. Bai [5]
considered the fractional three point boundary value problem
Dg,u(t) + f(tu(t) =0,0<t <1, @)
u(0) = 0, Bu(n) = u(1),

where a € (1,2], fn*1,n € (0,1). The Green’s function is

[H(1=9)1"" =Bt~ (=)~ ~(t=s)" " (1=p" "))
(=PI (@) /

) A G e !
(1=p*=DI(a) ’ 0<n<s<t<l,
G(t/ S) = [t(l—S)]{rl —ﬁlukl(l]—s)“’l (3)
(1-pn+H () ’ 0<t<s<n<l,
(A-pII(@)

0<s<t<ls<n,

0<t<s<ln<s.

Note if = 0, then (2) reduces to the problem

Dg,u(t) + f(t,u(t) =0,0<t <1, )
u(0) = u(1) = 0.
The Green’s function is
1 A =9 = (s, 0<s<t<],
9t:9) = 1 {[t(l —g)|e? 0O<t<s<l. ©)

Now if the three point problem (2) is considered as a perturbation of the two point problem (4), we can use
(5) to obtain (3), i.e.,

a—1

_ pt
G(t,s) = g(t,s) + 1=yt g(1, ).

This simple idea motivates our study in Section 2.

In this paper we first obtain an existence result with f growing (p — 1)-sublinearly at infinity. Moreover,
we establish an iterative sequence for approximating the solution. Next, using the fixed point index theory,
we obtain an existence result with f growing (p — 1)-superlinearly at infinity.
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2. Preliminaries

For convenience, in this section we present some basic definitions and notations from fractional calculus.
Definition 2.1(see [3, page 36-37]) The Riemann-Liouville fractional derivative of order ¢ > 0 of a
continuous function f : (0, +o0) — (=00, +00) is given by

1 (g)f f(s)
T(n—a)\dt/ J, (—s)rn+l

D&_f(t) =

where n = [a] + 1, [a] denotes the integer part of the number a, provided that the right side is pointwise
defined on (0, +o0).

Definition 2.2(see [3, Definition 2.1]) The Riemann-Liouville fractional integral of order a > 0 of a
function f : (0, +00) — (—c0, +0) is given by

¢
Io f(t)= ﬁ f(; (t —8)* f(s)ds,

provided that the right side is pointwise defined on (0, +0).

From the definition of the Riemann-Liouville derivative one obtains the following result.

Lemma 2.1(see [6]) Let a > 0. If we assume u € C(0,1) N L(0, 1), then the fractional differential equation
Dg, u(t) = 0 has a unique solution

u®) =t P+ ot 2+ +ent*N,cieR,i=1,2,...,N,

where N is the smallest integer greater than or equal to a.
Lemma 2.2(see [6]) Assume that u € C(0,1) N L(0,1) with a fractional derivative of order a > 0 that
belongs to C(0,1) N L(0, 1). Then

I5, Dy, u(t) = u(t) + it Voot 24+ ent®N, forsomecieR,i=1,2,...,N,

where N is the smallest integer greater than or equal to a.
Lemma 2.3 Let o, £,a be as in (1) and y € C[0, 1]. Then solving

D, u(t) + y(t) = 0, € (0,1), ©
u(0) = u’(0) =0,u' (1) = au' (&),
is equivalent to solving
1
u(t) = f G(t,s)y(s)ds,
0
where
ata—l
G(t,s) = q(t,s) + mgz(é, s),
1 [t 1 =s)*2—(t-5)*"1, 0<s<t<1,
168 = Ty o (1 - )2, 0<t<s<l, @)
() = 1 |[t72(1 =52 - (t-5)*2, 0<s<t<],
72 T(a) |£2(1 —5)*2, 0<t<s<1

Proof. It is enough to consider the case when u is a solution of (2.1). From Definition 2.2 and Lemma
2.2 we have

u(t) = c1t* 4+ ot 4 031773 — f(

t—s)t

T(a) y(s)ds,
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for some constants ¢; e R,i = 1,2, 3.
From u(0) = #/(0) = 0 we have ¢; = c3 = 0. Hence

t g oya-1
u(t) = ct*t - fo ¢ 1"(2) y(s)ds,

and

Lt —s)2

w'(t) = cila— D2 = (a - l)f y(s)ds.
0

Consequently, we obtain

O

v =al-1-@-1 [ y(s)ds,
0

and

3 _ o\a—
(Er 9 y(s)ds.

