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Existence and Multiplicity of Solutions for
Nonlinear Elliptic Equations of p-Laplace Type in RY

Ji Soo Lee?, Yun-Ho Kim**

?Department of Mathematics Education, Sangmyung University, Seoul 110-743, Republic of Korea

Abstract. In this paper, we discuss the following elliptic equation:
~div(p(x, Vu)) = Af(x,u) in RN,

where the function ¢ : RY x RN — RY is of type [0/’ "> v with a real constant p > 1and f : R¥N x R —» R
satisfies a Carathéodory condition.

1. Introduction

The differential equations involving p-Laplacian have been interested since they arise in various contexts
of physical phenomena, for instance, in the study of non-Newtonian fluids. The quantity p is a charac-
teristic of the medium. Media with p = 2 (respectively, p < 2, p > 2) are called Newtonian (respectively,
pseudoplastic, dilatant). The p-Laplacian also appears in the search of flow through porous media (p = 3/2),
nonlinear elasticity (p > 2) and glaciology (p € (1,4/3]). Other applications of such problems are to obtain-
ing soliton-like solutions of Lorentz invariant nonlinear field equations. We refer to [2, 5, 8, 9, 14, 15] for
details and further references therein.

In this paper, we establish the existence and multiplicity results of nontrivial weak solutions to nonlinear
elliptic equations of the p-Laplace type

—div(p(x, Vu)) = Af(x,u) in RV, (B)

where the function @ : RY x RN — RY is of type [0f’> v with a real constant p > 1and f : RV x R — R
satisfies a Carathéodory condition. The p-Laplace type operator div(¢(x, Vu)) is the more generalized form
of the p-Laplacian div(|VulP~* Vu).

As considering an abstract critical point theory which is one of the crucial tools for finding solutions to
elliptic equations of variational type, Ambrosetti and Rabinowitz [1] investigated the existence of solutions
of the second order uniformly elliptic equations

—div(a(x)Vu) + b(x)u = f(x,u) in Q, (1)
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subject to Dirichlet boundary condition where f is odd with respect to u and () is a smooth bounded domain
in RN. Moreover, they proved that the equations above had infinitely many distinct pairs of solutions under
suitable conditions. When Q is the whole space RN, the existence of a positive solution, and under some
conditions, infinitely many solutions of the semilinear elliptic equations (1) are observed by Bartsch and
Wang [3]. Yu [18] showed the existence of solutions for the p-Laplacian problem

—div(a(x) [Vul 2 Vu) + b(x) [uf 2 u = f(x,u) in Q
u=0 on JQ
lim\x|_>oo u= 0,

where 1 < p < N and Q is an exterior domain. De Népoli and Mariani [14] established the existence and
multiplicity results of nontrivial weak solutions for problem of the p-Laplace type with Dirichlet boundary
condition. In order to apply the Mountain pass theorem they assumed that the functional ® which was
induced by ¢ was uniform convex, i.e., there exists a positive constant k such that

&+ 1 1
CD(x, Tn) < E(D(x, &)+ zq)(x, n) — k|§ - 17|p

forallx € Qand &, ne€ RN, where Q is a bounded domain in RN. But, for 1 < p < 2,itis well known that this
condition cannot be applicable for the p-Laplacian problems. For instance, the functional ®(x, t) = (1/p)" is
not uniformly convex for t >0and 1 <p < 2.

The first goal of this paper is to prove the existence of at least one nontrivial weak solution for problem
(B) in the weighted Sobolev spaces, without the assumption about uniform convexity of the functional ®.
Moreover, we shall verify that there exist two different sequences of critical points using the variational
method, namely, Fountain theorem (Theorem 3.6 in [17]). However, it is not easy to apply Fountain theorem
to gain infinitely many solutions for nonlinear elliptic equations involving p-Laplace type on unbounded
domain. In this view, we give a specific proof of the existence of the infinitely many solutions for problem
(B) by using Fountain theorem.

The second purpose of this paper is to deduce the existence of two distinct nontrivial weak solutions
for problem (B) without assuming Ambrosetti-Rabinowitz condition (see [1]) which was inspired by [7].
But, without this condition, we can not ensure the boundedness of the Palais-Smale sequence of the Euler-
Lagrange functional which is crucial to apply critical point theory. To overcome this difficulty, we show
the coercivity of the functional corresponding to our problem under appropriate hypotheses, and then we
employ a result from Theorem 1.2 in Struwe [16] in order to obtain a critical point of the functional.

This paper is organized as follows. In Section 2, we introduce some definitions of the basic function
space which is treated in this paper (see [6, 11, 18]). Under certain conditions on ¢ and f, we establish
the existence of at least one nontrivial solution for problem (B) and infinitely many solutions by applying
variational methods. In Section 3, we show there exist at least two distinct nontrivial weak solutions for
problem (B) without Ambrosetti-Rabinowitz condition.

