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Abstract. We present new sharp estimates concerning distance function which leads to generalizations of
some of our results on extremal problems in Bergman type classes.

1. Introduction

The intention of this note is to extend our previous results on extremal problems from [21] and [22]. We
however choose another setting for this.

Namely, we study tube domains over symmetric cones and provide generalizations of our previous
results. Then we provide similar extensions also in the unit ball and polydisk, but we provide these
results without proofs, since proofs are completely parallel to the case of tubular domains over symmetric
cones. The base of all proofs is well-known Forelli-Rudin type estimate for Bergman kernel and Bergman
representation formula together with chain of transparent arguments combined with classical inequalities
of functions theory. All these are valid in analytic spaces in the tubular domains over symmetric cones, unit
ball and unit polydisk.

We shortly remind the history of this problem to readers.

After the appearance of [27] various papers appeared where arguments which can be seen in [27] were
changed, extended and modified in various directions (see [3], [21], [22]).

In particular in mentioned papers various new results on distances for analytic function spaces in higher
dimension (unit ball and polydisk ) were obtained. Then by authors many new sharp results for large scales
of analytic mixed norm spaces in higher dimension were proved.

Later, several new sharp results for harmonic functions of several variables in the unit ball and upper-
halfplane of Euclidean space were also obtained (see, for example, [3] and references there).

We mention separately [18] and [25] where the case of higher dimension was considered in special
cases of analytic spaces on subframe and new similar sharp results in the context of bounded strictly
pseudoconvex domains with smooth boundary were also provided.

The classical Bergman representation formula in various forms and in various domains serves as a base
in all these papers in proofs of main results.
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We would like to note also, recently, Wen Xu (see [26]) repeating arguments of Ruhan Zhao in the unit
ball obtained results on distances from Bloch functions to some Mébius invariant function spaces in one
and higher dimension in a relatively direct way.

The motivation of this problem related with distance function is to find a concrete formula which will
help to calculate this function more concretely via the well-known Bergman kernel.

The goal of this note is to develop further some ideas from our recent mentioned papers and present a
new sharp theorem in tube domain over symmetric cones and other domains.

We note in case of upper halfplane of complex plane C which is a tube domain in one dimension such
results already were obtained previously by first author (see [18]).

We formulate our problem in detail first in basic case of the unit disk and provide some known results.
These type results will be provided in higher dimension in next section.

Let U be, as usual, the unit disk on the complex plane, dm;(z) be the normalized Lebesgue measure on
U so that m,(U) = 1 and dm(&) be the Lebesgue measure on the circle T = {¢ : |£| = 1}. Let further H(U) be
the space of all analytic functions on the unit disk U.

For f € H(U) and f(z) = Y axz", define the fractional derivative of the function f as usual in the following
manner

D*f(z) = ) (k+ 1)\ 'az, a € R
k=0
We will write Df(z) if a = 1. Obviously, for all @ € R, D*f € H(U) if f € H(U).
Fora e U, let g(z,a) = log(m) be the Green’s function for U with pole at a, where ¢,(z) = {=. For
O<p<oo, -2<g<oo,0<s<oo, —1<qg+s<oco,wesay that f € F(p,q,s),if f € HU) and

g = 5P [ IDAEPL = P g(e,a da(z) < oo
acD JU

Aswe know [27],if 0 <p < oo, =2 <g< o0, 0<s< o0, =1 <g+s<oo, feF(p,gq,s)if and only if

Squ IDf@)P(1 = 2P)7(1 = lpa(2)]) dima(2) < co.
aeD JU
It is known (see [27]) that F(2,0,1) = BMOA.

We recall that the weighted Bloch class 8%(U), a > 0, is the collection of the analytic functions on the
unit disk satisfying

lIfllg: = supIDf(2)I(1 = |z1*)* < co.
zeU

Space 8%(U) is a Banach space with the norm ||f||g:. Note 8!(U) = B(U) is a classical Bloch class (see [11],
[14] and the references there).

Fork > s, 0 < p,q < o, the weighted analytic Besov space B!”(U) is the class of analytic functions
satisfying (see [11])

i :
Ifly = fo ( fT IDkf(ré)I”Idm(é)l) (1 =N dr < co.