’ — -1 a=2 _ -1
u'(&) = ci(a—1)¢& (o )fo

Then v’ (1) = au’(£) implies that

1 1-— a—2 3 _ o\a—2
cl—j(; ( I"(fx)) y(s)ds:claéa‘z—afo (Er((SX)) y(s)ds,

and

(1 S)aZ (E_S)a—z
i —awf w077 a&wf T /O%

As a result,

~ 1 1 ta—l(l _ S)a—z ata—l 3 = s)a—Z t (t— S)a—l
u(t) = T a2 f (@) y(s)ds — gy f @) y(s)ds — f(; @) y(s)ds

1 pa-1(1 a=2 _ a1 pa-1 1 ca-2 1—g)a2
:ﬁ #y( )ds — f( ) y(s)ds + f — f £ ) y(s)ds

I'(a ) a&*2 Jo I'(a)
at’lf(E =)™
_ T ag? J, ) y(s)ds
1
=f G(t, s)y(s)ds.
0

This completes the proof. O
Lemma 2.4 Let o, 5, &,1,a,b be as in (1) and y € C[0,1]. Then solving

D, (@p(Dg, u(®) = y(b),t € (0,1),
u(0) = u'(0) = 0,u’(1) = au’ (&), Dy, u(0) = 0, Dy, u(1) = bDg, u(n),

is equivalent to solving

1 1
u(t) =f0 G(t,8)Pq (fo‘ H(s, ’l’)y(’l')dT) ds
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where G is defined in (7) and

pr-1gp-1

H(t,s) = hi(t,s) + T‘lnﬁ‘lhl (n,9),

11 = s)P1 — (t — 5)f1 <s<t<
h(t,s) = 1{ (1 -5s) (t—s)f—, 0<s<t<1,

T'(B) |t5~1(1 —s)f, 0<t<s<l.
Proof. It is enough to consider the case when u is a solution of (2.3). From Lemma 2.2 we have

1 DE (¢p(DE, u(t)) = ¢p(DE,u(t) + c1tF ™ + cotF 2,

for some constants ¢; € R,i = 1,2. In view of (8), we obtain

10, D (@ (D, u(H) = I, y(t).
Also we find
dp(DS,u®) = IF_y(t) + 1t + et 2
Lt —s)f?
o T
Then Dg ,1(0) = 0 implies that c; = 0. Hence,

y(s)ds + ettt + optf 2,

1 _ o)p-1
¢p(Dg, u(1)) —j(; %y(s)ds+c1,

and

1 (n — g)p~1
qbp(D n))—‘ﬁ %y(s)ds+cmﬁ‘1.

Consequently, Dg, u(1) = bDj, u(n) implies that

— )1
f . 1"(;))5 1 s)ds +cp = b'! ’7 %y(s)ds +ab T,
0

_ bt " (n—s)f! 1 1 (1—s)p1
= 1- bp_117ﬁ—1 fo T(P) y(S)ds - - bP—lnﬁ—l fo 0] y(s)ds.

Therefore,

(t=s)! br-1tp-1 T (n—s)ft
g = [ T ot ot | gy v

L ip-1(1 — 5)f~1
1 —bP T fo T() y(s)ds

Elp - 18101 _ o\p- 1 _ )1
=9 s - [ PO as+ 20 [ NI s
0 0

o T ') 1-brippt ')
Pl (L — g
T f T() y(s)ds

1
- f H(t, s)y(s)ds.
0

1553
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Also we have

1
Dg,u(t) + ¢y (fo H(t, s)y(s)ds) =0.

Note Lemma 2.3 and the boundary conditions #(0) = #’(0) = 0, u’(1) = au’(§), so we have

1 1
u(t) :L G(t,8)¢q (fo H(s, T)]/(T)dT) ds.

