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Polynomial in a Saphar Linear Relation in a Banach Space

T. Alvarez®

*Department of Mathematics, University of Oviedo, 33007, Oviedo, Asturias, Spain

Abstract. In this paper, we introduce the notion of Saphar linear relation in a Banach space and we study
the behaviour of such notion in polynomials.

1. Introduction and preliminaries

We adhered to the notations and terminology of the book [4]. Let E,F and G be linear spaces over
K = Ror C. A linear relation T from E to F, denoted by T € LR(E, F), is any mapping having domain
D(T) a nonempty subspace of E and taking values in the collection of nonempty subsets of F such that
T(ax1 + fx2) = aTxy + Tx; for all nonzero scalars «, f and x1, x, € D(T). If T maps the points of its domain
to singletons then T is said to be an operator. A linear relation T € LR(E, F) is uniquely determined by its
graph G(T) which is defined by

G(T) ={(x,y) e EXF:xeD(T),y € Tx}.

For linear relations Ty, T> € LR(E, F) and S € LR(F, G), the linear relations T 1 T, + T, and ST are defined
by

G(TY = {(y, %) : (x,y) € G(T1)},
G(Ty + T2) := {(x, y1 + y2) : (x, y1) € G(T1), (x, y2) € G(T2)},

and

G(ST1) :={(x,2) e EX G : (x,y) € G(T1), (y,z) € G(S) for some y € F}.
If G(Ty) c G(T;) we write T; C T».

If A € Kand T is a linear relation in E, that is, T € LR(E) := LR(E, E), then AT stands for (AI)T where I is
the identity operatoron Eand T — A := T — AL

The product of linear relations is clearly associative. Hence if T € LR(E) then 1", n € Z, is defined as
usual with T =Tand T* = T.

Let T € LR(E,F). The subspaces N(T) := T~(0),R(T) := T(D(T)) and T(0) are called the null space,
the range and the multivalued part of T, respectively. We say that T is injective if N(T) = {0}, surjective
if R(T) = F and T is bijective if it is injective and surjective. We note that T is an operator if and only if
T(0) = {0}. For T € LR(E) we shall consider the subsets
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p(T) :={A e K: T — Ais bijective } and o(T) := K\p(T),

called the resolvent set and the spectrum of T, respectively.

Let X and Y be normed spaces and let T € LR(X,Y). If M is a closed subspace of X, we say that M
is topologically complemented in X if there exists a closed subspace M; of X such that X = M & M;. In
such case, M is called a topological complement of M. We denote by T |y the linear relation given by
G(T |m) = G(T) N (M X Y), Qum denotes the quotient map from X onto X/M and Qr stands for the quotient
map from Y onto Y/T(0). It is easy to see that Q7T is an operator and hence we can define || Tx ||:=|| QrTx ||,
x€D(T)and || T [|:=]| QrT ||. We say that T is closed if its graph is a closed subspace of X X Y, continuous if
|| T |l< oo and T is called bounded if T is continuous and everywhere defined. We note that if X and Y are
Banach spaces and T € LR(X, Y) is closed and everywhere defined, then T is bounded.

Bounded regular operators and bounded Saphar operators in Banach spaces were introduced and
studied (under various names and notations) by several authors, see, for instance [3], [9], [12], [13] and [14]
among others. Such concepts can be naturally generalized to linear relations, as follows.

Definition 1.1. Let X and Y be Banach spaces and let T € LR(X,Y) be closed and everywhere defined. We say
that T is relatively reqular, denoted by T € RR(X,Y), if N(T) and R(T) are topologically complemented in X and Y,
respectively. Assume that X =Y. Then we say that T is reqular if R(T) is closed and N(T) € R(T") for all n € IN and
T is called a Saphar relation in X if T is regular and relatively regular.

Itis evident that in Hilbert spaces the class of Saphar relations coincides with the class of regular relations
which was considered in [8] with the name of the class of quasi-Fredholm relations of degree 0. On the
other hand, it is not difficult to find examples of Saphar relations in Banach spaces, as we see from the next
example.

