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Some Properties of 6(2,2) Chen Ideal Submanifolds
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Abstract. In this paper we consider §(2,2) Chen ideal submanifolds M* in Euclidean spaces E®, and
investigate when such submanifolds are conformally flat, or of constant curvature, or Einstein.

1. Preliminaries

Let M* be a four-dimensional submanifold in the Euclidean space E®, p € M*, T,(M*) be the tangent
space of M* at p, and {Ej, Ey, E3, E4} be a fixed orthonormal basis in T,,(M‘l). Besides, let {&1, &>} be an
orthonormal basis in the normal space T,(M*)*. By the equation of Gauss, the (0,4) Riemann—Christoffel
curvature tensor of a submanifold M* in [E® is given by R(X, Y, Z, W) = §(h(Y, Z), (X, W)) — §(h(X, Z), h(Y, W)),
whereby 4 is the Riemannian metric of the ambient Euclidean space and / is the second fundamental form of
M*in E®, X, Y, Z, W being the tangent vector fields on M*. The (0, 2) Ricci curvature tensor of M* is defined by
S(X,Y) = Y, R(X,E;, E;, Y). The scalar curvature of a Riemannian manifold M" is defined by 7 = } ;. i K(EiAE))
whereby K(E; A Ej) = R(E;, Ej, Ej, E;) is the sectional curvature for the plane section = E; A Ej, (i # j).

In [1], B.-Y. Chen introduced the 6(2) curvature which is a Riemannian scalar invariant of the manifold
M". Later B.-Y. Chen introduced many other new scalar Riemannian invariants, which together with 6(2)
are called the delta-curvatures, 6(n1, 1y, ..., 1), of Chen; (cfr. [2],[3],[4]). And, for all submanifolds M" of
Euclidean spaces IE"*™, or of arbitrary Riemannian ambient spaces M"*™, B.-Y. Chen established optimal
pointwise inequalities between these intrinsic delta-curvatures of M" and the squared mean curvature H?,
and some number determined by the curvature of the ambient space, and obtained the corresponding
equality cases. In that respect, submanifolds M" of M"*", (n > 2,m > 1) which at each of their points do
realise equality in the corresponding optimal inequality of B.-Y. Chen, are called Chen ideal submanifolds (cfr.
[51I6L[7])

The special case of B.-Y. Chen’s Theorem ([4]), Theorem 13.3, for n; = n, = 2, k = 2 is the following.

Theorem. For any submanifold M* in E®, §(2,2) < ¢(2,2)H?, and the equality holds at a point p, if and only if, with
respect to some suitable adapted orthonormal frame {E;, &,} around p on M* in IE® the shape operators of M* in E®
are given by

by ¢ 0 O
e dy 0 0 ~

A‘Sa - 0 0 e fa (CY - 1/ 2)/ (*)
0 0 fo Ga

2010 Mathematics Subject Classification. 53B20, 53B25, 53A07, 53C42

Keywords. 5(2,2) Chen ideal submanifolds, Weyl conformal curvature tensor, Einstein tensor

Received: 23 December 2014; Accepted: 09 April 2015

Communicated by Ljubica Velimirovi¢

Research supported by the project 174012 of the Serbian Ministry of Education, Science and Technological Development
Email addresses: mirapt@kg.ac.rs (Miroslava Petrovi¢-Torgasev ), anica.pantic@kg.ac.rs (Anica Pantic)



M. Petrovié-Torgasev, A. Panti¢ / Filomat 31:7 (2017), 2163-2166 2164

whereby by +dy = €y + go = o : M* 5> R

The submanifolds M* of E® for which the above Chen’s inequality at all points of M* actually is an
equality are called §(2,2) Chen ideal submanifolds. ([8]). Thus, M* in IE® is a 6(2,2) Chen ideal submanifold if
and only if there exists some suitable adapted orthonormal frame {E;, &4} (i=1,...,4; a = 1,2) around p on
M?* in [E® such that the shape operators of M* in [E° satisfy (x).