This completes the proof. O
Lemma 2.5 The functions G, H have the following properties:
(i) G,H € C([0,1] x [0, 1], [0, +0)) and G(¢,s), H(t,s) > 0 for t,s € (0, 1),

m3

(i) G(t,5) < 61t* ! for t, 5 € [0, 1], where &; := r(a)[1+ gu1]>o

(iii) 62t s(1 — 5)*2 < G(t,5) < O15(1 —5)*~2 for t,s € [0, 1], where 6, := %
Proof. From [7-10] we have g1, g2, h11 € C([0,1] x [0,1], [0, +o0)) and g1(¢,s), hi(t,s) > 0 for t,s € (0,1), so
G, H have these properties.

From [10, Lemma 4] we have

1
t,s) < s(1—s)%72, t,s) < —t*1 fort,se[0,1],
91()r()( $)*%, gu(t,s) (@) or [0,1]
and
(@ =2)t (1 = B)s(1 —5)* > L oasq a2 o 1 a3
@) ng(t,s)<r( )t s(1—s) Sl"( )t , fort,s € [0,1].
Consequently,

— ata_l 1 aéa—3 a-1
G(t,s) = qu(t,s) + Wgz(éf s) < @) [1 T aga—l]t ,

B ata—l 1 aga—?) 22
G(t,s) = g(t,s) + Wﬂz(& s) < (@) [1 1o uéa_l]s(l -9,

o1 a(a —2)E%72(1 = &)

Glt,5) = 01(6,9) + 12y a(€,9) 2 T S =

This completes the proof. O
Let E := C[0, 1], llull :== maxepq) [u(t)l, P := {u € E : u(t) = 0,Vt € [0,1]}. Then (E, || -|) is a real Banach
space and P is a cone on E. We let B, := {u € E : ||ul| < p} for p > 0 in the sequel. Define A : P — P by

1

1 1 =3
(Au)(t) = fo G(t,s)( fo H(s, 7)f(t, u(r))dz| ds.

Then, by Lemma 2.4 the existence of solutions for (1) is equivalent to the existence of fixed points for the
operator A. Furthermore, in view of the continuity G, H and f, we can use the Ascoli-Arzela theorem to
show that A is a completely continuous operator

Lemma 2.6 Let Py := {u € P : min¢[g, 0,] u(t) > ||u||} where 0 < 61 < 6, < 1. Then A(P) C Py.
Proof. For any u € P, from (iii) of Lemma 2.5 we have

(Au)(t) :f G(t,s) (f H(s, 1) f(7, M(’[))d’[) ) ds

< (Slf s(1 —s)*” 2(f H(s, T)f(’l’,u(’l'))d’[) ) ds.
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Also for t € [0, 6,], we obtain
1

1 1 P
(Au)(t):j; G(t,s)(jo‘ H(S,T)f(T,u(T))dT) ds

1
p-1

1 1
a-1 _ a2
> fo 521" 1s(1 — 5) ( j; H(S,T)f(’(,u(’[))d’() ds

1 1 =
> 629‘1’“1f0 s(1—s)*2 (jo‘ H(s, T)f(T,Ll(T))dT) ds.

Consequently,

a—

1 1 1 o a-1
(Au)(t) = ! 61f s(1—s)*2 (f H(s, T)f(T,M(T))dT) ds > 020, [|Au]|.
0 0

01 01

This completes the proof. O
Lemma 2.7(see [13, Lemma 2.6]) Let © > 0 and ¢ € P. Then

1 0 1 1 o 1
0 0
( fo (p(t)dt) < j; (p(1)?dt, V6 > 1, ( fo (P(t)dt) > fo (()?dt, Y0 < 6 < 1.

