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A Note on Closedness and Connectedness in the
Category of Proximity Spaces

Muammer Kula?, Tugba Marasli?, Samed Ozkan?

?Department of Mathematics, Erciyes University, Kayseri, Turkey

Abstract. In this paper, an explicit characterization of the separation properties Ty and T; at a point p is
given in the topological category of proximity spaces. Furthermore, the (strongly) closed and (strongly) open
subobjects of an object are characterized in the category of proximity spaces and also the characterization
of each of the various notions of the connected objects in this category are given.

1. Introduction

The basic concepts of the theory of proximity spaces were emerged by Frigyes Riesz [30] at the mathe-
matical congress in Roma in 1908. This theory was rediscovered and axiomatized by Efremovich [31], [32]
in 1934, but not published until 1951. He characterized the proximity relation “A is close to B” as a binary
relation on subsets of a set X. In the meanwhile, in 1941, a study was made by Wallace [33], [34] regarding
“separation of sets”. This study can be considered as the primordial version of the proximity concept.

A large part of the early work in proximity spaces was done by Smirnov [28] and [29]. He showed which
topological spaces admit a proximity relation compatible with the given topology [29]. Smirnov was also
the first to discover relationship between proximities and uniformities.

Efremovich [32] defined the closure of a subset A of X to be the collection of all points of X “close” A.
Thereby he showed that a topology (completely regular) can be introduced in a proximity space. He also
showed that every completely regular space X can be turned into a proximity space by using Urysohn’s
function. This is to say, ASB iff there exist a continuous function f mapping X into [0, 1] such that f(A) = 0
and f(B) = 1.

In later years, some authors such as Leader [25], Lodato [26] and Pervin [27] have worked with weaker
axioms than Efremovich’s proximity axioms. For instance, Pervin omitted the symmetry condition, Leader
and Lodato used a weakened form of one of the Efremovich’s axioms. In this way, some generalized
proximities were appeared.

Baran [2] defined separation properties at a point p, i.e., locally (see [3], [5], [9] and [13]), then generalized
this to point free definitions by using the generic element, [20] p. 39, method of topos theory for an arbitrary
topological category over sets. One reason for doing this is that, in general, objects in a topos may not have
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points, however they always have a generic point. The other reason is that the notions of “closedness” and
“strong closedness” in arbitrary topological categories is defined in terms of Ty and T at a point, p. 335 [2].
The notions of “closedness” and “strong closedness” in set based topological categories are introduced by
Baran [2], [4], [8] and it is shown in [9], [10], [13] that these notions form an appropriate closure operator in
the sense of Dikranjan and Giuli [15] in some well-known topological categories.

The main goal of this paper is

1. to give the characterization of the separation properties Ty and T at a point p in the topological
category of proximity spaces,
2. to characterize the (strongly) closed and (strongly) open subspaces of a proximity space,

3. to give the characterization of the notions of connectedness and strong connectedness in the category
of proximity spaces.

2. Preliminaries

The following are some basic definitions and notations which we will use throughout the paper.

Let & and B be any categories. The functor U : & — B is said to be topological or that & is a topological
category over B if U is concrete (i.e., faithful and amnestic), has small (i.e., sets) fibers, and for which every
U-source has an initial lift or, equivalently, for which each U-sink has a final lift [1].

Note that a topological functor U : & — Bis said to be normalized if constant objects, i.e., subterminals,
have a unique structure [1], [5], [12], [16], or [17].

Recall in [1] or [17], that an object X € & (where X € & stands for X € Ob(E)), a topological category,
is discrete iff every map U(X) — U(Y) lifts to a map X — Y for each object Y € & and an object X € & is
indiscrete iff every map U(Y) — U(X) lifts to amap Y — X for each object Y € &.

Let & be a topological category and X € &. A is called a subspace of X if the inclusion map i : A — X is
an initial lift (i.e., an embedding) and we denote itby A C X.

Definition 2.1. [22] An (Efremovich) proximity space is a pair (X, 5), where X is a set and 6 is a binary relation on
the powerset of X such that

(P1) ASB iff BSA;

(P2) A5(B U C) iff ASB or ASC;

(P3) ASB implies A,B # 0;

(P4) AN B # 0 implies AOB;

(P5) ASB implies there is an E C X such that ASE and (X — E)0B;

where ASB means it is not true that ASB.

A function f : (X, 6) — (Y, 0’) between two proximity spaces is called a proximity mapping (or a p-map) iff
f(A)d’ f(B) whenever AdB. It can easily be shown that f is a p-map iff f~1(C)6f (D) whenever C&'D.
We denote the category of proximity spaces and proximity mappings by Prox.

Definition 2.2. [36] Let X be a nonempty set. A proximity-base on X is a binary relation B on P(X) satisfying the
axioms (B1) through (B5) given below:

(B1) 0,X) ¢ %;

(B2) If AN B # 0 implies (A, B) € B;

(B3) (A,B) e Biff (B,A) e B;

(B4) If(A,B) e Band A C A*, B C B* then (A*,B*) € B;

(B5) If (A, B) ¢ ‘B then there exists a set E C X such that (A, E) ¢ B and (X —E,B) ¢ B.
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2.3 Let B be a proximity-base on a set X and let a binary relation 6 on P(X) be defined as follows: (A, B) € 0 if,
given any finite covers {A; : 1 <i < n}and {B;: 1 < j < m} of A and B respectively, then there exists a pair (i, j) such
that (A;, Bj) € B. 0 is a proximity on X finer than the relation B [35] or [36].