Example 1.2. Let 1,1 < p < co be the Banach space of all complex sequences (x,) such that Y,;_; | x, ['< oo and let
Sy and S; be the bounded operators in 1, defined by

Sp(x1,x2,x3,....) := (0, x1, X2, ...) and Sy(x1, X2, X3, ....) := (X2, X3, ....), (X1, X2, X3, ...) € L,.

Then A~ — S7V is a Saphar relation in I, whenever 0 <| A |< 1.

Proof. 1t is clear that S, and S; are bounded operators, the null space of S; coincides with the subspace
generated by (1,0,0,....) and R(S;) = [,. Hence Sl‘1 is a closed an everywhere defined linear relation in [,

For each A € K\{0} we have that N(S;' — A7) = N(S; = A) and R(S;" — A™") = R(S; — A) ([4, Proposition
VI1.2.3 and Theorem VI1.4.2]) and clearly S;— A = 5, — AS,S, = ASi (A7 =S,). These properties combined with
the fact that o(S;) = o(S,) = {A € K| A |[< 1} (see, for instance [15, Theorem 4.5]) lead to the desired result. O

On the other hand, we note that the notion of regular relation in a Banach space was introduced in [1].
The following theorem is the main result of the paper [1, Theorem 21].

Theorem 1.3. Let T be a closed linear relation in a complex Banach space X such that p(T) # 0. Let n and
m;, 1 < i < n be positive integers and let A;, 1 < i < n be some distinct constants Assume that for all i € {1,2,...,n},
T = A; is regular. Then ML, (T — A;)™ is regular.

In the present paper we continue the investigation initiated in [1]. So our first main objective is to prove
the validity of the converse of Theorem 1.1. The second main purpose of this paper is to show that under
suitable conditions M (T — A;)™ is a Saphar relation if and only if forall 1 <i < n, T A, is a Saphar relation,
(see, Theorem 4.4 below).

2. Some Algebraic Properties of a Polynomial in a Linear Relation

In this section we present some purely algebraic properties of a polynomial in a linear relation in a linear
space which will be used to prove the main results of this paper.

Lemma 2.1. Let A be a linear relation in a linear space E. We have:
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(i) The following properties are equivalent:
(a) N(A™") C R(A) for all n € N.
(b) N(A) € R(A™) for all m € IN.
(c) N(A™) € R(A™) for all n,m € IN.
(if) Forall a,p € K and for all n,m € IN we have
(1) (A~ a)"(A—B)" = (A~ P"(A - a)",
(2) D((A — a)*(A = p)")) = D(A™™),
(3) (A = )" (A = p)"(0) = A™™(0),
(4) If A is bijective and everywhere defined then

(A= @)"(A =P C (A -P"(A - a)™
(iii) Assume that A is everywhere defined and let A € K. Then

(A=A = Ty (N(-1) VA", n e N,
(iv) If A has a nonempty resolvent set, then

{0} = N(A™) N A™(0) for all n,m € IN.

Proof. (i) See, for instance [8, Lemma 2.7].

(ii) The first three properties are established in [10, 1, (1.2) and (1.3)]. Assume now that A — a is bijective
and that D(A) = E. It is clear that (A — a)" is also bijective and its domain is the whole space E which leads
to

A-a)"A-a)"=ECcA-a)"A—-a)™

Hence, we have that

(A= a)"(A~B)" C (A~ a) ™A~ P)"(A~a)y(A—a)™" =

A-a)"(A-a)"(A-p"(A-a)" =(A-p"(A-a)™"

(iii) We proceed by induction. For n = 1 itis trivial. Assume (iii) holds for some positive integer k. Then
one deduces from (ii) combined with [4, Proposition 1.4.2] that

(A=A = (A- DA - (A- DA = A(A - A = MA - D) =

Ty (YDA = TE, (Y1) A AR =

Aktl=i Zile (ktl)(—l)i/\iAkH_i + (_1)k+1/\k+1 —

Ly (T AR

Therefore (iii) holds.

(iv) A proof of this statement can be found in [11, Lemma 6.1]. O

Definition 2.2. [10] Let A be a linear relation in a linear space E. Fix A € K, let P(A) := a M, (A — A;)™ be a
polynomial in A where n and m;, 1 < i < n, are positive integers, o € Kand A;, 1 < i < nare some distinct constants.
Then, the polynomial P in A given by

P(A) == amL (A= A)™
is a linear relation in E by virtue of Lemma 2.1.

