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Abstract. The sequence of random variables {X,},n is said to be weighted modulus ap-statistically
convergent in probability to a random variable X [16] if for any €,6 > 0,

lim
n—oo [vﬁ(n)

1tk < Tapn) : HO(PXi — X| > ) > 6)| = 0

where ¢ be a modulus function and {f,},en be a sequence of real numbers such that liminft, > 0 and
n—oo

Tapny = Z tr ¥ n € IN. In this paper we study a related concept of convergence in which the value
kelay,pnl
ﬁ is replaced by c%,f for some sequence of real numbers {C,},en such that C, > 0V n € N, limC, =

n—oo
Cn

oo and limsup——- < oo (like [30]). The results are applied to build the probability distribution for

Ta/ﬁ(n)
n—oo
quasi-weighted modulus af-statistical convergence in probability, quasi-weighted modulus af-strongly
Cesaro convergence in probability, quasi-weighted modulus S,g-convergence in probability and quasi-

weighted modulus N,-convergence in probability. If {C,},cn satisfying the condition lim inf Tcﬁ'(' - > 0, then
n—o00 ap(n

quasi-weighted modulus af-statistical convergence in probability and weighted modulus af-statistical

convergence in probability are equivalent except the condition lim inf (;'(’ ;= 0. So our main objective

n—oo ap(n

is to interpret the above exceptional condition and produce a relational behavior of above mention four
convergences.

1. Introduction

The concept of statistical convergence was introduced by Fast [11] and Steinhaus [37] and later on
reintroduced by Schonenberg [35] independently and is based on the notion of asymptotic density of the
subset of natural numbers. Later on it was further investigated from the sequence space point of view and
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linked with summability theorem by Salat [31], Fridy [13], Connor [8], Fridy and Orhan [14]. In last few
years, its several generalizations and applications has been given by many authors like:

(i) statistical convergence of order a by Colak [6] (statistical convergence of order a was also independently
introduced by Bhunia et al. [4]),

(ii) pointwise and uniform statistical convergence of order « by Cinar et al. [5],

(iii) A-statistical convergence was introduced by Mursaleen [27],

(iv) A-statistical convergence of order a by Colak and Bektas [7],

(v) A-statistical convergence of order a of sequences of functions by Et et al. [10],

(vi) lacunary statistical convergence of order a by Sengiil and Et [36],

(vii) quasi statistical convergence by Sakaoglu-Ozgiic and Yurdakadim [30],

(viil) weighted statistical convergence by Karakaya et al. [24, 25] and modified by Mursaleen et al. [28],
(ix) weighted statistical convergence of order a by Ghosal [19],

(x) weighted lacunary statistical convergence by Basarir and Konca [2],

(xi) ap-statistical convergence of order y by Aktuglu [1],

(xii) A-statistical limit points via ideals by Giirdal & Sari [21],

(xiii) ideal convergence in random n-norms space by Giirdal [20, 22] and Giirdal & Huban[23],

(xiv) lacunary sequence spaces defined by modulus functions by Savas and Patterson[34](for more results
on this convergence see the paper [32]),

(xv) statistical convergence in probability by Ghosal [15], and many other, in different fields of mathematics.

In another direction, the history of strong p-Cesaro summability, being longer, is not so clear. As per au-
thor’s knowledge in [8], it has been shown that if a sequence is strongly p-Cesaro summable (for 0 < p < oo)
to x, then the sequence must be statistically convergent to the same limit. Both the authors Fast [11] and
Schonenberg [35] noted that if a bounded sequence is statistically convergent to x, then it is strongly Cesaro
summable to x. In [12], the relation between strongly Cesaro summable and Ng-convergence was estab-
lished among other things.

In particular in probability theory, a new type of convergence called statistical convergence in probability
was introduced in [15], as follows: Let {X,}.en be a sequence of random variables where each X, is defined
on the same sample space ‘W (for each 1) with respect to a given class of events A and a given probability
function P : A — R. Then the sequence {X,},en is said to be statistically convergent in probability to a
random variable X : W — R if for any ¢,6 > 0

lim L|{k < 1 : P(Xe = X 2 €) > 6} = 0

n—oo 1l

where the vertical bars denotes the cardinality of the enclosed set. In this case we write X, D, X. The class
of all sequences of random variables which are statistically convergent in probability is denoted by (S, P).
For more results on this convergence see the papers [9, 17, 18].