2.4 Let X be a non-empty set, for each i € 1, (X;, 6;) be a proximity space and f; : X — (X;, 6;) be a source in
Prox. Define a binary relation B on P(X) as follows: for A,B € P(X), ABB iff fi(A)6ifi(B), foralliel Bisa
proximity-base on X (Theorem 3.8, [36]). The initial proximity structure 6 on X generated by the proximity base B is
given by for A, B € P(X), ASB iff for any finite covers {A; : 1 < i < n}and {Bj: 1 < j < m} of A and B respectively,
then there exists a pair (i, j) such that (A;, B;) € B [36].

2.5 Let (X, 0) is a proximity space, Y be a non-empty set and f be a function from a proximity space (X, 0) onto a
set Y. The quotient proximity 5" on Y is given by for every A, B C Y, Ad*B iff for each binary rational s in [0, 1] there
is some Cs C Y such that Co = A, C1 = Band s < t implies f~(Cs)6f~(Cy) [24] or [37] p.276.

2.6 Let X be set and p € X. Let X V, X be the wedge at p ([2] p. 334), i.., two disjoint copies of X
identified at p, i.e., the pushout of p : 1 — X along itself (where 1 is the terminal object in Set). An epi sink
{i1,i2 1 (X,0) — (X V), X, 8")}(p — maps), where iy, i are the canonical injections, in Prox is a final lift if and only if
the following statement holds. For each pair A, B in the different component of X Vv, X, Ad’B iff there exist sets C, D
in X such that Co{p} and {p}oD with i *(A) = C and ij?l(B) =Dfork,j=1,2andk # j. If A and B are in the same
component of wedge, then Ad'B iff there exist sets C, D in X such that CoD and i;'(A) = C and i *(B) = D for some
k =1,2. Specially, if ix(C) = A and ix(D) = B, then (ix(C),ir(D)) € & iff (i (ix(C)), i, (ix(D))) = (C, D) € 6. This is
a special case of 2.5.

2.7 Let X be a non-empty set. The discrete proximity structure 6 on X is given by for A,B C X, ASBiff ANB # 0
[22] p.9.

2.8 Let X be a non-empty set. The indiscrete proximity structure 6 on X is given by for A,B C X, ASBiff A # 0
and B # 0 [23] p.5.

3. Ty and T; proximity spaces at a point

In this section, we give the characterization of T and T; proximity spaces at a point p.

Let B be set and p € B. Let BV, B be the wedge at p. A point x in B V, B will be denoted by x1(x») if x is
in the first (resp. second) component of B Vv, B. Note that p; = p,.

The principal p-axis map, A, : BV, B — B? is defined by Ap(x1) = (x,p) and Ay(x2) = (p, x). The skewed
p-axismap, S, : BV,B — B?is defined by Sp(x1) = (x,x) and Sy(x2) = (p, x). The fold mapatp, v, : BV,B — B
is given by Vv, (x;) = x fori = 1,2 [2], [4].

Note that the maps A, S, and Vv, are the unique maps arising from the above pushout diagram for
which Ayiy = (id, f), Spir = (id,id) : B — B?, Apip = Spip = (f,id) : B — B2, and Vpij =1id, j = 1,2, respectively,
where, id : B — B is the identity map and f : B — B is the constant map at p [10].

Remark 3.1. We define p1, po by 1 +p, p+1: BV, B — B, respectively where 1 : B — B is the identity map,
f : B — Bis constant map at p (i.e., having value p). Note that 1A, = p1 = 115, oA, = p2, T2S, =V, where
m; : B2 — Bis the i-th projection, i = 1,2. When showing A, and S, are initial it is sufficient to show that (p and
p2) and (py and V) are initial lifts, respectively [2], [4].

Definition 3.2. (cf. [2], [4]) Let U : & — Set be a topological functor, X an object in & with U(X) = B. Let Fbea
nonempty subset of B. We denote by X/F the final lift of the epi U-sink q : U(X) = B — B/F = (B\F) U {*}, where q
is the epi map that is the identity on B\F and identifying F with a point {+} [2].

Let p be a point in B.

1. Xis To at p iff the initial lift of the U-source {A, : BV, B — U(X?) = B2and V,, : BV, B > UD(B) = B} is
discrete, where D is the discrete functor which is a left adjoint to U.

2. Xis Ty at piff the initial lift of the U -source {id : BV,B — U(XV,X) = BV,BandV, : BV,B — UD(B) = B}
is discrete, where X V, X is the wedge in &, i.e., the final lift of the U-sink {i1,i> : U(X) = B — B V;, B} where
i1, ip denote the canonical injections.
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3. Xis Ty at p iff the initial lift of the U-source {S, : BV, B = U(X?) = B2and V, : BV, B — UD(B) = B} is
discrete.

