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Abstract. In the present paper, we investigate the majorization properties for some classes of analytic
functions associated with Srivastava-Attiya operator. Moreover, some applications of the main result are
btained which give a number of interesting results.

1. Introduction

Let A denote the class of functions of the from f(z) normalized by

fz)=z+ Z a2k, (1.1)
k=2

which are analytic in the open unit disk U.

Definition 1.1. Let f(z) and g(z) be two analytic functions in the open unit disk U= {z : |z| < 1}. We say that f(z)

is majorized by g(z) in U (see [13], [17]), and we write f(z) < g(z), z €U, if there exists a function ¢(z), analytic
in U such that

lp@| <1 and f(2) = p(2)9(z) (z€ ). (1.2)

It may be noted that the notion of majorization is closely related to the concept of quasi-subordination between analytic
functions (see [17]).

Definition 1.2. Let f(z) and F(z) be analytic functions. The function f(z) is said to be subordinate to F(z), written
f(z) < F(z), if there exists a function w(z) analytic in U with w(0) = 0 and |w(z)| < 1,and such that f(z) =
F(w(z)). in particular, if F(z) is univalent, then f(z) < F(z) if and only if f(0) = F(0) and f(U) c F(U).
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We begin by recalling that a general Hurwitz-Lerch Zeta function ®(z,s, b) defined by (cf, e.g., [19, P.
121 et seq.])

X k
O(z,s5,b) = ) (ki—b)s 1.3)
k=0

beC\Z,, Zy =720 {0}=1{0, -1, =2,...}, s€ C when z€ U, Re(s) >1 when |z =1).

Several properties of ®(z,s, b) can be found in many papers, for example Attiya and Hakami [2], Choi
et al. [5], Choet al. [4], Ferreira and Lépez [6], Gupta et. al. [7] and Luo and Srivastava [12]. See, also Kutbi
and Attiya( [9], [10]), Srivastava and Attiya [18], Srivastava et al. [24] and Owa and Attiya [16].

Srivastava and Attiya [18] introduced the operator J;; (f) which makes a connection between Geometric
Function Theory and Analytic Number Theory, defined by

Jsp (f) (@) = Gsp(2) * f(2) (1.4)

(zeIU;feA;beC\Z‘; seC)

where

Gsp(z) = (1 +b)° [®(z,s5, b) —b~°] (1.5)
and * denotes the Hadamard product (or Convolution).

As special cases of ], (f), Srivastava and Attiya [18] introduced the following identities :

Jop(N)@) = f(2), (1.6)

o= [Lla ~ane, 7)
0

n@=2 [0 @ =20, 18)
0
1 V4

@=L [ f0 0t a = £,0@ (e y> 1) 19)

0
and

Jo1 (f)(Z) =

ﬁ;jﬁdﬁmﬂﬂmzfm®<ﬂwm>m, (1.10)
0
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where, the operators A(f) and L(f) are the integral operators introduced earlier by Alexander [1] and
Libera [11], respectively, L,(f) is the generalized Bernardi operator, £, (f) (y € N = {1,2, ...}) introduced by
Bernardi [3] and 7°(f) is the Jung-Kim-Srivastava integral operator introduced by Jung et al. [8].

Moreover, Srivastava and Gaboury [20] (see also, Srivastava et al. [21]) extended the concept of ®(z, s, a)
(P1/++/Pp,1,---,00)
/\1,...,/\p,[,ll,...,yq
by [25, p. 503, Eq. (6.2)], to generalize the Srivastava-Attiya operator J;,(f) as follows:

by using the generalization of the Hurwitz-Lerch zeta function @ (z,5, a) which was introduced

T D@ s A= A

defined by

$,,A _ sal
](/\p),(yq),b(f)(z) - G()\p),(yq),h(z) * f(z)r

,a,A

. . S
the multiparameter function G, Yy

,(2) is given by
s,a,A /\Hj:l(y]) F(S) (Ll + 1)5

= -1
O o@) = ) A@+1,b,5,1)7" (1.11)
]:

1,.,1,1,..,1) B a=s
' [CDA“"’AV/PMW @ s, ) AL'(s) Aa,b,s, /\)]

(AjeC(i=1,.,p)and yje O\Zy,(j=1,...q;p <q+1;z€U)

with

min (Re(a), Re(s)) >0; A >0if Re(b) >0

and

seCaecC\Z;if b=0

where

A(a,b,s,A) = H2Y [abl

b

and H," is the well-known Fox’s H-function [14, Definition 1.1] (see also [22], [23]).