In this paper a new approach has been made to extend the application area by correlating quasi-
statistical convergence, af-statistical convergence and weighted-statistical convergence for more complete
analysis of sequences of real numbers and to apply the theory of probability distributions. The results
are applied to build the probability distribution for quasi-weighted modulus af-statistical convergence in
probability, quasi-weighted modulus af-strong Cesaro convergence in probability, quasi-weighted mod-
ulus S,p-convergence in probability, quasi-weighted modulus N,g-convergence in probability have been
introduced and the interrelations among them have been investigated. Also their certain basic properties
have been studied. It is important to note that the methods of proofs and in particular the examples are not
analogous to the real case.

The following definitions and notions will be needed in sequel.
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Definition 1.1 (see [30]): A sequence {x,},en Of real numbers is said to be quasi-statistically convergent to
x if for every € > 0

1
limc— fk<n:|xp—x|=¢€}|=0

n—oo Ly

where C, > 0V n € N, limC,, = oo and lim supg < 0. In this case we write x,, %, x and the set of all

n
n—e0 n—oo

quasi-statistically convergent sequences are denoted by S9.

Definition 1.2 (see [1]): Let {a,}nen and {B}nen be two sequences of positive real numbers such that

(i) @ and B are both non-decreasing,

(i)pnza,VYnelN,

(iif) (Bn — ay) = o0 asn — oo.

Then the sequence of real numbers {x,},en is said to be af-statistically convergent of order y (where
0 <y <1) to a real number x if for every ¢ > 0

Iim————— |k €[a,,Bul : Ixx —x| > €}| =0.
Jim, ooy 0k €l ol s e = 1 > el

s
In this case we write x, —> x and the set of all sequences which are af-statistically convergent of order y is
denoted by S’ g

Definition 1.3 (see [19]): Let {t,},en be a sequence of real numbers such that liminf t, > 0 and T, =

n—oo

t1 +tp +...+t, ¥V n € N. A real sequence {x,},en is said to be weighted statistically convergent of order y
(where 0 <y <1) to x if for every ¢ > 0,

3 1 . f—
r}l_I)IoloT—Z k< T, :tlx—x| > e€}] =0.

(Situ)
In this case we write x, —— x. The class of all sequences which are weighted statistically convergent of

order y is denoted by (S%, t,). For y = 1, we say that {x,},en is weighted statistically convergent to x and

(SLty)
this denoted by x, — x.

Definition 1.4 (see [24, 28]): Let {t,},en be a sequence of nonnegative real numbers such that t; > 0 and
Tp=t+t+..+1t, wheren € N and T,, — oo as n — oo. Then the sequence of real numbers {x, },en is said

to be weighted strongly Cesaro convergent (or strongly (N, t,)-summable) to a real number x if

1 n
lim — Ztklxk — x| =0.
k=1

n—o0 Tn

In this case we write x;, LN x. The set of all strongly (N, t,)-summable real sequences are denoted by IN, t,].

Definition 1.5 (see [26, 29]): A modulus function ¢ is a function from [0, o) to [0, o) such that
(i) p(x) = 0if and only if x = 0,
(if) p(x + v) < P(x) + P(y), forall x, y > 0,
(iii) ¢ is increasing,
(iv) ¢ is continuous from the right at zero.
A modulus function may be bounded or unbounded. Savas [32, 33] and Tripathy & B. Sarma [38]
and other authors used modulus function function to construct new sequence spaces. Recently Savas &
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Patterson [34] have defined and studied some sequence spaces by using a modulus function.

Definition 1.6 (see [16]): Let ¢» be a modulus function and {t,},en be a sequence of real numbers such
that liminf ¢, > 0 and Tap() = Z ty, forall n € IN. A sequence of random variables {X,},en is said to

o kelan i)
be weighted modulus af-statistically convergent of order y (where 0 < y < 1) in probability to a random
variable X : W — Rif for any ¢,0 > 0,

1
lim —— Ik < Topn : tep(P(Xi = X1 2 ) 2 6} = 0.

ap(n)

(SY,,P% ty) ) )
In this case, we write X, — " X and the class of all sequences of random variables which are

weighted modulus af-statistically convergent of order y in probability is denoted by (SZﬁ’ P9, t,).

