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Comparability of Lower Attouch—Wets Topologies

Marco Rosa?, Paolo Vitolo?

*Dipartimento di Matematica, Informatica ed Economia, Universita degli studi della Basilicata, Via dell’ Ateneo Lucano 10, 85100 Potenza (Italy)

Abstract. Beer and Di Concilio [4] have given necessary and sufficient conditions for a two-sided Attouch-
Wets topology to contain another on the hyperspace of non-empty closed subsets of a metrizable space as
determined by metrics compatible with the topology. In the present paper, we characterize comparability
of lower Attouch-Wets topologies as determined by compatible metrics.

1. Introduction

In the literature there are many topologies that can be defined on the hyperspace CL(X) of a metrizable
space X, i.e. the collection of all non-empty closed subsets of X. We refer to the reader to [3] for comprehen-
sive discussion of these. One of the best known is undoubtedly the Hausdorff metric topology 7,,. Even if
this topology works well for bounded sets, it is in general too strong for applications to unbounded sets.
For instance, if E,, denotes the line y = x/n in R? and E is the x-axis, then the sequence (E,)qen does not
converge to E with respect to 7y,

A weakening of the Hausdorff metric topology that is more useful in applications is the Attouch-Wets
topology (which is also called “bounded-Hausdorff topology”). It appears for the first time as a convergence
in Mosco’s paper [7], and was later deeply studied by Attouch and Wets [1, 2].

Given a metric space (X, d), the Attouch-Wets topology 7., on CL(X) is defined as the topology that
CL(X) inherits from the space C(X,R) of all continuous real-valued functions on X, equipped with the
topology of uniform convergence on bounded subsets of X, under the identification E < d(-, E), where
d(-,E): x > d(x,E) = infcp d(x, y).

For our purposes, we split this topology in two halves: the upper and the lower Attouch-Wets topologies,
respectively denoted by 7}, and 7}, .

On a metrizable space X, let M(X) be the set of all compatible metrics. For any pair d,p € M(X) we
consider the topologies T, , T4, , Taw, and Ty, , Thyy , Taw,- In[4], the following theorem is established by Beer
and Di Concilio to characterize 7y, C Taw,. Even if the comparison of upper Attouch-Wets topologies was
never explicitly characterized, it can be easily proved in a similar way that the same condition characterizes
also 73, C Ty, -

Theorem 1.1. ([4, Theorem 3.1]) Let X be a metrizable space and let d, p € M(X). The following are equivalent:
(1) Taw, € Taw, on CL(X).
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(2) T, € Taw, on CL(X).

() By C B,and 1: (X, p) — (X,d) is strongly uniformly continuous on B;.

Here, in condition (3), the symbol t denotes the identity function and 8, is the collection of d-bounded subsets
of X. Strong uniform continuity is a stronger (as the name suggests) concept than uniform continuity. We
will see its definition later on.

Of course the previous result gives also a condition to characterize T,u, = T4, and 7}, = 7}, . Another
condition to characterize the equality 7,,, = 7.y, was found in [3], and again it can be easily shown, by a

slight modification of the proof, that the same condition also characterizes 7}, =7, .

Theorem 1.2. ([3, Theorem 3.3.3]) Let X be a metrizable space and let d, p € MM(X). The following are equivalent:

(1) Taw, = Taw, on CL(X).
(2) T, = Taw, 01 CL(X).
(B) By =8B,and : (X, p) — (X,d) is bi-uniformly continuous on B;.

Note that condition (3) of Theorem 1.2 is seemingly weaker than what one expects from Theorem 1.1.

Our aim is to characterize the inclusion 7, C 7, , using again a condition on the collections of d-
bounded and p-bounded sets, and on strong uniform continuity of the identity map on a certain collection
of sets. We also show that our condition is strictly weaker than the condition for 7}, C 7}, orequivalently,

awg = taw,
than the condition for 7,,, C Taw,-

2. Preliminaries and Notation

In a metric space (X, d), the e-ball about a point x will be denoted, as usual, by B‘g(x). Givenaset AC X
we denote by BY[A] the e-expansion of A, namely B¢[A] = (s BY(x).