Remark 3.3. 1. Note that for the category Top of topological spaces, Ty at p, T; at p, or Ty at p reduce to usual
To at p or Ty at p, respectively, where a topological space X is called Ty at p (resp. Ty at p) if for each x # p,
there exists a neighborhood of x not containing p or (resp. and) there exists a neighborhood of p not containing
x [6].

2. Let U : & — Set be a topological functor, X an object in & and p € U(X) be a retract of X, i.e., the initial lift
h:1— X of the U-source p : 1 — U(X) is a retract, where 1 is the terminal object in Set. Then if X is Ty at p
(resp. Ty at p), then X is T( at p but the converse of implication is not true, in general [5], Theorem 2.10.

3. IfU : & — Set be a normalized topological functor, then each of Ty at p and Ty at p implies T} at p [5],
Corollary 2.11.

4. A topological space (Semiuniform convergence space) X is Ti, i = 0,1 iff X is T;, i = 0,1, at p for all points p
in X [6] (resp. [14], Remark 3.2). If U : & — Set is a topological functor, X an object in & and p € U(X) isa
retract of X and X is Ty (resp. T1), then X is Ty at p (resp. T1 at p ) but the reverse implication is not true, in
general [5], Theorem 2.6 and [14], Remark 4.2 (3).

5. One of the uses of To at p and Ty at p is to define the notions of (strong) closedness in set-based topological
categories which are introduced in [2], [4]. These notions are used in [2], [7], [10] and [11] to generalize each
of the notions of compactness, connectedness, Hausdorffness, and perfectness to arbitrary set-based topological
categories. Moreover, it is shown, in [9], [10], and [13] that they form appropriate closure operators in the sense
of Dikranjan and Giuli [15] in some well-known topological categories.

Theorem 3.4. Let (X, 0) be a proximity space and p € X. (X, 6) is Ty at p iff for each x # p, ({x}, {p}) & O.

Proof. Suppose (X,0) is Ty at p, i.e.,, by 2.4, 2.7, 3.1 and 3.2, for any sets U,V on the wedge, p1Udp1V,
V,UéV,V and V,U6,V,V itf UNV # 0 (6, is the discrete proximity structure on X). We shall show that the
condition holds. Suppose for some x,p € X, ({x}, {p}) € 6 with x # p. Then, by 2.4, 2.7 and 3.1, for (U, V) € &’
(0" is a proximity structure on the wedge) with U = {x1} and V = {xp}, p1Uop1V = p1({x1})op1({x2}) =
SO Sy ((x2)) = m({(x, )NOm((p, D) = (@olp), i, (1), (p)) € 6, YUY,V = V(b )oVy(lnal) =
05, ({x1)012S,({x2}) = ma({(x, V)N ({(p, x)}) = {x}6{x}, ie., ({x}, {x}) € 6, where 7i; : X* — X, i =1,2, are the
projection maps, and V,({x1})0,V,({x2}) = {x}oa{x}, i.e., ({x}, {x}) € 64 (64 is the discrete proximity structure
on X). But UNV = 0. This is a contradiction to the fact that (X, 0) is T1 at p. Hence if ({x}, {p}) € 0, thenx = p.

Conversely, suppose that for each x # p, ({x}, {p}) ¢ 6. We need to show that (X,0)is T1 atp,ie., by 24,27,
3.1and 3.2, we must show that the proximity structure ¢’ on XV, X induced by S, : XV, X — U((X?,6%) = X?
and V, : XV, X - UD((X, 64)) = X is discrete, where 6% and 6, are the product proximity structure on
X? and the discrete proximity structure on X, respectively. Let (U, V) be any set in &', i.e., 71;S,(U)67;:S,(V)
(i=1,2)and V,U54V,V.

Since 6, is the discrete proximity structure and V,U6,V,V, then V,U NV, V # 0. It follows that there
exists x € V,U NV,V. Hence, there exist y € Uand z € V such that V,y =x = V,z. If x = p, theny = p; = z,
(i=12)andp;elUNV.

Ifx#p,theny =x;,z=1x;(i,j =1,2). We need to show that UNV # 0.

IfpeV,UnV,V, thenp;e UNV (i=1,2).

Suppose that p ¢ V,U NV, V. We show that both U and V are in the first or in the second or in both
component of X v, X.

If U subset of the first component of X v, X and V subset of the second component of X v, X, then
{x1} € Uand {x;} € V. Itfollows that 711 S, ({x1})0m1S,({x2}) = 1 ({(x, x)))om1({(p, x)}) = {x}o{p}, ie., ({x}, {p}) € 0.
Since ({x}, {p}) ¢ 6 (by assumption), ({x1}, {x2}) ¢ 0’ by the condition (P2) of 2.1.

The case U subset of the second component of X v, X and V subset of the first component of X v, X can
be handled similarly. Hence U and V can not be in different component of X v, X.

If U and V are in both component of X Vv, X, then U 2 {x1,x2} and V 2 {x1, x2}. Hence UNV # 0.

