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Almost Sure Central Limit Theorem for Self-Normalized Partial Sums
of Negatively Associated Random Variables

Qunying Wu?, Yuanying Jiang®*

?College of Science, Guilin University of Technology, Guilin 541004, PR. China

Abstract. Let X, Xj, X, ... be a stationary sequence of negatively associated random variables. A universal
result in almost sure central limit theorem for the self-normalized partial sums S, /V, is established, where:
Sy = 2;121 Xi, Vﬁ = Z?:l X12

1. Introduction

Starting with Brosamler [1] and Schatte [2], several authors investigated the almost sure central limit
theorem (ASCLT) for partial sums S, /0, of random variables in the last two decades. We refer the reader
to Brosamler [1], Schatte [2], Lacey and Philipp [3], Ibragimov and Lifshits [4], Berkes and Csédki [5],
Hormann [6], Miao [7] and Wu [8] in this context. If 0, is replaced by an estimate from the given data,

usually denoted by V,, = /Y.L, X7, V,, is called a self-normalizer of partial sums. A class of self-normalized

random sequences has been proposed and studied in Peligrad and Shao [9], Pena et al. [10] and references
therein. The past decade has witnessed a significant development in the field of limit theorems for the
self-normalized sum S, /V,. We refer to Bentkus and Goétze [11] for the Berry-Esseen bound, Gine et al.
[12] for the asymptotic normality, Hu et al. [13] for the Cramer type moderate deviations, Csorgo et al.
[14] for the Donsker’s theorem, Huang and Pang [15], Zhang and Yang [16] and Wu [17] for the almost
sure central limit theorems. In addition, Wu [17] proved the ASCLT for the self-normalized partial sums
that reads as follows: Let {X, X,;},en be a sequence of i.i.d. random variables in the domain of attraction of
the normal law with mean zero. Then

1y Sk
— E X<yt = s.
%1_1;1.}0 D, L de{Vk < x} ®(x) as. for any x€R,

where: d; = %nak),Dn = Yp-1dk, 0 < @ < 1/2, I denotes indicator function, and @(x) stands for the stan-
dard normal distribution function.
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Many results concerning the limit theory for the self-normalized partial sums from the NA random
sequences have been obtained. However, since the denominator in the formula for the self-normalized
partial sums contains random variables, the study of limit theory for self-normalized partial sums of NA
random variables is very difficult, and so far, there are very few research results in this field. Thus, this is a
challenging, difficult and meaningful research topic.

The purpose of this article is to establish the ASCLT for the self-normalized partial sums of NA random
variables. We will show that the ASCLT holds under a fairly general growth condition on di, namely if
di = kexp(In®k), 0 < a < 1/2.

Definition. Random variables X3, Xy, ..., X,,n > 2, are said to be negatively associated (NA) if for every
pair of disjoint subsets A; and A; of {1,2,...,n},

COV(fl(X,‘;i € Al), fz(X],] S Az)) < O,

where f; and f, are increasing for every variable (or decreasing for every variable) functions such that this co-
variance exists. A sequence of random variables {X;;i > 1} is said to be NA if its every finite subfamily is NA.

The concept of negative association was introduced by Alam and Saxena [18] and Joag-Dev and Proschan
[19]. Statistical test depends greatly on sampling. The random sampling without replacement from a finite
population is NA, but is not independent. Due to the wide applications of NA sampling in multivariate sta-
tistical analysis and reliability theory, the limit behaviors of NA random variables have received extensive
attention recently. One can refer to: Joag-Dev and Proschan [19] for fundamental properties, Matuta [20]
for the three series theorem, Su et al. [21] for the moment inequalities and weak convergence, Shao [22]
for the Rosenthal type inequality and the Kolmogorov exponential inequality, Wu and Jiang [23] for the
law of the iterated logarithm, Wu [24] for almost sure limit theorems, Wu and Chen [25, 26] for strong rep-
resentation results of Kaplan-Meier estimator and the Berry-Esseen type bound in kernel density estimation.

In the following, a, ~ b, denotes lim a, /b, = 1 and the symbol ¢ stands for a generic positive constant
n—00

which may differ from one place to another. We assume that {X, X,,},en is a stationary sequence of NA ran-
dom variables. By Newman [27], 0% := EX? +2 Y2, EX; X; always exists and 02 € [0, VarX]. Furthermore,

if 62 > 0, then Var$S,, ~ ng?. For each n > 1, the symbol 5,,/V,, denotes self-normalized partial sums, where:
Sy = Z?:l Xi, V% = Z?:l Xzz

Forevery1 <i<n,let:

Ri = = Vnl(X; < = V) + X,(1Xi < Vi) + Vnl(X; > vn),

n n n n
Sui= ) Ky, V2= ) X2, V2= X2I(Ri20), V2,:= ) R2I(%y <0),
=1 i=1 i=1 i=1

i

nl’s

0, :=Var§,, 6, :=EX}, &, :=EX: (X0 20), 0, :=EX (X <0).
Obviously,
5 =05, + 00, EV,=nd, =nd,, +no,,.