Recall that if P; and P, are relatively prime polynomials in A € K, then there exist polynomials Q; and
Q> in A such that 1 = Q1(A)P1(A) + Q2(A)P2(A). The following useful lemma can be seen as an extension of
this property to the case of polynomials in a linear relation.

Lemma 2.3. Let A be an everywhere defined linear relation in a linear space E and let Py and P, be relatively prime
polynomials in A € K. Assume that Qq and Q, are two polynomials in A such that 1 = Q1(A)P1(A) + Q2(A)P2(A).
Then, for all x € E

Qi(A)P1(A)x + Qa(A)Pr(A)x = x + A"(0)
where n is the degree of the polynomial Q1P;.
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Proof. The use of Lemma 2.1 makes us to write
Qu(A)P1(A) = ap + L1y A" and Q2(A)Pa(A) = 6, + X1y GA!
for some nonzero scalars a;,0;,0 < i < n. Hence, for all x € E we have that
Q1(A)P1(A)x + Qa(A)P2(A)x = (g + Bo)x + Xy (i + 6)A'x

and since a, + 6, = 1 and a; + 6; = 0, 1 < i < n, we obtain that Q1(A)P1(A)x + Q2(A)P2(A)x = x + A(0) +
A%(0) + ... + A™(0) = x + A"(0). The proof is completed. O

The behaviour of the domain, the range, the null space and the multivalued part of a polynomial in a
linear relation is described in the following useful lemma

Lemma 2.4. Let A be an everywhere defined linear relation in a linear space E having a nonempty resolvent set and
let P(A) := a M, (A —A)"™ as in Definition 2.2. Then

(i) D(P(A)) = E and P(A)(0) = AZ=m(0).
(ii) R(P(A)) = N, R(A — A;)™.
(ili) N(P(A)) = & N(A - A;)™.

Proof. (i) It is covered by the part (ii) in Lemma 2.1.

(i) It is proved in [10, Theorem 3.3].

(iii) Since N(P(A)) = Y.I_; N(A—A;)" by virtue of [10, Theorem 3.4], it only remains to verify that such sum
is direct which will be a consequence of Lemmas 2.1 and 2.3. Indeed, we shall show that N N(A—A;)" = {0}
is true for n = 2 since the general case then follows by induction. Let Q; and Q, be polynomials in A such
that

forevery x € E, Q1(A)(A — A1)™x + Q2(A)A — A2)™x = x + A7(0)

where r denotes the degree of Q1(A)(A — A1)™. So that, for x € N(A — A1)™ N N(A — 1) we obtain that
x+A’(0) = A7(0) which implies that N(A — A1)™ NN(A - A3)"™ c A"(0). This inclusion together with Lemma
2.1 allowed us to conclude that N(A — A1)™ N N(A — A,)™ = {0}, as desired. O

3. Product of Relatively Regular Linear Relations

At the beginning of this section we present some properties of the topological complementation which
are essential to obtain the main results of this paper.

Following [5] we say that a linear relation A in a linear space E is a multivalued projection in E if A> = A
and R(A) € D(A). Multivalued projections in E can be characterized in terms of subspaces pairs, as follows:
Let M; and M, be subspaces of E and let A € LR(E) defined by G(A) = {(m; + my, m1) : my € My, my € My}
Then A is a multivalued projection in E with D(A) = M; + My, R(A) = My, N(A) = M, and A(0) = M1 N M,.
Conversely, if A is a multivalued projection in E, then A determines a pair of subspaces M; and M, of E such
that G(A) = {(Wll +my, ml) tm € My, mp € MZ}, D(A) =M +Mo, R(A) =M, N(A) = M, and A(O) = MiNMs,.

The following lemma shows that the notion of topological complementation may be expressed in terms
of multivalued projections under suitable restrictions.

Lemma 3.1. [5, Corollary 3.5 and Proposition 3.13] Let My and M, be subspaces of a Banach space X and let S
denote the multivalued projection in X with D(S) = M1 + M, R(S) = M1, N(S) = My and S(0) = M1 N M. We
have:

(i) If Mj and M, are closed, then S is continuous if and only if My + M, is closed.