Now, we begin by the following lemma due to Srivastava and Attiya [18].
Lemma 1.1. Let f(z) € A, then

zJe1,(N@) = L+ 0)[sp(f)(2) = b]s1,6(f)(2) (1.12)
(beC\Z;,s€C, zeU)
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Definition 1.3. A function f € Ais said to be in the class S_ (A, B, C) if and only if

(n+1)
a1 (N@) 1+Az
[ G -

wheren € No ={0,1,..},-1<B<A<1,0eC:=C\{0},s€CandbeC\ Z;.

We note that S0 ,(A, B, 1—a)=H,, (A, B) the class which introduced by Kutbi and Attiya [9], S0 »(L-1,1-a)
the well known Class of starlike function of order a. Also, using special cases of n,b, A, B, C we have many
various classes associated with Alexander operator, Libera operator, Bernardi and Jung-Kim-Srivastava
operator.

Also, we use the following notations:

§1,(-1,1,0) =8",(0).

Szb(—l, 1,1) = ’

S (A, B,0) =A(A,B,0)

ST,(A,B,0) =L7(4,B,0)

56’17/(A, B,0) =.£;(A, B,0) (yreal;y>-1)
Sg/l(A,B, C)=I%A,B,C) (oreal; 0 >0)

o Uk WD

2. Majorization Problem for the Class S:‘b(A, B, Q)

In our investigation, we need the following lemma which we can prove it by using the induction and
the virtue of Lemma 1.1.

Lemma 2.1. Let f(z) € A, then

2J0 (D@ = A+ D)L (NE) — (1 + )], () @1
(neNo, beC\Z;,seC, zeU)
We begin by proving the following main result.

Theorem 2.1. Let the function f(z) € A and suppose that g(z) € S” (A, B, ), if

12,h@ < @@, (zeU), 2.2)
then
1% (D@1 < U @@ (2l < 7o), (2.3)

where ry = 10(C, b, A, B) is the smallest positive root of the equation
PIUA=B)+ (1 +b)B|=[|1+b]+2B[lr* = [IC(A=B)+ (1 +b)B|+2]r + |1 +b| =0, (2.4)
(-1<B<A<1,CeC,seCbeC\Z)),

Proof. Since g(z) € S:’b(A, B, 0), we find from (1.13) that

(n+1)
[ Vo @@ n] 1+ Aw() 2.5)

@@ - 1+Bo@’
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where w(z) is analytic in U with
w(0) =0 and lw(z)| <1 (ze€ ).

From (2.5), we get

z(I(’ﬁl;(g)(Z)) _ (=m+[(1=nB+ (A - BlwE)

s+1 b(g)(z) 1+ B w(z)

by virtue of Lemma 2.1 and (2.6), we get

(1+b)[1 +|B]lzl]
(1+b)=IC(A = B) + (1+b)B|l|

I8 @)@ < GG

Next, since ](’fr)l ,(f)(2)) is majorized by ](Jr1 »(9)(2), in the unit disk U, from (2.2), we have

J% (NG = @I (9)@),

where |p(z)| < 1. Differentiating the above equation with respect to z and multiplying by z, we get

2050 (NE) = 29 @I (@)@ + 29 ) (9)(2).
Using (2.6) in the above equation, it yields

2’ (2)
1+0b)

EGENE J% @)@ + @] (@)@

noting that ¢ € P satisfying the inequality (See, e.g., Nehari [15])

1-— 2
wEs 0L e,

and making use of (2.7) and (2.11) in(2.10), we get

— lp)P [1 + IBllz[]lz]
1— 2P [1+b—IC(A-B)+(1+Db)BI

IS(HE) < (lp@)]+ 1@,

which upon setting
lzZl=r and |pE)|=p O<p<1)
leads us to the inequality

O(p)
— ) [[L+b—|C(A-B)+ (1 +Db)B|r]"s

qu_ 1(@)@),

where

D(p) = —r(1 + |Blr)p* + (1 = ) [[1 + b| = |{(A = B) + (1 + b)Blr] p + (1 + |Blr),

2071

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

takes its maximum value at p = 1, with rg = r9(A, B, S,b) where rj is the smallest positive root of (2.4).