Definition 1.7 (see [16]): Let ¢ be a modulus function and {¢,},en be a sequence of nonnegative real numbers

such that t; > 0 and Typ() = Z ty — oo as n — oo. Then the sequence of random variables {X,,},eN is
ke[anlﬁn]

said to be weighted modulus af-strongly Cesaro summable of order y (where 0 < y < 1) in probability to a

random variable X if for any € > 0,

. 1
lim—— ) 6p(P(Xe - X > ) =0.
aﬁ(") kE[Dt,l,ﬁ”]
(N2 P2 )
In this case, X,, ————— X and the class of all sequences of random variables which are weighted modulus
ap-strongly Cesaro summable of order y in probability is denoted by (N;/x/;' P9, t,).

Definition 1.8 (see [16]): Let ¢ be a modulus function and {t,},en be a sequence of real numbers such that
liminft, > 0, and Togy = Z tr, forall n € IN. Then the sequence of random variables {X,},cn is said to

e ke[an/ﬁn]
be weighted modulus S,s-convergent of order y in probability (where 0 < < 1) to a random variable X if
foreverye,0 > 0,

, 1
Hm —— |{k € Lugen) : trPp(P(Xi = X] 2 €)) 2 6}l = 0,
ap(n)
where lugrny) = (Tlam), Tipe] and [x] denotes the greatest integer not grater than x. In this case we write
(WS, P% t,)
X, —~" X. The class of all sequences of random variables which are weighted modulus S,g-convergent
of order y in probability is denoted by (WSZﬁ, P?,t,).

Definition 1.9 (see [16]): Let {f,},en be a sequence of nonnegative real numbers such that t; > 0 and
Tapiny = Z ty — 00, as n — oo and ¢ be a modulus function. The sequence of random variables {X, },en

ke[an/ﬁn]
is said to be weighted modulus N,g-convergent of order y in probability (where 0 < y < 1) to a random

variable X if for any € > 0,

lim — 0.

lim —— )" 4G(P(X— X| 2 ©))
aﬁ(n) kEI“[;(n)
(WNL P 1)
In this case, X, ———— X and the class of all sequences of random variables which are weighted
modulus N,g-convergent of order y in probability is denoted by (WNZl;, P, ty).
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2. Main Results

We first introduce the following definitions.

Definition 2.1. Let {¢,},en be a sequence of real numbers such that liminf t, > 0 and T = Z ty, forall
n—00
ke[an:ﬁnl
n € IN. Then the sequence of real numbers {x,},en is said to be quasi-weighted af-statistically convergent
to x if for every € > 0,
1
Iim — [{k < Taﬁ(n) bl —x| =€} =0

n—oo Ly

(S tn)
where C,, > 0, foralln € N, hm Cn = oo and lim supT < o0, In this case we write x,, ; x. The class of
n—o0

all quasi-weighted af-statistically convergent sequences are denoted by (S ap’ tn).

Remark 2.2. (i) Fort, =1, a, =1, 8, = n, ¥V n € N then quasi-weighted af-statistical convergence coincides

with quasi-statistical convergence [30].

(ii) For t, =1, a, = 1,8, = n,C, = n” (where 0 < y < 1),V n € N then quasi-weighted af-statistical

convergence coincides with statistical convergence of order y [4, 7].

(iii) Fort, =1, ap=n—-A,+1, B, =nand C, = AL,V n € N then quasi-weighted ap-statistical convergence

coincides with A-statistical convergence of order y [7, 10].

(iv)Fora, =1,p,=nand C, = TZ (where Topny = Ty, = Z tr), ¥ n € N then quasi-weighted af-statistical
ke[1,1]

convergence coincides with weighted statistical convergence of order y [19, 24, 28].

(v)Foray, =n—-A,+1,B, =nand C, = Ty, (where Typ) = T, = Z tr) V n € N then quasi-weighted

ke[n—A,+1,n]
ap-statistical convergence coincides with weighted A-statistical convergence [3].
(vi) For C, = Tgﬁ(n) (where 0 <y < 1) ¥ n € N then quasi-weighted apf-statistical convergence coincides

with weighted ap-statistical convergence of order y [16] and so on.

(Shpitn) (Shgrtn)
It is obvious that if x, —— x and x,, ———s ythenx =y.