(i) If S is continuous and My + My and My N M, are topologically complemented in X and My + M, respectively,
then My and M, are topologically complemented in X.

Lemma 3.2. Let My and My be subspaces of a Banach space X such that M, is closed and it is contained in My. Then
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(i) M is closed in X if and only if My /M, is closed in X/M,.
(ii) If My is closed then (X/My)/(M1/Mz) = X/My and Qpm,m,Qm, = Qum, where the equality is a canonical
isometry.
(iif) For any closed subspace F of X/M,, the closed subspace G of X given by G := Q;/}ZF satisfies My C G and
(X/My)/F = X/G.
(iv) If My/M, and M, are topologically complemented in X/M, and X, respectively, then M, is topologically
complemented in X.

Proof. (i) Follows immediately from the definitions.

(ii) and (iii) These statements are proved in [4, Lemma IV.5.2].

(iv) Since M; /M, is topologically complemented in X/M,, we infer from the above assertions that M;
is closed and X/M, = (M;/M;) ® (M3/M,) for some closed subspace M3 of X with M, € Mj. So that
X = My + M3 and M; = M; N M3 by virtue of [4, Lemma 1.6.8]. Let S be the multivalued projection with
D(S) = My + M3, R(S) = My, N(S) = M3 and 5(0) = M; N M3. According to Lemma 3.1 (i), S is continuous
and since M) is topologically complemented in X, we deduce from Lemma 3.1 (ii) that M is topologically
complemented in X. O

Lemma 3.3. Let X and Y be Banach spaces and let T be a closed and everywhere defined linear relation from X to Y.
We have:

(i) If N is a topological complement of R(T), then QrN is a topological complement of R(QrT).

(if) If T(0) and R(QrT) are topologically complemented in Y and Y/T(0) respectively, then R(T) is topologically
complemented in'Y.

(iii) Let N be a closed subspace of Y such that T(0) C N. Then T~'N is a closed subspace of X.

(iv) Assume that R(T) is closed and let M be a subspace of X for which N(T) & M is closed. Then TM is a closed
subspace of Y.

(v) Let M be a closed subspace of X such that T |y is injective and TM is topologically complemented in Y. If N is
a topological complement of TM, then TN is a topological complement of M.

Proof. Note that by virtue of [4, Proposition 11.5.3], T(0) is closed and QrT is a bounded and closed
operator, so that from Lemma 3.2 (i), we obtain that R(QrT) is closed if and only if R(T) is closed.
(i) Applying [4, Lemma 1.6.8], we get

QrY = R(QrT) + QrN and {0} = R(QrT) N QrN.

Now, by Lemma 3.2 (i) it is enough to show that N + T(0) is a closed subspace of Y. To do this, let
(zx) € N + T(0) such that z, — z for some z € Y. Then there are (2,) ¢ N and (b,) € T(0) such that
zy = ay + by, = (I = Preny)zn + Pranyzn — (I = Prn))z + Prer)z where Pg(ry denotes the bounded operator
projection of Y onto R(T) along N. So that, as T(0) is a closed subspace of R(T), we have that z € N + T(0),
as desired.

(i) It is an immediate consequence of Lemma 3.2 (iv).

(iii) We first claim that

(3.1) TN ={xe€X:QrTx € QrN}.

Let x € T"!N. Then there is y € N N Tx which implies by [4, Proposition 1.2.8] that Tx = y + T(0), so
that QrTx = Qry with y € N. Hence TIN c {x € X: QrTx € QrN}. Conversely, let x € X such that
QrTx = Qry for some y € N. Using [4, Propositions 1.2.8 and 1.3.1] we infer that y € N N Tx and hence
x € T"'N. Therefore (3.1) holds.

On the other hand, the set {x € X : QrTx € QrN} is closed because QrN is closed by (i) and Q7T is a
bounded operator. This fact implies by the use of (3.1) that T"!N is closed.