Alocal base at E € CL(X) with respect to the topologies 7, and 77, , is constituted by all collections of
the form

{F e CL(X) | EN B C B[F]}
and, respectively,

{F e CL(X) | FNB C B[E]}

where B runs over the d-bounded subsets of X and ¢ > 0. Now the Attouch-Wets topology can be defined

— +
as Taw, = Toy, V Tiw,-

Consider the filter L4 on CL(X) x CL(X) having as a base all sets of the form
Uylxo, n] = { (E,F) | EN Bd(x0) € BY [F] and F N B (xo) € BY [E] }

when 7 runs over IN and xy is an arbitrary fixed point of X. It has been shown in [3, Prop. 3.1.6], that Z; is
a uniformity and it is compatible with 7.

Given xj € X, arbitrarily fixed point, consider the filters =, and L} having as a base respectively all sets
of the form

U3 [xo,n] = { (E,F) | E N Bi(x0) € BY[F]]
and

U;lxo,nl = { (E,F) | F 0 Bj(xo) C BY[E]|

when 7 runs over IN. It can be easily shown using the same technique of [3, Prop. 3.1.6], that both £, and
L} are quasi-uniformities and that they are compatible respectively with 7}, and 7}, .
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Definition 2.1. Let (X, p) and (Y, d) be metric spaces. A function f: (X,p) — (Y,d) is strongly uniformly
continuous on a set A C X if

Ve>0 36>0 YxeA VyeX [ply) <6 = d(f(x), f(y)) < €l.

We say that f is strongly uniformly continuous on a collection A if it is strongly uniformly continuous on
each A € A.

This notion of continuity was investigated and explicitly defined in [5]. A basic reference for strong
uniform continuity is [6]. Note that strong uniform continuity on a set A is stronger than uniform continuity
on A.

Let X be a metrizable space and let 4, p € MM(X). It follows immediately from the definition that the
identity t: (X, p) — (X, d) is strongly uniformly continuous on a set A if, and only if,

Ve>0 36>0 YxeA  Bi(x) CBi(x).

For every compatible metric 4 on X, we denote by D, the gap between two non-empty closed sets
E,F € CL(X), defined as:
Da(E, F) = inf 1yr€1£ d(x, y).

3. When are Lower Attouch-Wets Topologies Comparable?

In this section we give necessary and sufficient conditions for 7}, < 1, on CL(X).

Recall that A € X is d-uniformly discrete with respect to € > 0 if d(x, y) > ¢ for every distinct x, y € A. A
set A is d-uniformly discrete if there exists ¢ > 0 such that A is d-uniformly discrete with respect to .

A set A C X is d-totally bounded if for every ¢ > 0 there exists F C X finite such that A C BY[F]. When
we say that A is not d-totally bounded with respect to ¢ > 0 we mean of course that A ¢ Bﬁ[F] for every
finite F C X.

We use the following notations:

B, ={E C X | Eisd-bounded},
Dy ={E € X | E is d-uniformly discrete }.

We first need some preliminary results. The following two lemmas deal with the comparison of the lower
Attouch-Wets topology 7, and the lower Vietoris topology 7, and will be useful to prove our main
theorem. Recall that a subbase for 7; is constituted by all collections of the form V- = {E e CL(X) | ENV #
@}, where V runs over all open subsets of X.

Lemma 3.1. Let (X, d) be a metric space. Then T, C T, .

Proof. Let W € X be open and let W~ = {E € CL(X) | EN'W # @} be a subbasic open set of 7. We show
that W™ is open with respect to 77, .

Let E € W™. Given x € EN W, there exists ny € IN such that x € Bzo(xo) and there exists n; € IN such
that BY (x) € W. Set n = max{ng,n;}. We prove U;[xo,n](E) € W~. Indeed, if F € U;[xo,n](E), then
n
E N BY(xo) € BY[F]. Since x € E N Bi(xy), there exists y € F such that d(x,y) < % Therefore y € B4 (x) € W
andthenyanﬁW;t@,thatisFeW’. O '

Lemma 3.2. Let (X, d) be a metric space and let E € CL(X). If E is d-totally bounded, then every neighbourhood of E
with respect to T, contains a neighbourhood of E with respect to T,. As a consequence, if (X, d) is totally bounded,
then Ty, =T,.
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Proof. Let U [xo,n](E) be a basic neighbourhood of E with respect to 7, . Since E is d-totally bounded,
there exists F C E finite such that E C Bd [F].

Set W, = Bd (z) for every z € F and set G = (.er W7. Then G is a neighbourhood of E in 7;, because

each W, is open inXandze€e ENW, # @ foreveryz € F.
We want to prove that G C U [xo, n](E), that is EN Bi(x) C B‘i[G] forevery G € G. Let G € G and

x € E N Bi(xg). There exists z € F such that x € B% (z). Since G € W, there exists y € G N W, and then
d(x,y) <d(x,z) +d(z,y) < 5 = it = 1 Tt follows that x € B4 [G] and therefore E N Bi(xp) C B4[G]. O

We now prove our main result.