Lemma 2.8(see [14]) Let R > 0 and A : Bx N P — P a continuous compact operator. If there exists
up € P\ {0} such that u — Au # uug for all y > 0 and u € dBg N P, then i(A, Bk N P,P) = 0, where i denotes
the fixed point index on P.

Lemma 2.9(see [14]) Let > 0 and A : B, N P — P a continuous compact operator. If [|Au|| < |lul| and
Au # u foru € 0B, N P, then i(A,B, N P,P) = 1.

Let p. = min{p - 1,1}, p* = max{p — 1,1}, y(t) = t*~1 for t € [0,1], and ty € (0,1) is a given point. For
convenience, we put

+ 1 1 . " 1 1 +
K1:= fol‘lf f H (s, 7)y” (t)dds, x, = 2:1_1f f H7 (s, 1)dds.
0 0 0 0

I 1 1 2 01
1= R 7 2= " —a
o1 Wi fol GP-(to, s) f;z Hr’%(s, 7)drds 9207 !

and

1
/\3 =

1 p-1°

((51 fol s(1 —s)a2 (fol Hs, ’[)d’[)Fl dS)

We now list our hypotheses:
(H1) f(t,u) € C([0,1] X [0, +0), [0, +c0)).
(H2) f(t, u) is nondecreasing with respect to u and f(t,0) # 0 for t € [0, 1].

H3) limsup,,_, ., ’;(;’_lf) < /\’17_1 uniformly on f € [0, 1].

(
(H4) liminf, o J;(;’ff) > /\571 uniformly on t € [04, 0].

(H5) there exists C > 0 such that f(t,u) < ¢,(0)A3, VO <u <, t€[0,1].
Example 2.10 (1) Let

n
flt,u)=¢+ Z miug fort € [0,1] and u € R*,
i=1
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where m; € (0,/\?71), m; >0fori=2,3,...,n
Letp=2,0=25,=15,£=05a=1and b =0. Note,

4 22+3 ff 51
0= ——= , K1 = H(s, t)y(t)dtds = —,
avravao1 e Jo v %

and Ay =~ 4.5. Let m; € (0,4.5). Note (H1)-(H3) hold.
(2) Let C = 1. Then ¢,(C) = 1. Let

n
fit,wy =Y mu D fort € [0,1] and u € R*,
i=1

where m; are nonnegative numbers such that )/, m; < As.
Using the above values for p, a, 8, £, a, b, we have

BL(B) [T+ DI (@—=1) T@+QT@a-1|"
1 [ Ta+p) = Ta+p+1)

-1

1 1
Az = (61 f s(1—s)272 H(s, T)deS) =
0 0

Let )7, m; <7.5. Note (H1), (H4) and (H5) hold.

~7.5.

3. Main Results

Theorem 3.1 Suppose that (H1)-(H3) are satisfied. Then (1) has at least a positive solution u*. Moreover,
there exists a monotone non-increasing sequence {un}j:1 such that lim,,_,« 1, = u*, where uy(t) = My(t), t €
[0,1], (M is defined in the proof), and 1,1 = Au, forn=0,1,2,....

Proof. From (H3) there exist €; € (0, A1) and ¢; > 0 such that

flt,u) < (A — )P + ¢, Yu € [0, +00),t € [0,1]. (10)

1
Take M > ¢} " e7! 1t &, where €7, ¢1 are defined in (10) and let ug = My. Hence,

[ 1 P
[(AMyO)D] = foG(t’S)(fo H(SIT)f(TrMV(T))dT) ds

IN

» a2 9P
fély(t (f H(s, T)f(T,M)/(T))dT) ds

< (SP @ f (f H(s,7)f(1, M)/(T))d’c)1 ds
<&y f f HA (s, )[4 - e My () 1+c1]”1d’[d5

dzds

<2m! (t)]”f f HA G, T>[<A1—e1)ﬂ*<My(f))”*+ci”
P
1

= o (M1 = e) MV Y@ w1+ ¢ 8 [y w2,

Then we have

(AMy(t)(t) < [6’{@1 — e M [y() k1 + cfj & [y(t)]ﬂ”xz]"

< (51(/\1 — )M Wi + ¢ & ‘VK_Z)V(f)
< My(t).
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This implies that
uy = Aug < uy.
Also we have from (H2),

1
p-1

1 1
s(t) = (Aur)(t) = fo G(t,s)( fo H(S,T)f(’[,ul(’f))d’c) ds

1 1 =
< fo G(t,s)( fo H(S,T)f(T,uo(T))dT) ds

= (Auo)(t) = u ().