(iv) If T is an operator then the assertion follows from [7, Lemma IV.2.9]. Turning to the general case,
we have that Q7T is an everywhere defined closed operator with closed range and N(QrT) = T’lQ}l(O) =
T-1T(0) = T~1(0) ([4, Corollary 1.2.10]) = N(T). Hence, from what has been showed for the operator case,
QrM is a closed subspace of Y/T(0) and thus TM is a closed subspace of Y by Lemma 3.2 (i).
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(v) Let us consider two cases for T:

Case I: T operator. If N is a topological complement of TM and T |y is injective, then it is clear that
T-IN N M = {0}, both T"!N and M are closed subspaces and X = T"'N + M.

Case II: T linear relation. Then one has from (i) that QrTM @ QrN = QrY and since N(QrT) = N(T),
we deduce from the case I applied to QrT that (QrT)'QrN is a topological complement of M. But
(QrT)'QrN = T‘lQ}lQTN = T-Y(N + T(0)) = T"!N ([4, Corollary 1.2.10 and Proposition 1.3.1]). Therefore
(v) holds. O

The behaviour of the notion of relatively regular in products is given in the following two results.

Proposition 3.4. Let X, Y and Z be Banach spacesand let T € RR(X,Y)and S € RR(Y, Z) such that N(S)NT(0) = {0},
N(S) € R(T) and ST(0) is topologically complemented in Z. Then ST € RR(X, Z).

Proof. Let us consider two possibilities for S and T:

CaseI: S, T operators. By a very known result (see, for instance [3, p.10]), there are bounded operators S;
from Z to Y and T; from Y to X such that $5:5 =S, TT1T = T, I — 55 is the bounded operator projection of
Y onto N(S) and TT is the bounded operator projection of Y onto R(T). Furthermore, TT1(I - 51S) =1 —-5:5
because N(S) € R(T) and hence

ST(T1S1)ST = STT,T — STTy(I - $;S)T = ST.

This together with [3, p.10] yields to ST € RR(X, Z).
Case II: S, T linear relations. From [4, Lemma V.2.9] we have that

QsrST = UV where U := QsrSQ;! and V := Q¢ T.

Then

(3.2) U is a bounded operator from Y/T(0) to Z/ST(0).

Indeed, as QSTSQ#(O) = QsrST(0) = {0} is U(0) = {0} equivalently U is an operator. Moreover, from
the equality QsrS = Qsr(0)/50)QsS (Lemma 3.2 (ii)) it is obvious that QgrS is a bounded operator and thus
applying [4, Corollary 11.3.13], we infer that U is a bounded operator and hence it also is closed. Therefore
(3.2) holds.

(3.3) U is relatively regular.

Since ST(0) is topologically complemented in Z and R(S) is closed, there exists a closed subspace Z; of
Z such that Z; ¢ R(S) and R(S) = ST(0) ® Z;. This equality combined with [4, Proposition 1.3.1 and Lemma
L1.6.8] implies that

Y = (N(S) + T(0)) + S~Z; and N(S) = (N(S) + T(0)) N S~'Z.

But, since S |7 is injective (as N(S) N T(0) = {0}) and ST(0) is topologically complemented in Z by
hypothesis, it follows by virtue of Lemma 3.3 (v) that S7'Z; is closed. On the other hand, one finds by [4,
Proposition 1.3.1] that N(U) = (N(S) + T(0))/T(0), so that N(S) + T(0) is closed by Lemma 3.2 (i) and the
property (3.2).

After that, using Lemma 3.1 (ii), we obtain that N(S) + T(0) is topologically complemented in Y and since
N(S) is contained in the closed subspace R(T), we have that

(N(S) + T(0)) ® Y1 = R(T) for some closed subspace Y1 with Y7 C R(T).

This last property together with the fact that Qr |y, is an injective operator shows that R(QrT) =
Qr(N(S) + T(0)) ® QrY1 = N(U) ® QrY1, that is, QrY; is a topological complement of N(U) in R(QrT). So
that N(U) is topologically complemented in Y/T(0) by the part (ii) in Lemma 3.3.

On the other hand, it is clear that R(U) = R(S)/ST(0) and since R(S) is topologically complemented in Z,
reasoning as in Lemma 3.3 (i), we deduce that R(U) is topologically complemented in Z/ST(0). Therefore
(3.3) holds.