If U subset of the first component of X v, X and V subset of both component of X v, X, then U 2 {x1}
and V 2 {x1,x,}. Hence UNV # (.
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If U subset of both component of XV, X and V subset of the second component of XV, X, then U 2 {x1, x,}
and V 2 {x»}. Hence UNV # 0.

If U and V are in the first component of X v, X, then U 2 {x1} and V 2 {x;}. Similarly if U and V are in
the second component of X v, X, then U 2 {xo} and V 2 {x2}. Hence UNV # 0.

If ({xi}, {xi}) € o', then 1S,({x1)om1S,({x1}) = {x}oixd, ie., ({x}, {x}) € 6, maS,({x1)0m2S,(fx1}) = {x}olx},
Le, (L) €0 and (oS, () = (PRI e () € msylamasyla) = feof e,

x}, {x}) € 6.

We must have (U, V) 2 ({x}, {x;}), ( = 1,2),i.e, UNV # 0 and consequently, by 2.4,2.7, 3.1 and 3.2, (X, 0)

isTyatp. O

Theorem 3.5. Let (X, 6) be a proximity space and p € X. (X, ) is Ty at p iff for each x # p, ({x}, {p}) & 6.

Proof. Suppose (X, 0) is T_o atp,ie, by24,62.7,3.1and 3.2, for any sets U, V on the wedge, p1 Udp1 V, poUbp,V
and V,U64V,V ift UNV # 0 (6, is the discrete proximity structure on X). We shall show that the condition
holds. Suppose for some x,p € X, ({x},{p}) € 6 with x # p. Then, by 2.4, 2.7 and 3.1, for (U V) € ¢’
(0" is a proximity structure on the wedge) with U = {x1} and V = {xp}, p1Uop1V = p1({x1})op1({x2}) =
A (Do Ay (1)) = TG pNom (P, D) = (XIslp),ie., (X)) € 6, pUdpaV = palfxiNopa(ixal) =
oA, ({(x11)0mA,({x2}) = Ta({(x, p))oT({(p, X)}) = {pofx}, ie., ({p}, {x}) € 6, where 7i; : X* —> X, i =1,2, are the
projection maps, and V,({x1})0,V,({x2}) = {x}oa{x}, i.e., ({x}, {x}) € 64 (64 is the discrete proximity structure
on X). But UNV = (. This is a contradiction to the fact that (X, 6) is T, at p. Hence if ({x}, {p}) € 0, then x = p.

Conversely, suppose that for each x # p, ({x}, {p}) ¢ 6. We need to show that (X, 6) is T, at p,ie, by24,27,
3.1and 3.2, we must show that the proximity structure &’ on XV, X induced by 4, : XV, X — U((X?,6%) = X?
and V, : X v, X = UD((X, 64)) = X is discrete, where 6% and 6, are the product proximity structure on X?
and the discrete proximity structure on X, respectively. Let (U, V) be any set in &', i.e., ;A,(U)01;Ap(V)
(i=1,2)and V,(U)04Vp(V).

Since 6, is the discrete proximity structure and V,U6,V,V, then V,U NV, V # 0. It follows that there
exists x € V,UNV,V. Hence, there exist y € Uand z € V such that V,y = x = V,z. If x = p, then y = p; = z,
(i=12)andp;eUNV.

Ifx#p,theny =x;,z=1x;(i,j=1,2). Weneed to show that UNV # 0.

IfpeV,UnV,V, thenp;e UNV (i=1,2).

Suppose that p ¢ V,U NV, V. We show that both U and V are in the first or in the second or in both
component of X v, X.

If U subset of the first component of XV, X and V subset of the second component of XV, X, then {x;} € U
and {xp} € V. It follows that mA,({x1})omiA,({x2}) = m{(x, ph)omi({(p, x)}) = {x}o{p},ie, = ({x},{p}) € 6.
Since ({x}, {p}) ¢ 6 (by assumption), ({x1}, {x2}) ¢ 0’ by the condition (P2) of 2.1.

The case U subset of the second component of X Vv, X and V subset of the first component of X v, X can
be handled similarly. Hence U and V can not be in different component of X v, X.

If U and V are in both component of X Vv, X, then U 2 {x1,x2} and V 2 {x1, x2}. Hence UNV # 0.

If U subset of the first component of X v, X and V subset of both component of X v, X, then U 2 {x;}
and V 2 {x1,x,}. Hence UNV # 0.

If U subset of both component of XV, X and V subset of the second component of XV, X, then U 2 {x1, x2}
and V 2 {x,}. Hence UNV # (.

If U and V are in the first component of X v, X, then U 2 {x1} and V 2 {x;}. Similarly if U and V are in
the second component of X v, X, then U 2 {x2} and V 2 {x2}. Hence UNV # 0.

If ({xi), [xi}) € &, then mAy (b oA, (1) = (KI6lx), de., ({x), (x)) € 5, oA, (I )omaA, (i) = (pId(p),
i.e.}, (P}, Ip)) € 6 and T A, (F)dmAL((x2)) = (pop), ie., (), Ip) € 6, TaAL(xDom2A(1x2)) = (x)5lx), e,
({x}, {x}) € 0.