In the present paper we consider 8(2, 2) Chen ideal submanifolds M* C IE®, and give necessary and sufficient
conditions under which such submanifolds are conformally flat, or of constant curvature, or Einstein one.

In the sequel, it is convenient to introduce the following vectors in a fixed Euclidean space E?:

B =(b1,b2), C=(c1,c2), D = (d1,d2), E = (e1,2), F = (f1, f2), G = (91, 92), M = (U1, l2).
Then B+ D = E + G = M, and a submanifold M* c E® can be characterised by vectors B,C,D, E,F,G
(M=B+D=E+G).

The Riemann-Christoffel curvature tensor of the 6(2,2) Chen ideal submanifolds M* C IE° is obtained
by inserting the shape operator (*) in the equation of Gauss. Up to the algebraic symmetries of the (0, 4)
curvature tensor R, all non—zero components R;j (i, j, k,I = 1,2,3,4) of R of the considered submanifolds
are the following:

R; = Rip1z = ICI* = (B, D), Ry = Rizi3 = —(B, E), R3 = Riziu = —(B,F),
R4 = Rizz3 = <G, E), R5 = Rizpa = —(C, F) = Ruans,

Rs = Rig14 = —(B, G), R7 = Rispa = —(C,G), Rg = Rozo3 = —(D, E),

Ry = Razp4 = —(D, F), R1g = Rogpa = —(D, G), R11 = Ragzs = |IFI* - (E, G).

All other components of the curvature tensor R;ju (i, j,k,I = 1,2,3,4) vanish, or differ of the previous
ones mostly in sign.

Next, let S;; (i, j = 1,2,3,4) be the Ricci tensor of a 6(2,2) Chen ideal submanifold M?* c E?, and 7 be its
scalar curvature. Then

S11 = IMI* = [ICI? = IDIP, S22 = [IMI[> = |IBI* = [ICI,
Saz = IMI? = IGI> = IIFI?, Sas = IMI* = |IEI* = [IFIP,
S12 =M, C), Sas = (M, F),
Sij = S;i (i,j = 1,2,3,4), while all other components of S vanish. Besides,
T = tr[S] = Si1 + Sy + S33 + Sas = 4|IMI* — [BI* - [IDII* - |[EII* ~ [|GI[*~
= 2|ICI> — 21IFII>.

The Weyl conformal curvature tensor Wiy of such submanifold M* in E® is defined by
1 T
Wijn = Riju — E(Siléjk + Sjxdin — Sikdji — Sjid) + g(éiléjk = 0ix0j1)

@ jk1=1,223,4).
By the straightforward calculations we find that the main components of the tensor W read:
Wi = Wizip = |ICI> = (B,D) + 3(S11 + S22) - £,
W, = Wizi3 = —(B,E) + 3(S11 + Sz3) — £,
W3 = Wiztg = —(B,F) + 3534, Wy = Wizps = —(C E) + 3512,
Ws = Wizps = —(C,F), We = Wigrs = —(B,G) + 3(S11 + Swa) — &,
Wy = Wigs = —(C,G) + $S12, Ws = Wazps = —(D, E) + 1(Sp2 + S33) — &,

Wo = Wasps = —(D, Fy + £S34, Wig = Wasps = (D, G) + 1(Spo + Sus) - &,
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Wi1 = Wagss = |IFI* = (E,G) + 3(S33 + Sua) — L.

All other components of the Weyl tensor Wi (i, j, k,I = 1,2,3,4) vanish, or differ from the previous ones
mostly in sign.