Now, from (3.2) and (3.3) combined with the case I applied to U and V, we infer that Qs7ST is relatively
regular. In this situation, the use of Lemma 3.3 (ii) together the fact that N(QsrST) = N(ST) makes us to
conclude that ST € RR(X, Z), as desired. O
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Proposition 3.5. Let X be a Banach space and let S, T be closed and everywhere defined linear relations in X such
that ST = TS, N(ST) = N(S) ® N(T), R(ST) = R(S) N R(T), N(T) c R(S) and N(S) € R(T). Then

(i) R(ST) is closed if and only if R(S) and R(T) are closed.
(ii) If ST is relatively reqular then S and T are relatively reqular linear relations.

Proof. (i) Suppose that R(ST) is closed. Since S(0) c ST(0) c R(ST) it follows immediately from the part
(iif) in Lemma 3.2 together with [4, Proposition 1.3.1] and the fact that N(S) c R(T), that R(T) is closed. As
ST =TS, analogously we obtain that R(S) is closed. The converse is obvious.

(ii) Since N(ST) = N(S) @ N(T) is topologically complemented in X, also N(S) and N(T) are topologically
complemented in X and by virtue of the inclusion N(S) C R(T), it follows that N(S) is topologically
complemented in R(T). Hence R(T) = N(S) @ M for some closed subspace M of X with M c R(T). This
implies that S | is injective with SM = R(ST) which is topologically complemented in X. So that, according
to Lemma 3.3 (v) we have that X = S7'L & M where L is a topological complement of SM. Therefore, if M;
is a topological complement of N(S) in S™'M; we have that X = M & N(S) @ M; = R(T) ® M; which shows
that T is relatively regular in X. Similarly we obtain that S € RR(X). O

4. Polynomial in a Saphar Relation

Throughout this section we are concerned with the study of the behaviour of a polynomial in a Saphar
relation in a Banach space. The analysis is essentially based on the results developed in the previous
sections.

In the sequel X will be a complex Banach space and T will always denote an everywhere defined closed
linear relation in X having a nonempty resolvent set. We note that by [6, Lemma 3.1] and [4, Corollary
I11.5.4 and Theorem VI1.5.4] we have that

(5.1) For every n € IN, T" is closed, bounded and p(T") # 0.

The following result relates the regularity of T to that its powers.

Proposition 4.1. The following properties are equivalent:

(i) T is reqular.
(if) T" is regular for all n € IN.
(iii) T™ is reqular for some m € IN.

Proof. (i)=(ii) Combine (5.1) and [1, Propositions 11 and 12].

(ii) = (iii) It is obvious.

(iii) =(i) Assume that T™ is regular for some positive integer m. By Lemma 2.1 (i), N(T) ¢ N(T"™) c R(T")
for all n € IN, so that it only remains to verify that R(T) is closed.

Let B € p(T). Then T — B is closed, bounded and bijective and thus by [4, Proposition V1.5.2], (T — g)"!
has the same properties. Define

W := (T — gyt

Then

(5.2) W is a bounded operator.

Note that W(0) = (T — B)""-DT"-1(0) = (T — B)~"=(T — B)"~1(0) (Lemma 2.1 (ii)) = (T — B)~"=1(0) ([4,
Corollary 1.2.10])= {0}, so that W is an operator. Further, it is clear that D(W) = X and the continuity of W
follows from [4, Corollary I1.13]. Therefore (5.2) holds.

Let (y,) € R(T) such that y, — y for some y € X. Then (5.2) leads to Wy, — Wy and since Wy,, C
R((T = g)~m=VT™) ¢ R(T"™(T - B)~V) (Lemma 2.1 (ii))c R(T™) we obtain that Wy € R(T™). Let z € X for
which Wy € T"z. Then, the use of Lemma 2.1 (ii) and [4, Proposition 1.4.2 (e)] yields to

0 € T"(~(T - By "Dy + Tz)

which implies that (T — )=~V € R(T) and since (T — B)"! is surjective we deduce that
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y € (T =p)" (T =)Dy (T = B)"'R(T) = R(T(T - p)"~") € R(T).