Furthermore, if 0 < p < 19(A, B, 5, b) then the function W(p) defined by

W(p) = —o(1 + |Blo)p* + (1 = 6®) [|1 + b] = [C(A = B) + (1 + b)Blo] p + o(1 + |Blo),
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is an increasing function on the interval 0 < p <1, so that
W(p) < W(1) = (1 - 0)[[1 +b| - |L(A - B) + (1 + b)B|o], (2.15)
(0<p<1,0<0<r(A B,s,b)).

Hence upon setting p = 1, in (2.14), we conclude that (2.3) of Theorem 2.1 holds true for
|zl < 1o =10(A, B, s, D),

where g is the smallest positive root of equation (2.4). This completes the proof of the Theorem 2.1. [

Setting A = 1 and B = —1 in Theorem 2.1, we get the following result.
Corollary 2.1. Let the function f(z) € A and suppose that g(z) € S”,(0), if

19, N@ <8, @9)@), (zeU), (2.16)
then
IO <D @@ (2 < ro), (2.17)
where ry given by
- W C bl
ro = \/W . ; , (2.18)

m=2+b+1|+2C-b-1|, CeC,se€C andbe C\ Z;).
Setting A =1, B = -1 and C = 1 in Theorem 2.1, we get the following result.
Corollary 2.2. Let the function f(z) € Aand suppose that g(z) € S, if

1%, 00@ < % @@, (), 2.19)
then
1% NI @@ (2l < ro), (2.20)

where 1o given by

\/m2 4|b+1||1-b b 1
ro = o UEL (2.21)

E/
m=2+|b+1/+[b-1],s€C andbe C\ Z;).
Letting s = b = 0, in Theorem 2.1, we get the following result.

Corollary 2.3. Let the function f(z) € A and suppose that g(z) € A*(A, B, 0), if

A (f)(z) <« A”(g)(z), (z€ ), (2.22)
then

AP (N < AP @@ (12l < 19), (2.23)
where ro = 1r0(C, A, B) is the smallest positive root of the equation

Pl(A=B)+B|—[1+2B[]** = [IC(A-B)+B|+2]r+1 =0, (2.24)

(-1<B<A<1,leC),
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If we puts =0, b = 1,in Theorem 2.1, then we have the following result.
Corollary 2.4. Let the function f(z) € A and suppose that g(z) € L"(A, B, Q), if
LY@ < LY@, (zel),
then
ILD(H@I < IL9DE) (2 < o),
where ry = 1ro(C, A, B) is the smallest positive root of the equation
r’|C(A = B) +2B| - 2[1 + [B|]r* — [|C(A — B) + 2B| + 2]r + 2 = 0,
(-1<B<A<L1,Ce).
Putting s = 0 and b = y > —1 in Theorem 2.1, we get the following corollary.
Corollary 2.5. Let the function f(z) € A and suppose that g(z) € L)(A, B, 0), if
LN < L9k, el y>-1),
then
1LY (H@) < 1L (9@ (2 < ro),
where ro = 19(C, b, A, B) is the smallest positive root of the equation
PIC(A—B)+ (1 +y)Bl - [1+y +2B|lr* = [|C(A - B) + (1 +y)B| +2]r + (1 + ) =0,
(-1<B<A<1l,y>-1,CeC,s€Q),
Putting s = ¢ (o;real, 0 > 0) and b = 1 in Theorem 2.1, we get the following corollary.
Corollary 2.6. Let the function f(z) € A and suppose that g(z) € I(A, B,C), if
IV < IV, (zeUo>0),
then
IS (N@I <P @@ (2 < ),
where ry = ro(C, A, B) is the smallest positive root of the equation
P|C(A - B) +2B| - 2[1 + [B[]r* - [|C(A = B) + 2B| + 2]r +2 = 0,

(-1<B<A<1,(eC,seC).

2073

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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