Our theorem is formulated in a more general setting.
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Theorem 1.1. Let {X, X,,}nen be a stationary sequence of NA random variables satisfying:

EX =0, 0<EX?><o, ¢>>0, EX?I(X>0)>0, EX?I(X<0)>0, (1)
and
02 ~ B?EVZ = g?nd? for some constant > 0. 2)

Suppose that 0 < o < 1/2 and set:

g - exp(In® k)

k , Dy=) d. 3)
k k=1
Then,
lim iid I Sk <xp=0() as. for any xR 4)
n—00 Dn k ﬁVk - - y )

By the terminology of summation procedures (see e.g. Chandrasekharan and Minakshisundaram [28],
p- 35), we have the following corollary.

Corollary 1.2.  Theorem 1.1 remains valid if we replace the weight sequence {dilxen by any {d;}xen such that
0<d, <di, Yl d; = co.

Remark 1.3. If{X, X, },en is a sequence of independent random variables then, (2) holds with § = 1.

2. Proofs

The following four lemmas below play an important role in the proof of Theorem 1.1. Lemma 2.1 is
due to Joag-Dev and Proschan [19], Lemma 2.2 has been stated by Su et al. [21], Lemma 2.3 has been
established by Wu [17], and Lemma 2.4 is of our authorship; due to its length, the proof of Lemma 2.4 is
given in Appendix.

Lemma 2.1. (Joag-Dev and Proschan [19]) If {Xilien is a sequence of NA random variables and {f}iew is a
sequence of nondecreasing (or nonincreasing) functions, then {f;(X;)}ien is also a sequence of NA random variables.

Lemma 2.2. (Suetal [21]) Let {X;}iew e a sequence of NA random variables with zero mean and such that
E[XilP < o0,i=1,2,...ifp > 2. Then,

p/2
EIS,F < ¢,

7

n
Y EX+
i=1

i EX?
i=1

where c, > 0 only depends on p.

Lemma 2.3. (Wu [17]) Let {&, &x}nen be a sequence of uniformly bounded random variables. If there exist constants
¢>0and b > 0, such that

5
&S| < C(I;() , for 1<k<j,
then

1 n
lim — Z drér =0 as,,
k=1

n—oo Dn

where di and D,, are defined by (3).
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Lemma 2.4. Suppose that the assumptions of Theorem 1.1 hold. Then:

.1 Sk — ]ESk
lim — ) dil ®(x) as. for any x€R, (5)
Z { vk }

VZ

k1
JEE‘OD_Z"Z"( (k52 ]— f(kéiz))zo as, 1=1,2, (6)

where di and D,, are defined by (3) and f is a bounded function with bounded continuous derivatives.
Proof of Theorem 1.1. For any given 0 < € < 1, note that forx > 0 and k < #,

Sk Sk 72 2 72 2 :
< - —<xVli< < Ve < <1< .
{,BVk < x} - {‘ka x,V1<i<k |Xj \/E, S 1+ e)kék U {Vk >(1+ e)kék} U {Ell i<k |Xj|> \/E}

Sk 2 a0
— 2 < V2> 1+ e)ksd Xi| > Vi),
{ﬁék (1+€)k<x}u{ > (1+e) k}u{lul(l | > )}

Hence,

k
U 1Xi| > «ﬁc)], for x> 0.

i=1

I(iSx)<1(6L<X]+I<V2>(1+E)k52 +I
Bk

BV VA + o)k

Similarly, we have for any given 0 < ¢ < 1and x <0,

i _ 9k 72 < 2
I(ﬁVkSX)SI[ﬁ(SkmSX]+I< 2<(1-e)ks})+]1

Furthermore, we get

i=1

ij 1Xi| > Wc)}

— k
I <x]> ]| —=2—x <x|-1(V2<Q-e)ko (X1 > Vk)|, for x>0,
(ﬁVk Bk AL = o)k (Vi < o Q
S 5 ,
I—ka)ZI — 2 <x|-I(V >+ k) -1I|| Jaxi> Vi, for x<o.
(ﬁVk o + o)k \¢ 3 Q

Hence, in order to establish (4), it suffices to prove:

lim idel( Sk Sx\/lJ_rs]:(I)(leJ_re) a.s., (7)
n—o0 Dn =1 ‘Bék \/];
lim Z GI(V2 > (1+e)ks?) =0 as., (8)
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lim — Z (V2 < (1- kD) =0 as,, (9)

VIHOO

m—ZM

for any € > 0.