Quasinorm ||f||g» does not depend on k. If min(p, q) > 1, the class BI7(U) is a Banach space under the
norm ||fllgw. If min(sp, q) <1, then we have a quasinormed class.

The well-known so called “duality” approach to extremal problems in theory of analytic functions leads
to the following general formula

disty(g,X) = sup |l(g)l = inf [lg — ¢lly,
leX+ [ll<1 peX

where g € Y, X is subspace of a normed space Y, Y € H(U) and X* is the ortogonal complement of X in Y*,
the dual space of Y and [ is a linear functional on Y.
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Various extremal problems in H” Hardy classes in U based on duality approach we mentioned were
discussed in [8, Chapter 8]. In particular for a function K € L(T) the following equality holds (see [8]),
1<p<o, %+%=1,

distpo(K,HT) = inf  |[K=gllm =  sup
geH1,KeL1 FeH? | fllp <1 2

i f(é)K(é)dm(é)‘ .

It is well known that if p > 1 then the inf-dual extremal problem in the analytic H” Hardy classes has a
solution, it is unique if an extremal function exists (see [8]).

Note also that extremal problems for H” spaces in multiply connected domains were studied before in
(1], [12].

Various new results on extremal problems in AP Bergman class and in its subspaces were obtained
recently by many authors (see [10] and the references there).

In this paper we will provide direct proofs for estimation of disty(f, X) = infex |If —glly, X C Y, X, Y C
H(U), f € Y, not only in the unit disk, but also in higher dimension.

Let further QOf, = {z € U: ID*f(2)I(1 - |zP)* > &}, a 2 0, € >0, QY , = Q.

Applying famous Fefferman duality theorem, P. Jones proved the following

Theorem A. (see [27]) Let f € B. Then the following are equivalent:
(a) di =distg(f, BMOA);
(b) d2 =infle > 0: xcn (5(2) 1'"72‘2 is a Carleson measure),
where x denotes the chatacteristic function of the mentioned set.

In the following theorem, see [21], we showed that in Zhao's theorems (see[27]) Mebius invariant Bloch
classes can be replaced by Bloch classes with general weights.

Theorem B. (see[21])L6t1§p<oo,oc>0,0<s§1,ocz%,q>a(p—1)—s—1,q>s—2+oz(p—1)and

f € B%. Then the following are equivalent:
(a) di =distg(f,F(p,q,9));
(b) da = infle > 0: xo (2) i

s is ans — Carleson measure}.

In the following theorem, in [21], we calculated distances from a weighted Bloch class to Bergman spaces
for q <1l.LetB*'=D1'8"= {f €H(U): D f e B‘t},t < 0. It is well-known that 8/7(U) c 87/(U), t =
s—— t <0, s <0 (see[11]).

Theorem C. (see[21])Let0<q<1,5<0,t< s— , B > 1 —2and B> —-1—t. Let f € B Then the following

are equivalent:
(a) I = distz (f, BY);

) b=infle > 0: (1, o S dma(e)) (1 = 2 1dmz) < ool

The following theorem is a version of Theorem C for the case g > 1.

—t. Let f € B, Then the following are

equivalent:
(@) h = diStfg—t(fr BZ/Q);

7T —[w|)P*t q _sg—
) B = infle > 0 : fU( b %dmz(w)) (1 = 29 dma(z) < oo).

Throughout the paper, we write C (sometimes with indexes) to denote a positive constant which might
be different at each occurrence (even in a chain of inequalities) but is independent of the functions or
variables being discussed.

The notation A < B means that there is a positive constant C, such that £ < A < CB. We will write for
two expressions A < B if there is a positive constant C such that A < CB.
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2. Formulations and Proofs of Main Results

In this section we formulate and prove main results of this paper. We refer the reader for various basic
notations concerning ball, polydisk and tube domain our previous mentioned papers on extremal problems
(see [20], [21], [22]). Note a combination of Minkowski and Young inequalities leads to direct generalizations
of some of our previously known results (see [21]) in two directions, simultaneously: to larger scales of
values of parameters and to higher dimension (we consider in this paper the case of polydisk, the unit
ball and the tubular domains). Note also, the case of higher dimensions were provided before in [22] only
for particular values of parameters and without proofs. Moreover, complete analogues of results of this
paper with similar proofs are valid also for spaces of harmonic and n-harmonic functions, based also on
our previously used methods in this direction, (see [17], [20] and for particular values of parameters see
[3]). We do not discuss this topic related with harmonic functions here, leaving it to our future work.