We must have (U, V) 2 ({x;}, {xi}), (i = 1,2),i.e., UNV # 0 and consequently, by 2.4,2.7, 3.1 and 3.2, (X, 6)
isToatp. O

Remark 3.6. Let (X, 6) be a proximity space and p € X. It follows from 3.4, 3.5 that (X, ) is Ty at p if and only if
(X,0) is Ty at p if and only if for each x # p, ({x}, {p}) € .
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Theorem 3.7. All proximity spaces are T at p.

Proof. Suppose that (X, 6) is a proximity space and p € X. By 2.4, 2.6, 2.7, 3.1 and 3.2 we will show that for
any (ix(U), ix(V)) € &’ (¢’ is a proximity structure on X v, X), if ir(U, V) = (ix(U), ix(V)) € ¢’ (k = 1,2) for some
(U, V)ed UV c X)and (Vp(ix(U)), Vp(ix(V))) € 64 (64 is the discrete proximity structure on X), then we will
show that (ix(U), i(V)) 2 ({pxl, {pih) or (i(U), ik(V)) 2 ({xi}, {xi}), (k = 1,2), ie., i (U) N ik(V) # 0.

Since 0y is the discrete proximity structure and V,(ix(U))04V,(ix(V)), then V,(ix(U)) N Vp(ix(V)) # 0. It
follows that there exists x € V,(ix(U)) N V,(ix(V)). Hence, there exist y € i(U) and z € (V) such that
Vyy=x=V,z. lfx =p, theny = p = z, (k = 1,2) and p; € ix(U) Nix(V).

Ifx#p, theny = x¢, z = x,, (k,n = 1,2). We need to show that i(U) N (V) # 0.

If p € V,(ix(U)) NV, (ix(V)), then py € i(U) N1k (V) (k = 1,2).

Suppose that p ¢ V,(ix(U)) N V,(ix(V)). We show that both ix(U) and ix(V) are in the first or in the second
or in both component of X v, X.

If i (U) subset of the first component of X v, X and i;(V) subset of the second component of X v, X, then
{x1} € ik(U) and {x2} € i(V). But, if (i(U), i(V)) 2 ({x1}, {x2}) € ¢’ for some (U, V) € 6 and k = 1 (resp. k = 2),
then ({x1}, {x2}) € (i1(U), i1(V)) which shows that x, (resp. x1) must be in the first (resp. second) component
of X v, X, a contradiction since x # p.

Similarly, if i;(U) subset of the second component of X v, X and (V) subset of the first component of
X Vp X, then {x;} € it (U) and {x1} € ix(V). But, if (ix(U), ik(V)) 2 ({x2}, {x1}) € 6’ for some (U, V) € 6and k = 1
(resp. k = 2), then ({x2}, {x1}) € (i1(U), i1(V)) which shows that x; (resp. x1) must be in the first (resp. second)
component of X V, X, a contradiction since x # p. Hence i;(U) and (V) can not be in different component
of X v, X.

If i (U) and (V) are in both component of X Vv, X, then i(U) 2 {x1,x2} and (V) 2 {x1,x2}. Hence
i(U) N (V) # 0.

If i(U) subset of the first component of X Vv, X and (V) subset of both component of X Vv, X, then
ir(U) 2 {x1} and (V) 2 {x1, x2}. Hence i (U) N (V) # 0.

If i, (U) subset of both component of X Vv, X and ix(V) subset of the second component of X Vv, X, then
lk(U) 2 {x1,x} and lk(V) 2 {x,}. Hence Zk(U) N lk(V) # 0.

If ix(U) and ix(V) are in the first component of X v, X, then ix(U) 2 {x1} and (V) 2 {x1}. Similarly if i(U)
and (V) are in the second component of X V,, X, then it(U) 2 {x2} and ix(V) 2 {x2}. Hence i(U) N ix(V) # 0.

We must have (ix(U), ir(V)) 2 ({xi}, {xi}), (i = 1,2), i.e., i(U) N ix(V) # 0 and consequently, by 2.4, 2.6, 2.7,
3.1and 3.2, (X,06)is T)atp. O

Remark 3.8. If a proximity space (X,0) is To at p € X or Ty at p € X, then it is T}, at p. However, the converse is
not true generally. For example, let X = {a,b} and 6 = {(X, X), ({a}, {a}), ({b}, {b}), (X, {a}), ({a}, X), (X, {b}), ({b}, X),
({a}, {b}), ({b}, {a})}. Then (X, 0) is T}y at p = a but it is not Ty at p =aor Ty at p since ({a}, {b}) € 6 but a # b.

4. Closedness and Connectedness

In this section, the (strongly) closed and (strongly) open subobjects of an object are characterized in
the category of proximity spaces. Furthermore, the characterization of each of the various notions of the
connected objects in this category are given.