By induction, uy1 < u,,n =0,1,2,.... Also 0 < u,(t) < My(t) < Mfort e [0,1]andn =0,1,2,.... From
the monotone bounded theorem we can take the limit as n — oo in u,,1 = Au, and we obtain u* = Au".
Furthermore, because the zero function is not a solution of the problem (1), u* is a positive solution for (1).
This completes the proof. O
Theorem 3.2 Suppose that (H1), (H4) and (H5) are satisfied. Then (1) has at least a positive solution.
Proof. From (H4) there exist €; > 0 and ¢, > 0 such that

ft,u) = Ay + e2)P P~ — 3, Vu € [0, +00), t € [01, 03] (11)

From (11) we have

(A2 + &)t = (Mg + &2l P )T < (F(t,u) +c2)P T < Fri(t,u) +c

Hence,

e L
frt,u) = (A + e2)PuP =

(12)

In what follows, we shall show that there exists a large positive number R > ((C is defined in (H5)) such
that

u—Au# pupforall y >0and u € B N P, (13)

where 1 is a fixed element in Py. If not, there exist y > 0 and u € dBg N P such that u — Au = puy, ie.,
u(t) = (Au)(t) + puo(t) for t € [0, 1]. Hence |ju|| = ||Au + puoll = ||Aull. Moreover, note that if u € P, by Lemma
2.6 we have Au + puy € Py and also u € Py.

Consequently, from (12), for a fixed point ¢y € (0,1), we have

ps

1
-1

1 1 7
f G(to,s) (f H(s,t)f(7, M(T))d’[) ds
0 0

P
-1

1 1 P
ZL Gp*(to,s)(;f0 H(S,T)f(’c,u(’f))d”c) ds

[(Au)(to)] =

1 1
> fo G (to, 5) fo H (s, 7)f71 (7, u(t))d7ds

1 02 . P
> f G (t,s) | HF(s,7) [(Az + e ub — cg’l]drds
0

61

>

5 a—1\P+ 1 0, b
Ay + &) ! RV f G"(to,s) | Hi (s, 1)dtds — c3,
01 0 o,
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2 .
where ¢c3 = cﬁ”l fol GP+(to, s) f;f H = (s, )dtds. Therefore, if R is large enough we have

ie.,

a—1\P+ 1 0>
I Pe 6261 P
[Aull™ = [(Au)(to)]™ > A, 5 R | GP(to,s) | H(s,1)dds —c3
0 61

=2RP —c3 > RV = |lull,
[[Aul| > ||u]|, and this contradicts ||u|| > [|Au||. Thus (13) holds true and Lemma 2.8 yields

i(A,BRk N P,P) = 0. (14)

From (H5) for u € dB; N P we have

1 1

1 p—1
||Aul| = g&ﬁ(Au)(t) = trgg{(}ﬁ G(t,s) ([) H(s, T)f(T,u(T))dT) ds

1

1 1 1 p-1
<SCA o f s(1—s)*2 (f H(s, T)d’[) ds
0 0

:C,

Hence, ||Aul| < ||ul|, for u € dB; N P, and Lemma 2.9 implies that

i(A,B:NPP)=1. (15)

Combining (14) and (15) gives

i(A, (Bx \ Bo) N\ P,P) = i(A,Bx N P,P) — i(A, B. N P,P) = —1. (16)

Consequently the operator A has at least one fixed point on (Bg \ B) N P, and hence (1) has at least one
positive solution. This completes the proof. O
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