The proof is completed. O
We are now in a position to prove the first main result of the present paper.

Theorem 4.2. Let P(T) = ar, (T — A;)™ as in Definition 2.2. Then P(T) is regular if and only if T — A, is regular,
1<i<n

Proof. Suppose that P(T) is regular. Then, using Lemma 2.4, for all m € IN
&L N(T — A)™ < NI R(T — A)™™
so, fori € {1,2,...,n} we have that
N(T - A)) € N(T = A)™ c R(T = Ap)"™™ < R(T — A)™.

This fact together Proposition 4.1 ensures that in order to prove the regularity of T — A, is enough to show
that R(T — A;)™ is closed. For this end, let 8 € p(T) and we write Wy := (T — )~ I‘I]’LL].# (T = Aj)" where
r:=my + my + ... + m,. Then proceeding as in the proof of Proposition 4.1 we obtain that W; is a bounded
operator wich allowed us to conclude that R(T — A;)™ is closed, as required.

The other implication was established in [1, Theorem 21]. O

Our next objective is to obtain an analogous result to Saphar relations.

Proposition 4.3. Assume that T"(0) is topologically complemented in X for every n € IN. Then the following
properties are equivalent.

(i) T is Saphar.
(if) T" is Saphar for all n € IN.
(iii) T™ is Saphar for some m € IN.

Proof. (i) =(ii) By Proposition 4.1, T" is regular. We shall prove that T" is relatively regular proceeding
by induction. The case 7 = 1 is evident. Assume that T* is relatively regular for some positive integer k.
Then, as N(T) N T%(0) = {0} (Lemma 2.1 (iv)), N(T) € R(T*)( as T is regular), it follows from Proposition 3.4
that T**! is relatively regular, as desired.

(ii) =(iii) It is trivial.

(iii) = (i) Suppose that there is m € IN for which T" is Saphar. So that T is regular by Proposition 4.1;
in particular R(T) is closed and since N(T™) is topologically complemented in X and it is contained in R(T),
we have that

N(T™) & M = R(T) for some closed subspace M c R(T).

This fact together with [4, Proposition 1.3.1 and Lemma 1.6.8] leads to
R(T™) = T"'N(T™) + T"'M = (N(T) + T"(0)) + T"'M and T"(0) = (N(T) + T"(0)) N T"~ M.

Furthermore, since T™ is closed with closed range and N(T™) ® M is closed we deduce from Lemma
3.3 (iv) that T"M is closed. This last property combined with the part (iii) in Lemma 3.3 yields to T""'M
closed. Again applying Lemma 3.3 (iii) we obtain that N(T) + T"(0) is closed.

After that, using Lemmas 2.1 (v) and 3.1 we have that

N(T) @ T"(0) and N(T) are topologically complemented in X.

On the other hand, as T"M = R(T™*!) which is topologically complemented by the implication (i) = (ii)
and T™ |y is injective, one has from Lemma 3.3 that T™"L @ M = X where L is a topological complement of
T™M. Hence, if N is a topological complement of N(T™) in T~"L we have that X = M&N(T")®N = R(T)®N
which shows that R(T) is topologically complemented in X. The proof is completed. O

Now we are ready to state our second main result of this paper.
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Theorem 4.4. Assume that for eachn € IN, T"(0) is topologically complemented in X and let P(T) = a1 (T —A;)™
as in Definition 2.2. Then P(T) is a Saphar relation if and only if T — A; is a Saphar relation, 1 <i < n.

Proof. Suppose that P(T) is a Saphar relation in X. Then T — A; is regular, 1 < i < n by Theorem 4.2.
Applying Lemma 2.4 and Proposition 3.5 we infer that each (T — A;)™ is relatively regular and thus the use
of Proposition 4.3 gives T — A, relatively regular.

Assume now that T — A, is Saphar for every i € {1,2, ..., n}. Again applying Theorem 4.2 we obtain that
P(T) is regular. Finally, as (T — A;)™ is Saphar by virtue of Proposition 4.3, we deduce as an immediate
consequence of Lemma 2.4 and Proposition 3.4 that P(T) is a Saphar relation in X. The proof is completed.

]
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