Let B be set and p € B. The infinite wedge product VB is formed by taking countably many disjoint
copies of B and identifying them at the point p. Let B® = B X B X ... be the countable cartesian product of
B. Define A;" : VB = B® by A;°(xi) = (p,p,...p, %, p,...), where x; is in the i-th component of the infinite
wedge and x is in the i-th place in (p,p, ..., p, %, p, ...) (infinite principal p-axis map), and vy V;"B — B by
Vv, (xi) = x for all i € I (infinite fold map), [2], [4].

Note, also, that A3’ is the unique map arising from the multiple pushout of p : 1 — B for which
A;"i]- =p,p,...p,id,p,..) : B— B, where the identity map, id, is in the j-th place [10].
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Definition 4.1. (cf. [2], [4]) Let U : & — Set be a topological functor, X an object in & with U(X) = B. Let Fbea
nonempty subset of B. We denote by X/F the final lift of the epi U-sink q : U(X) = B — B/F = (B\F) U {*}, where q
is the epi map that is the identity on B\F and identifying F with a point {+} [2].

Let p be a point in B.

1. p is closed iff the initial lift of the U-source {A; : V;’B — U(X™) = B¥ and V? : V’B - UD(B) = B} is
discrete.

2. F c X is closed iff {+}, the image of F, is closed in X/F or F = 0.

3. F c X is strongly closed iff X/F is Ty at {+} or F = 0.

4. If B=F = 0, then we define F to be both closed and strongly closed.

Recall that a prebornological space is a pair (B, §), where & is a family of subsets of B that is closed
under nonempty finite union and contains all finite nonempty subsets of B. A morphism (B, §) — (B1, &1)
of such spaces is a function f : B — B; such that f(C) € §; if C € §. We denote by PBorn, the category thus
obtained. This category is topological category over Set [8].

The category Prord of preordered spaces has as objects the pairs (B,R), where B is a set and R is a
reflexive and transitive relation on B and has as morphism (B, R) — (B3, R;) those functions f : B — B; such
that if aRb, then f(a)R, f(b) for all a, b € B. This category is topological category over Set [13].

Lemma 4.2. ([13], Theorem 3.6) Let (B, R) be a preordered set (i.e., R is a reflexive and transitive relation on B), and
0 # F C B. Then,

(i) Fis a closed subset of B iff for any x € B, if there exists a,b € F such that xRa and bRx, then x € F.
(ii) F is a strongly closed subset of B iff for each x € B, if there exists a € F such that xRa or aRx, then x € F.

Lemma 4.3. ([4], Theorem 3.9 and 3.10) Let (B, &) be a prebornological space. Then,

(i) A subset F C Bis closed iff B=F or F = 0.
(ii) All subsets of B are strongly closed.

Remark 4.4. 1. In Top, the notion of closedness coincides with the usual one [2] and F is strongly closed iff F is
closed and for each x ¢ F there exists a neighbourhood of F missing x [2]. If a topological space is T, then the
notions of closedness and strong closedness coincide [2].

2. In general, for an arbitrary topological category, the notions of closedness and strong closedness are independent
of each other. To see this, let B = {-1,1}, R = {(-1,1), (-1, -1),(1,1)} and F = {1}. Then (B, R) is a preordered
set and by 4.2, F is closed, but F is not strongly closed. On the other hand, let B = IR, the set of real numbers,
and § = P(R) — {0}, the set of all nonempty subsets of R. Note, [8] Remark 3.2, that (B, §) is a prebornological
space and by 4.3, Q, the set of rational numbers, is strongly closed, but Q is not closed.

Theorem 4.5. Let (X, ) be a proximity space and p € X. {p} is closed in X iff for any B C X, if {p}OB, then p € B.

Proof. Suppose {p} is closed in X, i.e., by 4.1, the proximity structure ¢’ on V;°X induced by Ay : VX —
UX™) = X¥ and V) : VPX — UD(X) = X is discrete. We will show that for any B C X, if {p}6B,
then p € B. Suppose that {p}0B while p ¢ B, for some B C X. Then for some x # p and x € B,
we get ({x},{p}) € 0 by the condition (P2) of 2.1. Note that ({x1}, {x2}) € ¢, since nlA;"{xl}(SnlA;"{xz} =
i, p,p, - Nomil(p, x,p,..)) = {x}olp}, ie., ({x},{p}) € O (by assumption), nzA;’,"{xl}(SnzA;"{xg} = m{(x,p,
p, - Nomal(p, x,p,..)} = {p1olx}, ie., ({p}, {x}) € 6 (by assumption and by the condition (P1) of 2.1), fori > 3,
A oA (X2} = Tl (x, p, p, - Nomil(p, x, p, ... )} = {p}olp), ie., (I}, {p}) € 6 (by the condition (P4) of 2.1)
where 77; : X* — X projection function and V;"({xl})édV;’({xz}) = {x}o4{x}, i.e., ({x}, {x}) € 6, (6, is the discrete
proximity structure on X). But {x;1} N {x} = 0. This is a contradiction to the fact that ¢’ is discrete. Hence if
p ¢ B, then {p}6B.