Throughout the paper we assume that {C,},en is a sequence of real numbers such that C,, > 0,V n € IN,
limC, = co and hmsupT <00
n—o0 00

Now we like to introduce the definition of quasi-weighted modulus af-statistical convergence in prob-
ability of a sequence of random variables as follows:

Definition 2.3. Let ¢ be a modulus function and {t,},en be a sequence of real numbers such that lim inft, > 0

n—oo
and Tap(n) = Z ty, forall n € IN. Then the sequence of random variables {X,},eN is said to be quasi-
ke[anrﬁnl
weighted modulus ap-statistically convergent in probability to a random variable X (where X : W — R) if
forany ¢,0 > 0,
11m— [k < Tapwy : tkp(P(1 Xy — X| = €)) 2 6}| =

n—>oo

(S0P tn)
In this case we write X, ﬁ—> X and the class of all quasi-weighted modulus af-statistically convergent

sequences in probability is denoted by (SZ Do, ty).
(S‘I Pr’) tn) (SW Po

Theorem 2.4. If X, ——eXandX L——>YthenP{X Y}=1.
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Proof. If possible let P{X = Y} # 1. Then there exists two positive real numbers ¢, 6 such that ¢p(P(|X - Y| >
€)) > 6 and liminft, > .
n—oo

Then for large value of n we get

T (n) 1
< “CL = = Ik < Tapn : ep(P(X = Y] 2 0)) 2 ]
1 62
< & W< Tapon : tep(P(IX5 — X1 2 )) 2 -

1 62
— |{k < Tapwy = tr@(P(IXx — Y| 2 )) > =

where 7 be a positive real number (ex1stence of 1 is guaranteed by the conditions of the sequence {C; },en).
Which is impossible because the right hand side tends to zero as # — co. Hence the result.

Theorem 2.5. If {X,,},en is quasi-weighted modulus af-statistically convergent in probability to X then it is
weighted modulus af-statistically convergent in probability to X.

Proof. The proof is parallel to that of Lemma 1.1 in [30] and therefore omitted.

{ n}neIN

Theorem 2.6. Let {C,,},en i

is weighted modulus af-statistically convergent in probability to X then it is qua51 welghted modulus
ap-statistically convergent in probability to X.

Proof. The proof is parallel to that of Lemma 1.3 in [30] and therefore omitted.

If {Cp}nen satisfying the condition lim inf-S

n—oo (”)

gence in probability is equivalent to welghted modulus af-statistical convergence in probability. So the
problem is quite interesting if lim inf ’: =0.

H—sco  Lapn

> 0 then quasi-weighted modulus ap-statistical conver-

The following example shows that there is a sequence {X;;},en of random variables which is weighted
modulus af-statistically convergent in probability to a random variable X but it is not quasi-weighted
modulus af-statistically convergent in probability to X.

Example 2.7. Let the sequence of random variables {X,,},.cn is defined by,

X {-1,1}, with p.m.f P(X,, = —=1) = P(X,, = 0), if n = m?, where m € N,
"7 0,1}, withpmfP(X, =0)=1- L, P(X, =1) = L, if n # m?, wherem € N.

Lett, =2n,a, =n,By, =n?,C, =n, Yn € Nand ¢(x) = Vx, ¥ x € [0,00) = Togmy = n* +n, ¥ n € Nand

liminf-— = 0.

n—oo +ap(n)

For0 < e <1, weget

i — 2
P(|Xn_0|28):{11’ if n = m*, wherem € IN,

£, if n # m?, where m € N.

Now let 0 < 6 < 1, then

IA

S

‘/ 2
[k < Tagen : hOP(Xi — 0] 2 €)) > 0} < o1 V2

< <
ap(n) (n* +n) n
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1 Vit +n—1 1 1
Sk < Tagn s BOPAX =012 €) 2 0l 2 2 > oy [ — =

n

and

This shows that {X,},en is weighted modulus af-statistically convergent in probability to a random
variable 0 but it is not quasi-weighted modulus af-statistically convergent in probability to 0.

Next example shows that there is a sequence {X,},en of random variables which is quasi-weighted
af-statistically convergent in probability to a random variable X but it is not quasi-weighted modulus
ap-statistically convergent in probability to X.

Example 2.8. Let the sequence of random variables {X,,},,cn is defined by,

< {-1,1}, with pm.f P(X,, = -1) = P(X,, = 0), if n = m?, where m € N,
" 70,1}, with pm.f P(X,, =0) =1 - L, P(Xy =1) = %, if n # m?, wherem € N.

Let t, —Znan—nﬁn—n Cy :n?’(whereZ<y<4),\/n€]Nand¢(x): Vx, ¥ x € [0,00)

= Tapmy =n*+n, ¥neNand lummeap ~=0.
For0<e¢,6 <1, we get
1 Vrt+n V22 2
C_,,Hk < Tapwy : tkP(I Xk = 0] 2 €) 2 0}] < o < . < o

and
4

1 n _
C—|{k < Tapiny : PP Xk =01 > €)) > 8} > — =n*7 > 1.
n nv
S0 (X, leN € (Szﬁ,P, t,) but not in (SZ}S,P‘P,tn).