Theorem 3.3. Let X be a metrizable space and let d, p € M(X). The following are equivalent:

(1) Th, € T

@) BinD; C B, and 1: (X,p) — (X, d) is strongly uniformly continuous on By N Dy;

(B) BinND; € By, and for every pair of sequences (Xn)neN and (Yu)new in X, where either {x, | n € N} or
{yn | n € N} is d-bounded and d-uniformly discrete,

lim p(xp, yn) =0 = lim d(x,, yu) = 0;
n—oo n—oo

4) BiND, < B, and for every E, F € CL(X), where at least one of them is d-bounded and d-uniformly discrete,
D4(E,F)>0 =  D,(E,F)>0.

Proof. (1) = (2) We prove the first condition. On the contrary suppose that there exists E € CL(X) which is
d-bounded and d-uniformly discrete but not p-bounded.

Let x; € E. Since E is not p-bounded, for every n € IN we can choose a point x,41 € E \ Bol{x1,...,x. )]
ThenE’ ={x,|neN}CEis p-uniforrnly discrete.

For everyn € N setE, = {x1,...,x, }. We first prove that (E,),en converges to E’ with respect to Tawy-

Let ¢ > 0 and let B be p—bounded. There exists g € N such that B C Bg(xl). Then E' N B C {x; | p(xi, x1) <
q} S{x1,...,%;}. Therefore E' N B C BY[E,] for every n > q. Hence E,, — E’ with respect to Tawp*

By (1) we have E, — E’ with respect to 7, . Consider the d-bounded set E: for every ¢ > 0, eventually
E’ = E' N E C BY[E,]. Since each E, is finite, this would imply that E’ is d-totally bounded, a contradiction
because E’ is infinite and d-uniformly discrete being contained in E.

We now prove strong uniform continuity of 1. Let E be d-uniformly discrete with respect to some a > 0
and d-bounded. There exists h € IN such that E C BZ(xO) Let ¢ > 0, k € N such that k > max{h, L i 1y
and consider U} [x0, k](E). Since Taw, g (I there exists m € IN such that Up [x0, m](E) C u; [x0,k](E). Let
x € E and y € X such that p(x, y) < % We want to prove that d(x,y) < . Set F = (E\ {x}) U{y}. Then
ENB(x)) CEC BP[ |, that is F € U, [xo,m](E). Thus F € U; [xo,k](E) thatis EN Bd(xo) c Bd [F]. Since
xeE=EnN Bd(xo) C En Bd(xo) there exists z € F such that d(z,x) < %. Since E is uniformly dlscrete with
respect to o > 1, it must be z = y and therefore d(x, y) < + < e.

(2) = (1) Let E € CL(X) and let n € IN. Consider the neighbourhood u; [xo,n](E) of E with respect to 77,
We want to prove that it is also a neighbourhood of E with respect to 7,

If E N Bi(xo) is d-totally bounded, then by Lemma 3.2, the nelghbourhood U5 [xo, n](E) = U [xo,n](E N
B%(xo)) of E N Bi(xp) contains a neighbourhood G of E N B(xq) with respect to 7,. Then g is also a
neighbourhood of E with respect to 7, and finally, by Lemma 3.1, G is a neighbourhood of E with respect
tot,, -

AW/J
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Otherwise, if E N B (x) is not d-totally bounded with respect to some ¢ > 0 (and in particular is infinite),
then it is not d-totally bounded with respect to ¢’ = min{g, % }. Therefore, by Zorn’s lemma, we can

construct a maximal set E’ C E N Bf(xo), which is (infinite and) d-uniformly discrete, such that
E’ C ENB(xp) € BLIE'] € B‘; [E'].

The set E' = E' N Bfll(xg) is d-bounded and d-uniformly discrete, hence there exists my € IN such that
E’ C BY, (xo). Moreover, since ¢ is strongly uniformly continuous on E’,

Am e N VxeE B (x)CBd (x).
Wll
Set m = max({mg, m; }, we prove that U;[xo,m](E) € U [xo,n](E). Let F € Ufj[xo, m](E), that is E N Bf, (x0) C
Bp [F]. Given z € E N Bi(xo), we claim that z € B4 [F].