Conversely, suppose that the condition holds. We need to show that {p} is closed in X. By 4.1,
we must show that the proximity structure 6’ on V°X induced by Ay : VX — U(X™) = X* and
Vy vy X — UD(X) = X is discrete. Since 0y is the discrete proximity structure, then VU N VXV # 0 for
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all UV cC V;"X. If V;"U N V;"V # 0, then there exists x € V;"U N V;"V, ie., x € V;’U and x € V;"V. Hence,
there exists y € U and there exists z € V such that V’y = x = V’z. If x = p, then y = p; = z for all i € ], and
pi € unv.

Ifx #p, theny = x;,z = x; (i # j) for all i, j € I. We need to show that UNV # 0.

Ifpe VPUNVYV, thenp; e UNV foralliel.

Suppose thatp ¢ VUNV"V. We show that both U and V are in the i. component or in the j. component
or in the i. component and in the j. component of V;°X.

If U subset of the i. component of vy X and V subset of the j. component of vy X, then {x;} € U and
{x;} € V. It follows that n,-A;"({xi})(Sn,vA;"({xj}) = {x}o{p}, i.e, (Ix}, {p}) € 6 and n]-A;"({xi})(SnjA?({xj}) = {p}oix},
i.e., ({p}, {x}) € 6. Since ({p}, {x}) € 6 (by assumption), ({x;}, {x;}) ¢ 6" by the condition (P2) of 2.1.

The case U subset of the j. component of V;°X and V subset of the i. component of V;’X can be handled
similarly. Hence U and V can not be in different component of v,°X.

If U and V are in the i. component of vy X and in the j. component of VX, then U 2 {x;, x;}, V 2 {x;, xj}.
Hence UNV # 0.

If U subset of the i. component and the j. component of V"X and V subset of the j. component of V°X,
then U 2 {x;,x;} and V 2 {x;}. Hence UNV # 0.

If U subset of the i. component of vV’ X and V subset of the i. component of vV’ X and of the j. component
of vi°X, then U 2 {x;} and V 2 {x;,x;}. Hence UNV # 0.

If U and V are in the i. component of VX, then U 2 {x;} and V 2 {x;}. Similarly if U and V are in the j.
component of VX, then U 2 {x;} and V 2 {x;}. Hence UNV # (.

If ({x;}, {x;}) € ¢’ foralli € I, then niA;"({xi})(SniA;"({x,-}) = {x}o{x}, i.e., ({x}, {x}) € 6and V;"({xi})(SdV;"({xi}) =
{x}04lx}, i-e., ({x}, {x}) € 64 for any point x in B.

Consequently if (U, V) € &, then (U, V) 2 ({x;}, {x;}) for alli € I or (U, V) 2 ({pi}, {p:}) for all i € I. Hence
by 2.7, &’ is discrete on V;°X, ie., {p}is closed in X.

0

Theorem 4.6. Let (X, 0) be a proximity space. Then O # F C X is closed iff x € F whenever {x}6F for all x € X.

Proof. Suppose that F is closed and x ¢ F whenever {x}oF for some x € X. By Definition 4.1, F is closed iff {+}
is closed in X/F and by 4.5, {+} is closed in X/F iff for any B C X/F, {#}0’B then » € B, where ¢’ is the quotient
proximity structure on X/F that is induced by the map ¢ : X — X/F (defined in the Definition 4.1). Since
{x}6F and g is a p-map, we have g({x})6’q(F)={x}0"{#}, i.e., ({x}, {*}) € &, a contradiction since * ¢ {x} C X/F.

Conversely, suppose that x € F whenever {x}6F for any x € X. We shall show that F is closed, i.e., {+}0'B
then + € B, for any B ¢ X/F. Suppose that * ¢ B, for some B C X/F. Since {*}6’B, then for each binary
rational s in [0,1] there is some C; C X/F such that Cy = {#}, C; = B and s < t implies 471(C;)6q 1(Cy).
q71({+)6g71(B) = F6B, by definition of g-map and 2.5. Since F5B, then there exists y € B such that Fo{y} by
the condition (P2) of 2.1. But for all y € B, y ¢ F since * ¢ B. This is a contradiction. [

Theorem 4.7. Let (X, 6) be a proximity space. Then O # F C X is strongly closed iff x € F whenever {x}OF for all
xeX

Proof. Suppose that F is strongly closed and x ¢ F whenever {x}OF for some x € X. By Definition 4.1, F is
strongly closed iff X/F is T at {+} and by 3.4, X/F is Ty at {#} iff for any B C X/F, {*}0’B then » € B, where ¢’ is
the quotient proximity structure on X/F that is induced by the map g : X — X/F (defined in the Definition
4.1). Since {x}6F and g is a p-map, we have q({x})0'q(F)={x}0'{#}, i.e., ({x}, {*}) € ¢, a contradiction since
= ¢ {x} c X/F.