(S.,P?,ty)
Theorem 2.9. Let g : R — R be a continuous function on R. If X, ﬁ—> X and P(|X| = xp) = 0 for some

(8" P9 b
positive real number xy, then g(X,,) SN 9(X).

Proof. The proof is parallel to that of Theorem 2.2 in [16] and therefore omitted.

Sty 1P

Corollary 2.10. Let X, —— x and g : R — R is a continuous function, then g(X,,) —— g(x).
Proof. Proof is straight forward, so omitted.

Definition 2.11. Let {t,},en be a sequence of non-negative real numbers such that t; > 0 and Tapn) =

Z ty — oo asn — oo and ¢ be a modulus function. The sequence of random variables {X, },en is said to
kela,pul
be quasi-weighted modulus af-strongly Cesaro summable in probability to a random variable X if for any
e>0,

lim — 2 ED(P(X, — X| > €) =0
n—o0 C,,
ke[amﬁn]
(NG P2 )
In this case, X, ——— X and the class of all sequences which are quasi-weighted modulus af-strongly
Cesaro summable in probability is denoted by (NZ ?, ).
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In the following, the relationship between (S P?,t,) and (Nz;s' P?,t,)is investigated.

ap’
The following example shows that the sequence of random variables {X},en in (Ngﬁ, P?,t,) converges
to X but it is not in (Szﬁ, P?,t,) converges to X.

Example 2.12. Let c € (0,1), 2c < y < 4c and a sequence of random variables {X,,},en is defined by,

{=1,0}, withpm.fP(X, = -1)= %, P(X, =0)=1- L, ifn = [m?], wherem € N,
"0, 1}, withpmfP(X, =0)=1- &, P(X, =1) = L, if n # [m?], where m € N.

Let t, —Zn ay =n,p, =n*,C, =n’, Yn € Nand ¢(x) = Vx, ¥ x € [0,00) then Togpy = n* +n, ¥ n € N and

hm 1nf =0.

Ta[i (1)

For0 < ¢,6 <1, we get

1 1 1
E tk(P(P(|Xk - Ol > E)) < — {( -n‘+ 1) + (1—3 + 5 + ..+ W)}
ke[a,, Bl
M . .
< (where M is a positive constant)
ny-2c

and
1
—I{k < Tapwy = tk@(P(IXx = 0 2 €)) = 6} =

S0 {Xulnen € (N7, P?,t,) but notin (S ,, P?, t,,).

ap’ ap’

Theorem 2.13. If hm 1r1ft >0, hm ‘C‘” =0and hm 1nf ﬁ” > 1, then (Nq ,P?,t,) C (Szﬁ,m’, tn).

(N, P9 )

Proof. Let X, ———— X and ¢,6 > 0. Then

6an

= X O~ X > ) > K< Tup  BH(P(Xc — X1 > 0) > o]l -

ke[a,, ﬁn l’l

(since B, = Tapm) ¥ n € IN). Hence the result follows.

The following example shows that, the sequence of random variables {X,},en in (SZﬁ' P?,t,) converges
to X but not in (NZ hy P?,t,) converges to X.

Example 2.14. Let t, = n,a, = 1 B
Tapn) = " . 14D v e N and hm 1nf

=n,C, = Vn, Y n € Nand ¢(x) = Vx, ¥ x € [0,00) then
=0.

ﬂﬁ(n)
Consider the sequence of random variables {X,,},c is defined by,
{~1,1} with probability 3, if n = {T,,}" for any m € N

X, €3{0,1} withpmfP(X, =0)=1-2%, P(X,=1) =%, ifn # {T,}™
forany m € N

Let 0 < € < 1, then,

1if n = {T,}" forany m € N

P(X,—-0|>¢) =
( =€) { if n # {T,,}T for any m € N.
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(S5g PO tu)
This implies X, — 0.

NowletH={neIN: n # {T,,}’* where m € N}. Now we have the inequality,

Y woPX-01= )= Y hpPXe—012 )+ Y hd(P(Xe— 0> )
kelay ‘B,, kelay ﬁn kelay /Sn
keH k¢H

+Zl

kelamfn] K kelamfn]
keH k¢H

> Z— > Vn (Since we know thatZ— > VnVn>2)

n ’\/E
= &) ho(P(Xe 012 €) > ~= =1
cnkﬂk k N7

This inequality shows that {X,,},en is not (NZﬁ’ P®,t,) summable to 0.