U IXi| > Vk )] 0 as., (10)

Firstly, we prove (7). By 0 = EX = EXI(X| < Vk) + EXI(IX| > Vk) and EX? < oo, we have EXI(|X| <
\/E) = -EXI(X| > \/l;) and lim,_,c x*P(IX| > x) = 0, and consequently

IESy < [KEXI(X| < VO +k2P(X| > Vk) = KEXI(X| > Vk)| + o( VK)
VKEX2I(X| > Vk) + o( Vk) = o( VK).

This, and the fact that 67 — EX* < co, when k — co, imply

A

IA

I(%S Vliex—a)sl(

Thus, by (5), we have as n — oo,

= < Vlisx]ﬁl(ws Vlitex+al| for any a>0.
Box Vk Box Vk

O(Vlitex—a) « ideI Sk_—lESkS Vliex—oc]
Dx k=1 ﬁék%

1 v Sk
< dil < Vlxex
ang‘ po Vk ]
< ideI ws Vliex+a]
Dy k=1 ﬁék@
- O(Vltex+a) as. (11)

Letting « — 0 in (11), we obtain that (7) holds.

Now, we prove (8). Since IEVIf = kéz V2 = V2 + V2 V2 = k&2

k2/ (34 and 6131 < 613,1 = 1, 2, lt fOHOWS that

IV} > (1+ e)kop) I(V; —EV; > ekoy) < I(Vy, =V}, > k67 /2) + IV}, —EV}, > cko;/2)

I(VE, > (1+¢&/2ks},) + IV}, > (1 + &/2)k5?).

IN

Therefore, by the arbitrariness of ¢ > 0, in order to prove (8), it suffices to show that, for/ = 1,2,

lim — Z dll(V2, > (L+e)ks?) = 0 as. 12)

n—oo
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For a given € > 0, let f denote a bounded function with bounded continuous derivatives, such that
Ix>1+¢)< f(x)<I(x>1+¢/2).

Obviously, X I(X,; = 0) is monotonic on X;, and thus, by Lemma 2.1, {X2 I(Xpi = 0)}ys1, in is also a
sequence of NA random variables. From Lemma 2.2, the Markov inequality and the facts that EVZ, = ké2
and 67, — EX?I(X > 0) > 0, we get

P(V2, > (1+e/2ke},) = P(VE, —EVZ > ek}, /2)
E(V;, —EV;,)*  EXHI(Xu > 0)
< c <c
K2 k
C]EX4I(0 < X < Vk) + K2P(X| > Vk)
< > .

(13)

Using EX? < o0, we have x*P(|X| > x) = 0(1), as x — oo. Hence,

0 Vi vk
EX*1(0 < X < Vk) = f P(IXII0 < X < Vk) > t)4£dt < ¢ f P(X| > H)dt = f o(1)tdt = o(1)k.
0 0 0
This and (13) imply
P (V2 > (1+e/2)ks},) — 0.
Therefore, it follows from (6) and the Toeplitz lemma that

n n (/2
1 72 . 2 1 V
0 < D_n kZ dk1<Vk,1 >(1+ é)kék,l) < D_n ; dkf(@]

N DLZ ) f[k62 ]_ de]EI > (1+&/2)k2,)
" k=1

1 © _

= Z dP(V2, > (1 + /2)ko2,)
" k=1

— 0 as.

Hence, (12) holds for [ = 1. Using similar methods to those used in the proof of (12) for [ = 1, we can prove
(12) for I = 2. Consequently, (8) holds. Moreover, applying identical methods to those used in the proof of
(8), we can prove (9).

Finally, we shall prove (10). Note that

k
< Y P(Xi > Vi = kP(X| > Vi) 50, as k- co.
i=1

k
1 Jaxil > %]
i=1

Therefore,

k
I U(|Xi|> @)]—m as, as k— oco.
i=1

Thus, by the Toeplitz lemma,
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1 n
— Y dil
Dy k=1

k
| Jaxi > %)] -0 as.
i=1
Hence, (10) holds. This completes the proof of Theorem 1.1.