For the 6(2,2) Chen ideal submanifold M* in [E®, the condition to be conformally flat, Wiy = 0, becomes:

ICIP = (B,D) + 3(Su1 + 52) = %, (1)
~(B,E) + 5(Su + Sx) = ¢, @)
—(B,F) + %(M,F) =0, 3)
—(C,E) + %(M, C)=0, 4)
(G =0, 5)
1
—(B,G) + 5(511 + Su) = %, (6)
GG+ 5 (MO =0, @)
1
—(D,E) + 5(522 + S33) = g, ®)
—(D,F) + %(M,F} =0, 9)
~(D,G)+ (S0 + Su) = 7, (10)
IFI? = (E, G) + (S5 + S10) = & (1)

2. Main Results

First, assume that a 6(2,2) Chen ideal submanifold M* c [E® is conformally flat, i.e. the all equations
(1)-(11) hold true. Since

1 1
(B,D) = E(IIMII2 —IBI? = IDI?), <(E,G) = §(||M||2 — IEIP - IGIP),
by adding equations (1) and (11) we find
IMI* = IBI? + IDI + |EI” + IGI* + 2IICI* + 2[|F|I*. (12)

Substituting (12) in the expression for 7, we find that

© = 3|MIP. (13)

Next, since

IMI? = 3IMIP + 31IMI? = 31IB + DI* + 3IIE + GI* < |IBI* + IIDI? + [[EI* + |IGII?
by equation (12) we immediately have that C = F = 0. Hence, S12 = S34 =0,

Si = IMI? = IDI?, Sz = IMI* = IBI?, Sas = IMI* = IIGI?,
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Sas = IMIP = IIEIP,  IMIP = |IBIP + DI + IEI* + [|GI.

By equation (2) we immediately find that ||B — E|* = 0, thus B = E. Similarly, by equation (6) we
get ||B — GI? = 0, ie. B = G. Therefore, B = E = G = M/2, and consequently D = M/2. Hence,
B=D=E=G=M/2.

Conversely,if C=F=0and B=D =E =G = M/2, where M € E2 is arbitrary, then

S11 =50 =53 =S5u=32IMI>, t=3IMI?, Sip=Su=0,

and a straightforward calculation shows that W; =0 (i = 1,...,11). So, M?*is conformally flat submanifold.
Hence we get

Theorem 2.1. A 5(2,2) Chen ideal submanifold M* C E® is conformally flat if and only if C = F = 0 and
B =D =E = G = M/2, where M € E? is arbitrary.

If M* c E°is conformally flat, then the corresponding shape operators read As, = m;ly (i = 1,2), where
I, is the unit matrix of order 4 and m;, m, € R are arbitrary scalars.

Corollary 2.1. A 6(2,2) Chen ideal submanifold M* C T is conformally flat if and only if it is either an open portion
of a totally geodesic 4—space TE* C IE® or an open portion of an ordinary hypersphere in a hyperplane of IE°.

Next, we consider another property of the 6(2,2) Chen ideal submanifolds. By a straightforward
calculations it is easy to check that if such a submanifold M* c [E° is conformally flat, then it satisfies the

relation -
Riju = E(éil(sjk —oxdj) (i, j,k1=1,23,4),

thus, it is of constant curvature. Since the converse is obviously true, we get the following Corollary.
Corollary 2.2. A 6(2,2) Chen ideal submanifold M* C E® is conformally flat if and only if it is of constant curvature.

Finally, we discuss when such a submanifold M* c E° is an Einstein submanifold, i.e. it satisfies
Gij =Sij— 76i; =0(,j=1,2,3,4). The above condition means that (M, C) = (M, F) = 0,i.e. M L F,C, and

Su = IMIP = lICI? = DI = Sz = IMIP = IICIP = IBIP = £,
Sz3 = IMIP = IFIP = IGII* = Sas = IMIP = IIEIP = IFIP = .

Hence we have the following.

x
g
T
4

Proposition 2.1. A §(2,2) Chen ideal submanifold M* C E® is Einstein if and only if F,C L M and ||B|| = ||D||,
IEIl = IIGII, IBI* + IICII> = ||EI* + |IFI[* holds true.

Example2.1. f B=D =E = G = M/2 (M € E?), and CF L M, ||C|| = |||, then M* is an Einstein
submanifold.
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