The following result can be seen in our previous paper without proof (see [21]) and it serves as model
for formulations and proofs of our main results.

Actually, we are dealing now with simplest case 6 = 1 in Bergman A}, class in the unit ball (see [21]). For
a >0, let

A7 (B") = {f € HB"): sup( If(ré)llda(é)l) 1-nN*< oo} , §" is a unit sphere, (1)
sn

r<l1

or we denote it by H.(B"). Let also AP(B") = {f € H(B") : an If@)PQ = |z)P*tdV(z) < oo}, 0 <p < o be
Bergman space where H(B") is a space of all analytic functions in the unit ball B". Similarly we define such

spaces in tube Tq and polydisk U” (see [19], [21], [22] for definitions). These are spaces H (Tq) (analogue
of A?), HY(U"), A¥(Tq) and Af(U"). For example, in polydisk, for 0 < p < oo, s > 0, we have

1
HY (U = {f € H(U") : sup, ((fun |f(1’j£)|pdm2(§))” H'}zl(l - r]-)s) < oo} , where H(U") is a space of all ana-
lytic functions in polydisk.

We define a new subset of the unit interval and then using its characteristic function we will give a sharp

assertion concerning distance function.
Fore >0, f € H(B"), let

Loa(f) = fre (0,1): (1 - ° fs OO0 = ). @

Theorem 2.1. Let f € AY(B"), a > 0. Then the following are equivalent:
(ﬂ) S1 = dl‘StAZO(Bn)(f,A}X(Bn));
(b) s2 = infle > 0: [/ (1 =N x0,. () (P)dr < oo,

Proof. First we prove s; > s;. Let as assume that 5; < s,. Then we can find two numbers ¢, ¢; such that
. 1
¢ > ¢ >0,and a function f,, € AL(B"), [If — fi,llas@r < €1, and [ (1 =7 x1, (5 (r)dr = co. Hence we have

1-n . |fe: (rElldo(E)] €)

> (1- ) fs IFGE)o(©)] - sup(1 - " fs 1f08) ~ £ (D)o (®)

r<l1

> (=0 [ IfCOMaE - e

Hence for any s € [-1, o),

1 1
- [a=mapnirsc [ [ in.oomser)a - @
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Thus we have a contradiction.
It remains to show s; < Csy. Let I = [0,1). We argue as above and obtain from the classical Bergman
representation formula (see [28]).

fréA@-r) SO -1 r)*
C — .~ _do(&)dr + C(t) d
flot) = 1) = (t)f“xf) fs (1 - rEpCytn+l (S)dr+ <) I\Lea(f) fs (1 - rEpQ)tentl doer

= f1(z) + f2(z), where t is large enough. Then we have

O —r)
@ d Cc(1 - —d dr|d
(1-p) f 1A(p0)Ida(©)] < C(1 - p) fs f\LE o —rgpc|f+n+1| o(&)ldrldo(Q)| (5)

1
<C(1-p)* 1- —d d d
sca-pr [ | veo r)Lqu_%quH|a@ﬂ|o@nr

a-n 'a-n

= )m r<Ce(l-p)* L A=) r < Ce.

SCﬂ—le;(ﬁ Fr)do(E)——2

For @ > 0 we have

| a=priseomveo ©

Y
sc[a-p [ N eyaravipo)
B" {a(f S |1 — répc|t+n+l

_ o\
Spr@—m{vaww@ﬂj‘ =07,

r<l Loa(p (L =r)iHl=a

= CSSF ((1 —r)? fsn |f(7’5)||d0(<§)|) fL o ir)dr

Note that the implication||f1| Al Bry < 00 follows directly from the known estimate for a > 0, f; € H(B")

1
f 1-p)" (f |f1(P5)|d0(5)) dp < Cf 1= p)* APV (pS). @)
0 St B

Hence inf 1) If = gllaz®n < Cllf = fillap@y = I follager) < Ce.
The theorem is proved. [

Let for tube Tq over cone Q)