3. Appendix
As it has been mentioned, we give the proof of Lemma 2.4 in this part of our paper.

Proof of Lemma 2.4. Obviously, X, is monotonic on X;, and thus, by Lemma 2.1, {Xpitns1,i<n is also a
sequence of NA random variables. By the cental limit theorem for NA random variables and the properties
that: 0% ~ f?nd2%, 63 — EX? > 0 as n — oo (see conditions (1) and (2)), we get

5,-B5, 4,
pou N1

where - denotes the convergence in distribution and N denotes the standard normal random variable.
This implies that for any function g(x), which is bounded and has bounded continuous derivatives

Eg(ﬁ) — Eg(N), as n— oo,

Hence, by the Toeplitz lemma, we obtain

1 v S¢ — ES;
Iim — drEg Eg(N).
00 DnZ [ 5 VK ]

k=1

On the other hand, it follows from Theorem 7.1 of Billingsley [29] and Section 2 of Peligrad and Shao
[9] that (5) is equivalent to

1y S —ES;
lim — Y dig| E==2K | = Eg(N) as.

" k=1

Hence, in order to prove (5), it suffices to show that

Sk—]ESk Sk—]Egk
li d E -0 as., 14
fim Z "( (ﬁék ] g( 5o, VK )] - .

for any g from the class of bounded functions having bounded continuous derivatives.

Letfork >1,

- g[Sk - 1E§k] _Eg(sk - ]ESk]
ﬁék\/E ﬁék‘/_

Observe that, for any 1 < k < j, we get,
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ol o)
pox Vk po;ij
Cov [g[sk _]Esk] [5 — ES; ] g[ i k+1(Xﬂ EX;i)

pox Vk po;j po;j

Sk — ESi Zz w1 Kji = EXG)
C ,
’ [9( ok | 9( B, V]

[EEKE

= L+

Clearly, since g is a bounded Lipschitz function, there exists a constant ¢ > 0 such that |g(x)| < ¢, |g(x) —
g(y)| < clx — yl, for any x, y € R. As {Xi};>1,<j is a sequence of NA random variables, as well as Lemma 2.2
and condition 62 — EX? < oo hold, we obtain that

E|LL, (Xji — EXj)| \/ E (X5, (Xji- ]Exﬁ)f VKEX2 (k)” 2
- <c . <c — <c|=| -
N v Y
Sk — ES; Z, w1 (Kji — EXG)
porVk oy

assumption that g is a bounded function with bounded continuous derivatives. Thus, Lemma 2.3 of
Zhang [30] is applied with: f(x) := — VkI(x < —Vk) + xI(lx] < Vk) + VkI(x > Vk), g(y) = —[jl(y <
=D+ yl(yl < +fj) + \[jl(y > +/j); the stationarity of {X;}, and the facts that EX? < oo and ¢? > 0 imply
Y5 |Cov(Xq, Xn)| < o0. Therefore,

It follows from the definition of negative association that are NA and the

5 —ES, Xl (Xji—EX;)
Vi \/7

Z(Xkl ]EXkI) Z(Xﬂ ]EXJZ)]

i=k+1

I

IA
|
Q
@
Q
<
—_—

Il
\‘
/_\

Xi)

IN

N ngle
O
Q
=
&

IA
1~

0

o

=

>

»
~
I
n
i
T
T
N

IA

Z ICov(Xy, Xn)]

K 1/2
C(T) .
J

Hence, by Lemma 2.3, (14) holds.

IA

Now, we prove (6). Let

nk:f(VL%l]—]Ef(vil) for any 1<k<j.
kéil kéil
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Since {Xﬁil()_(m- > 0)}uz1,i<n is @ sequence of NA random variables, we have 6?1 — EX?I(X > 0) and

0 < EX?I(X > 0) < oo. Thus, using Lemma 2.3 of Zhang [30] twice is used with: f(x) := ¥*[(0 < x <
Vi) + k(x> Vk), g(y) = Y2100 < y < [j) + jI(y > +/j), we have for 1 <k < j,

Vlzl V]Zl
Emnil = |Cov|f| ==, f| =
kéi,l ]6?,1
72 72 o k R
= |[Cov f(ﬁ) f & —f V]',1 21:1 X]'iI(X]l > 0)
kogy ) 7% )

V2 V2 - YF R2[(X;i > 0)
k1 il i=1“%ji Jt
+COV f(kéz ]/f '62
k1 ) i1
E (Z‘?Il XJZ'iI(Xﬁ 2 O)) V1%1 ij}l - Zi'(:l X?iI(in >0)
= c - —cCov| —=, _
] k j
k¢ ¢
< em- ) ) Cov(R(Ry > 0), X2UK; > 0))
] ] 1=1 i=k+1
k c L
< c=-—=) ) Cov(X,X)
J ki = S
k k)”2
< c=+c|=
]

IA
—_—— .
—. =
S —

-
=
N
. =

By Lemma 2.3, (6) holds. This completes the proof of Lemma 2.4.
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