Conversely, suppose that x € F whenever {x}6F for any x € X. We shall show that F is strongly closed,
i.e., by 3.4, if {+}6’B, then * € B, for any B C X/F. Suppose that * ¢ B, for some B C X/F. Since {#}0'B,
then for each binary rational s in [0, 1] there is some Cs; ¢ X/F such that Cy = {+}, C; = B and s < f implies
g71(Cs)0q7H(Cy). g7 ({#}))6g71(B) = FOB, by definition of g-map and 2.5. Since FOB, then there exists y € B such
that Fo{y} by the condition (P2) of 2.1. But for all y € B, y ¢ F since * ¢ B. This is a contradiction. [

Definition 4.8. Let & be a topological category over Set, X an object in & and F be a nonempty subset of X.
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1. F c X is open iff F¢, the complement of F, is closed in X.
2. F c X is strongly open iff F¢, the complement of F, is strongly closed in X [11].

Note that in Top the notion of openness coincides with the usual one [11]. If a topological space is T1,
then the notions of openness and strong openness coincide [11].

Theorem 4.9. Let (X, 0) be a proximity space. 0 # F C X is (strongly) open iff x € F¢ whenever {x}6F° for all x € X.
Proof. It follows from 4.6, 4.7 and 4.8. [

Definition 4.10. ([37], p. 268) Let (X, 6) be a proximity space and A C X. Define A = {x|xdA} and if A = A, then
A is said to be closed.

Remark 4.11. 1. Let (X, 0) be a proximity space and A C X. A is closed (in the usual above sense) iff for each
x € X, if x0A, then x € A.
2. Let (X, 6) be a proximity space. It follows from 4.6, 4.7 and 4.10 that the notions of closedness (in our sense)
and strong closedness coincide with the notion of closedness in the usual sense.

We now give the characterization the various notions of connectedness in the category of proximity
spaces.

Definition 4.12. Let & be a topological category over Set and X be an object in E.

1. X is connected iff the only subsets of X both strongly open and strongly closed are X and @ [11].
2. X is strongly connected iff the only subsets of X both open and closed are X and @ [11].
3. X is D-connected iff any morphism from X to any discrete object is constant (cf. [11], [17], [18], [19], [21]).

Note that for the category Top of topological spaces, the notion of strongly connectedness and D-
connectedness coincides with the usual notion of connectedness. If a topological space X is Tj, then, by
4.12, the notions of connectedness and strong connectedness coincide [11].

Theorem 4.13. A proximity space (X, 6) is (strongly) connected iff for any non-empty proper subset F of X, either
the condition (1) or (2) holds.

1. x ¢ F whenever {x}OF for some x € X.
2. x & F° whenever {x}6F° for some x € X.

Proof. Suppose that (X, 6) is (strongly) connected but conditions (1) and (2) do not hold for some non-empty
proper subset F of X. Since the condition (1) does not hold, we get x € F whenever {x}6F for all x € X which
means that subset F is (strongly) closed by 4.6 or 4.7. Since the condition (2) does not hold, we get x € F° for
all x € X, whenever {x}6F°. This means that F¢ is (strongly) closed. So F is (strongly) open by 4.9. Hence F
is open and closed. But this is a contradiction since (X, 0) is (strongly) connected.

Conversely, suppose that the condition (1) holds. Then x ¢ F whenever {x}6F for some x € X and F is
not (strongly) closed 4.6 or 4.7. Suppose that the condition (2) holds. Then for some x € X, x ¢ F® whenever
{x}OF¢. This means that F* is not (strongly) closed. So F is not (strongly) open by 4.9. Hence the only subsets
of X both (strongly) open and (strongly) closed are X and 0. From here (X, 0) is (strongly) connected. 0O

Theorem 4.14. Suppose (X, 0) is any proximity space. (X, 8) is D-connected iff {x}o{y} for all x,y € X with x # y.

Proof. Suppose that (X, 6) is D-connected and the condition does not hold, i.e., ({x}, {y}) ¢ 6 for some x, y € X
with x # y. Let (Y,0’) be a discrete proximity space with CardY > 1. Define f : (X,0) — (Y,0’) by f(t) = a,
if t = xand f(t) = b, if t € {x}°. We show that f is a p-map. Since (Y, 0’) is a discrete proximity space and
{a) N (b} = 0, ({a), (b)) ¢ &'. Since (1x}, (y}) ¢ 6 and f~({a)) = {x), £~ (b)) = {x)°, then (F(la)), F(1b})) ¢ o,
ie., ({x}, {x}) ¢ 0. Indeed, if ({x}, {x]°) € o, then (f({x}), f({x}°)) = ({a}, {b}) € &’. But this is a contradiction
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since (Y, 0’) is the discrete proximity space. Consequently, f is a p-map but it is not a constant map. This is
a contradiction since (X, 6) is a D-connected. Hence {x}0{y} for all x, y € X with x # y.

Conversely, suppose that the condition holds. Let f : (X,0) — (Y, 0’) be a p-map with (Y, 0’) is a discrete
proximity space. If CardY = 1, then f is constant and (X, 6) is D-connected. Suppose that CardY > 1 and
f is not constant. There exist x,y € X with x # y such that f(x) # f(y). Hence {f(x)} N {f(y)} = 0 and
{fL {f(h) ¢ &' Since fis p-map, (f L{fF@)), F 1A (W) ¢ 6, i-e., ({x}, {y}) ¢ 6. But this is a contradiction

by assumption. Hence f must be constant and this means that (X, 6) is D-connected. [J
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