Al (Tq) = {f € H(To) : f (f [f(x + iy)lqu)q A(y) " rdy < oo}, 1<pg<oo, v> ; -1,
Q R”

where A is a determinant function in Tq (see [4]), H(Tq) is a space of all analytic functions in Tq. Also, we
put AP =Al, 1<p<oo,v>2-1

Letnow 1 < p < 00,1 < ¢ < o0. Letalso g < s. Then (see [4]) AY'(Tq) C HS(TQ) where v > ; —1and

where f§ = - Yy % e For p = q = s this embedding with appropriate estimate is taking obviously a very

simple form (see [4], Proposition 3.5) and the distance problem here can be easily posed again obviously in
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general case and in mentioned simple case. Note for analytic and harmonic function spaces it was posed
and solved in L3], [21] and [22] in various domains but not in tube domains.

We define A (Tq), 1 < p < 0, s € R as a subset of H(Tq) so that for each f function from that subset the
Bergman representation formula with large enough ay index is valid. As we will see from our discussion
below this assumption can be removed since this subset coincide with all space.

' 1 1

Since (see [4]) A7(Tq) C H3(Ta), where 1 < p < 00,1 <8 < 00,6 <5, > ’—; -1, f= g + g(’; - g),
we have:

Theorem 2.2. Lets = ,1§6<oo,se]Rlv>5(g_1),

<

1/6
Lses(f) = {y €eQ: ( If(x + z‘y)de) AS(y) > e}
]RM

fore>0,s> 0. Let f € H(Tq). Then
L(f) = B(f),

where L(f) = distgy, (f, AY(Ta)) and L(f) = inf{e > 0: [ x1, (A~ (dy <oof, 1 +F =1, 2 <&

Proof. The proof follows standard scheme we provided in [3], [2], [15], [21]. And the new ingredient is
application of Minkowski and Youngs inequality which leads to generalizations of our previous results
(case 6 =1). ,

First we prove l1(f) > I,(f) in a general form for Aﬁ’é(TQ) spaces. Letus assume/; < ;. Then there are two
numbers ¢, €1, € >0, 1 > 0, suchthat f;, € Aﬁ’é(TQ), e> e llf—fo ||H§(TQ) < ¢e1and fQ )(Ls/é‘,b(f)yA‘%(y)dy = o0,

we first consider general case of Aﬁ’é(TQ) spaces.
We have

(oo forl + im)ir)’ 25() > 1
> 860) (f L+ )Far)” = supyeq ) [ftr + i) = fu(c+in)f ) >
> N() (fo 1 + iy)Pdr)’ - e

Hence we have now

S

|4
- [ xegoi<c [[( [ i) srmato,
@& = =% + a for any a > 0. We have a contradiction.
Hence for sp > ; —-1,6€[l,00),pe[l,0),p<65€eR
distyy o) (f, Ay (Ta)) = inf {8 >0: f XL (DA@) 7 dy < 00}-
0

Let us show the reverse implication.
We assume first that if f € H%(Tq), then for large enough @, @ > ag

flz) = fQ f Ba(zw) F(@)AY 7 (Lyw)dV (w).
Using this we define

£ = f f Ba(z, w) f(@)A™ (Lyw)dV (w),
LS,U/ R»
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fo(z) = f f Ba(z, 0) f(w)A™ " (Lyw)dV (w).
Q\Lsey JR"

n n v
Kl follgo o) < Cre fillasery) < Cllf ey, 7 < o,v> P 1,s= 5 1 <0 < o0, then we get what we need

since we have obviously the following
diSng(TQ)(f,A(E(TQ)) = i?1£||f—g||Hg(TQ) < C“f—fl”Hg(TQ) = ||f2||H§(TQ) < 0.
gea,

Now using Minkowsky and Young's inequality and lemmas above we have now the following estimates
1 1
(weusethatAZ’q(TQ) CAMN(Ta),1<p<s<oo,1<q<t<oof> g—l,v> g -1 g - 1?/ = g(g—ﬁ),see
[15]):