ﬁn_an
C

n—oo n

Theorem 2.15. Letlim inft, > 0and {t,},en be abounded sequence of real numbers such thatlim sup

n—oo

co. Then (S? ﬁ,P¢’, ta) C (N! ﬁ,qu, tn).

(S1,P9 1)
Proof. Let X, o Xandt, <M;, YneNand hmsup‘B

1’l oy
< M,, where M; and M, are positive
n—oo

real numbers. For any ¢, > 0 setting H = {k < Tag(n) : tx@(P(IXx — XI > ¢)) = 6}. Then

= Z tp(P(Xi - X > €))

ke[a,, ﬁn
1 1
-z Y wo(P(Xe— XI 2 €) + o Y, ke(P(X - X > )
kelay,Bu]NH kelay, BulNH®
Mio(1)
< |{k < Taﬂ(n) : tk¢(P(|Xk - X| > 6)) > 6” + Mz(s

n

Since 6 is arbitary, so the result follows.

Now we would like to introduce the definitions of quasi-weighted modulus S,s-convergence in proba-
bility and quasi weighted modulus N,g-convergence in probability for a sequence of random variables as
follows:

Definition 2.16. Let ¢ be a modulus function and {¢,},en be a sequence of real numbers such that lim inft,, >
n—00

0,and Ty = Z tr, ¥ n € IN. Then the sequence of random variables { X, },en is said to be quasi-weighted
ke[amﬁn]
modulus S,g-convergent in probability to X if for every ¢,6 > 0,

hm— |{k € Iocﬁ(‘rl) fk¢(P(|Xk — Xl > é)) > 6}

naoo
where Ingmy = (Tiam), Tl and [x] denotes the greatest integer not grater than x. In this case we write
(WS? P9 t,)

X, —% 5 X. The class of all quasi-weighted modulus S,g-convergence sequences of random variables
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in probability are denoted by (WSZ ,P?,t,).

(WS ap P¢ ) (WS P )

It is very obvious that if X, ———— X and X, — "% Y then PIX=Y}=1

Definition 2.17. Let {t,},en be a sequence of non-negative real numbers such that t; > 0 and Tapn) =

ty = o0, as 1 — oo and ¢ be a modulus function. The sequence of random variables {X,}sen is said
ke[anrﬁn]
to be quasi-weighted modulus Naﬁ—convergent in probability to a random variable X if for any ¢ > 0,

lim = Y hGPOX: - X1 2 €) =

kEIaﬁ(n)

(WN P t)
In this case, X, ———— X and the class of all quasi-weighted modulus N,s-convergence sequences

of random variables in probability are denoted by (WNa P, t,).
In the following, the relationship between (WSZﬁ, P%,t,) and (WNZﬁ, P?,t,)is investigated.
Theorem 2.18. Let liminft, > 0. Then (WN’ . P t,) C (WSZﬁ, P®,t,) and this inclusion is strict.
n—oo

Proof. First part of this theorem, let ¢, > 0, then

Y bd(P(Xi - X > )

kelaf;(,l)

= Y, Bp(P(IXe — X > €)) + Y, Bd(P(IXk = X1 > €))
kelapm e p(P(Xe—X[2€))20 kel i p(P(1Xi—X[2£))<0

> Ok € Ia‘g(n) : tk(;[)(P(IXk - X| = ¢€)) = 6}

For the second part we will give an example.

Lett, = n,a(n) =n!,pn) = (n+ 1!, Cy = \[Tapw), Y n € N and ¢(x) = Vx, ¥ x € [0, ) and a sequence
of random variables {X,},en be defined by,

{-1,1}, with pmf P(X, =1) = P(X,, = -1), if n is the first [W(T[ﬁ(n)] - T[a(n)])]
X, € { integer in the interval (T(a(u), Tigum) ],
{0,1}, withpm.fP(X,=0)=1- ns,P(X =1)= g, otherwise.

For0 < ¢,6 <1, we get

1
[tk € L) = HO(P(IXe 0] = &) = 6)] < —0, asn— 0,

1
Cn V(T1gen1 = Tiamn)

For next

[V Tig0n — Tiao) WY Tigont — Traep + 11 1
2 \(Tigon1 = Tragn) 3

= Y toexe -0z ) 2

kEIa‘g(y,)

Hence the result.
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