Slnce z € E N B%(xp), there exists x € E’ such that d(z,x) < 3 3. Thus Bd (x) € Bd (z). Moreover x € E' C

2n

EN B (x) C Bp [F] and hence there exists y € F such that p(x y) < <. Theny € Bp (x) C Bd (x) C Bd( ).
Consequently, ze B“[F] as claimed

(2) © (3) This follows from [8, Proposition 4.3].

(2) © (4) This follows from [5, Theorem 3.1]. O
Now we show by a counterexample that the condition for 7}, < 1, is strictly weaker that the condition
for TAW1 ct Wo (or equivalently than the condition for 7, C TAWP)
Counterexample 3.4. Let X = IN and, for every n,m € IN, define p(n,m) = |n — m| and d(n,m) = |1 — —| Then
Taw, € Taw, but Ty € Thy and Taw, & Taw,-

Proof. Observe first that both d and p induce on IN the discrete topology.
Now, as (IN, d) is totally bounded, Lemma 3.2 gives 7, = ;. Therefore 7, C 7, by Lemma3.1. Since
N is not p-bounded but is d-bounded, we have 8; ¢ B8,. Applying Theorem 1.1 we get both 73, € 7,

AWp
and T4y, € Taw,- O

4. Comparison of Topologies on Ideals

In [5] Beer and Levi gave conditions on two compatible metrics p and d which ensure that the Hausdorff
metric topology 7, induced by p restricted to an ideal 7 C CL(X) is stronger than 7, so restricted. This is
of course equivalent to continuity of the identity function f: (CL(X), T;P) — (CL(X), T;d) on 7.

In the same spirit, a similar condition was given in [8] which ensures continuity of the identity function
I: (CL(X), 7)) — (CL(X), #7,) on a particular collection I of CL(X), where 7, and /7, are the lower
Hausdorff quasi-uniform hypertopologies generated by two uniformities ¢ and V.

We want to give a similar result for the lower Attouch-Wets topologies generated by two compatible
metrics d and p. We omit the proof of the following theorem because it can be easily obtained by a slight
modification of the proof of Theorem 3.3.

Theorem 4.1. Let A C CL(X) be stable under taking nonempty closed subsets and let d, p € M(X). The following
conditions are equivalent:

1) i: (A, T;Wﬂ) — (A, T;Wd) is continuous;

@) BiNnD;NACB,and 1: (X, p) — (X,d) is strongly uniformly continuous on By N Dy N A;

(B) BinNDyNAC B, and for every pair of sequences (X,)nen and (Yn)new in X, where either {x, | n € IN'} or
{yn | n € N} belongs to BN D3N A,

lim p(xp, yn) =0 = lim d(x,, yu) = 0;
n—oo n—oo
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4) BinD;NAC B, and for every E, F € CL(X), where at least one of them belongs to Bs N Dy N A,
D4(E,F)>0 =  D,(E,F)>0.

Note that for A = CL(X) we obtain again Theorem 3.3.

As a consequence of Theorem 4.1, we can characterize continuity of 7 on an ideal 7. As observed for
example in [8], D, is not an ideal since the union of two uniformly discrete sets need not be uniformly
discrete.

Given a collection C of subsets of X, denote by J(C) be the ideal generated by C. Note that I(D,) =

{ UaA| Afinite, AC Dy .

Corollary 4.2. Let I € CL(X) be an ideal and let d, p € M(X). The following conditions are equivalent:

1) (7, T;WV) — (£, T,,,) is continuous;
@) BinI(Dy) NI CByandi: (X,p) — (X,d) is strongly uniformly continuous on B; N I(Dy) N 1.

Remark 4.3. As remarked in [5], a function f: (X, p) — (X,d) is continuous at x € X if, and only if, it is
strongly uniformly continuous on {x}. Hence ¢: (X, p) — (X, d) is continuous if, and only if, it is strongly
uniformly continuous on #(X) = {A C X | A is finite }.

If we consider as I the ideal of all d-totally bounded subsets of X, then 3(D;) N I = F(X). Therefore
BiNI(Da) NI =F(X) C B,. for every p € M(X).

By Remark 4.3, ¢ is strongly uniformly continuous on 8; N 3(Dy) N I and this implies that I: (7, 7, ) —
(Z,t,,,) is continuous for every p € M(X).

Note that indeed 7}, = 7, on 7 by Lemma 3.2, and hence continuity of 7 on 7 could be also seen as a
consequence of Lemma 3.1.
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