5\
TP CsupAS(y)( f ( fg ) f |Ba(z,w>||f<w>|M’»famw)dww)) dx] <
y " 5,6,V n

Csup A%(y) ALz + Lyw)l| f@)lls A% (Lyw)d V (w) <
y O\Lse

IA

IA

eCsup As(y)f A (x + y)A* TS (y)dy < Ce.
y Q

Using embedding we mentioned above and lemmas above

IA

%
Ifille < C f Am(y)( |f1<x+i}7>|6dx) dy <
Q R’Z

IN

fQ AL @) fL A+ Pl AF (y)dydy <

A

< Cillflheey fL fg A @Ay + PAFAT I ()dy <

IA

n ~
Call My v > (> = 1)0, &> a.
The proof of Theorem 2.2 is complete. [

Remark 2.3. For 6 = 1 case theorem was proved before by first author in [15] in more general Siegel domains of
second type. This theorem for 6 = 1 was proved in [19] in tube domains.

It is easy to show that A? is embedded in HY for all positive p and s, so we pose dist problem. Using
classical embedding between Hardy and Bergman spaces in unit ball (see [14]) we have

Theorem 2.4. Let ¢ >0, s > 0and

fs,g,b(f) = {r €(0,1): (Lﬂ |f(;fg)|5d£)‘S 1-7rF> e}.

Then )
dlStHg(Bn)(f,Ag(Bn)) = lnf{€ >0: f X’i“y(y)(l — y)_ldy < 00},
o [ Lse
1<6<00,s€R, s=5,v>0.

It is easy to show that A? is embedded in HY for all positive p and s, so we pose dist problem. Using
classical embedding between Hardy and Bergman spaces in the polydisk (see [14]) we have
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Theorem 2.5. Let € > 0, s > 0, T" is unit torus of polydisk, I'" = [0,1)" and

Lyes(f) = {7 er: (fT |f(V<§)|bd5)a H(l 1)’ = s}.

k=1

Then
1 1 n
distHés(Un)(f,Ag(U”)) <infl{e>0: f f xt,,,(v) 1_[(1 - y]-)‘ldy1 cedy, < oo,
0 0 ]':1

1<6<00,s€R, s=5,v>0.
Remark 2.6. Theorem 2.4 and 2.5 were known for 6 = 1 case (see [20], [21], [22] for various types of domains).

Theorems 2.4, 2.5 repeats in proofs all arguments of proof of Theorem 2.2, and we omit proofs.

Now we have to return to assumption we made before formulation of Theorem 2.2 to show that Hardy
spaces H'(Tq) and H}(Tq) coincide first for function with compact support.

Now, if f € HL(Tq) then we can use Bergman representation formula to show it for all values of v.
Indeed, if f € H.(Tq) then we use estimate

(F, (o 17+ i)' A= (g <

< C(supyeq (o 1fx + i)ldx)’ AP ))” x (f, A (y)dy)
< C1||f||H3,(TQ),

==

<

2
if o > ; ~1,a- g —qv< —7” +1, (similarly HY(Tq) € A%(Tq), q > o, a > ; ~1).

Now we have to use H'(Tq) C A[l,,’q(TQ), q>qo, a> g — 1. But for all & > g -1,fe€ A};q(TQ), 1<g<oo
(see [15])

f@) = f Ba(z, w) f()A"* (Iyw)dV(w), z € Tq.
Ta
Same is true for HX(Tq).

In general case (not only for f functions with compact support as we had above) the mentioned above
embeddings between weighted Hardy and Bergman spaces are also true (see [5], [6]). The proof is the same
as in one-dimensional case of analytic functions in the unit disk and it is based on a fact that L”(IR") norm
of f function is monotone in cone and on existence of r-lattice of cone with nice properties (see [5], [6]).

Note also in addition in [11] and [14] it was actually proved that for weighted analytic Hardy spaces H;
the Bergman representation formula in the ball and in the polydisk is valid with large enough kernel index.

Remark 2.7. The tubular domains over symmetric cones are the most typical examples of unbounded Siegel domains
of second type. Our theorem (it is complete analogue) is valid also for the most typical example of bounded Siegel
domain of second type namely unit ball in C". We formulated it above. Note this type observation was made also for
sharp trace theorems and embedding theorems for multifunctional analytic spaces which were proved before by first
author in [24] and [23]. Namely results of first section of [23] are valid also for the tubular domains over symmetric
cones and results of [24] are valid also for bounded pseudoconvex domains with smooth boundary in C" with very
similar proofs.
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