2. Existence of Solutions

In this section, we investigate the existence of at least one nontrivial weak solution and infinitely many
solutions by employing the Mountain pass theorem and Fountain theorem. Before dealing with our main
results, we recall some definitions and properties of the weighted Lebesgue and Sobolev spaces. For a
profound treatments on these spaces, we refer to [6, 11, 18]. Let 1 < p < N and p* := Np/(N — p). Assume
that

(A) a € L*(RN) and there exists a positive constant ay such that

a(x) > ag for almost all xeRN.
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Recall that

w(x) = or xe RN

1
Trmy

is the weight function which appears in Hardy’s inequality. Let LP(RY, w) be the weighted Lebesgue space
that consists of all measurable real-valued functions u satisfying

f w(x) ulf dx < oo,
RN

endowed with the norm

14
el vV ) = (f w(x) |ul’ dx) .
RN

Consider the weighted Sobolev space X := W'?(RN, 4, w) denoted as the completion of C3°(RN) with respect

to the norm 1
P
[lullx = (f a(x) |Vulf dx +f w(x) [uf’ dx) .
RN RN

It follows from Hardy’s inequality and the assumption (A) that

1 p P
14 Bl (N VulP
fN w(x) ulff dx < p” (N p) fNa(x)l ul” dx,

which implies that on X, the norm || - ||x is equivalent to the other norm || - ||, given by

r
el = ( | acorur dx) .
IRN
Note that there exist positive constants ¢y and ¢; such that
collullx < llulla < crllullx 2)

for all u € X. The following Sobolev inequality will be used in the sequel:

1 1
* v 4
(f [l dx) <dp (f a(x) |Vul’ dx)
RN RN
for some positive constant dy (see [6]).

Definition 2.1. We say that u € X is a weak solution of problem (B) if

f (p(x,Vu)-Vvdx:/\f f(x, uyvdx
RN RN

forallv e X.

Let ¢ : R¥ x RV — RN be the continuous derivative with respect to v of the mapping @ : RN x RN —
R, @y = Py(x, v), thatis, p(x,v) = %@0(3@ v). Assume that ¢ and @ satisfy the following conditions:

(J1) The following equalities
Dy(x,0) =0 and Dy(x,v) = Dy(x, —v)

hold for almost all x € RN and for all v € RY.
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(J2) There are a function ¢ € L' (RN) and a nonnegative constant b such that
((p(x, v)| <o(x)+blof™

for almost all x € RN and for all v € RV,
(J3) Dy(x, ") is strictly convex in RN for all x € RN.
(J4) The following relation
c.a(x) ol < @(x,v) - v < pdy(x, v)

holds for all x € RN and v € RY, where c, is a positive constant.

Let us define the functional ® : X — R by

D(u) = LN Do(x, Vu) dx

for any u € X. Under the assumptions (A), (J1)—(J2) and (J4), it is easy to check that the functional ® is well
defined on X, by the similar calculations as in [12]. And then we can modify the proof of Lemma 3.2 in [10]
to get that @ € C'(X, R) and its Fréchet derivative is given by

(D' (u),v) = f}RN @(x, Vu) - Vodx 3)

for any u,v € X.

As a key tool in obtaining our main results, we give the operator @’ is a mapping of type (S.).

Lemma 2.2. Assume that (A) and (J1)—(J4) hold. Then the functional ® : X — R is convex and weakly lower
semicontinuous on X. Moreover, the operator @’ is a mapping of type (S4), ie., if u, = uin X asn — oo and
limsup, , (D' (u,) — @' (1), u, —u) <0, then u, — uin X asn — oo.

Proof. The analogous arguments as in Lemma 2.2 in [4] yield the assertion clearly. [

Until now, we have considered some properties for the integral operator corresponding to the divergence
part in problem (B). Now we need the assumptions for f to establish our main results in this section. Let

us put F(x, t) = fot f(x,s)ds. For 1 < p < g < p*, we assume that

(F1) f: RN XR — R satisfies a Carathéodory condition in the sense that f(-,t) is measurable for all t € R
and f(x, ) is continuous for almost all x € RY.

(F2) f satisfies the following growth condition: for all (x,t) € RN X R,
[f(x, t)] < Im()l 117",
where m € L (RN) 0 L*(RV) and meas{x € RN : m(x) > 0} > 0.
(F3) There exists a positive constant 8 such that 6 > p and

0 < OF(x,t) < f(x,t)t forallt € R\ {0} and x € RY.

(F4) limyo % = 0 uniformly for all x € RV,
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Define the functionals W, I, : X — R by
W(u) = f F(x,u)dx and I(u) = ®(u) — AV (u)
IRN
for any u € X. Then we obtain that ¥, I, € C'(X,R) and these Fréchet derivatives are

(W' (u),v) = f f(x, uyodx
IRN

and
I(u),v)y = f @(x, Vu) - Vodx — )\f fx, wyvdx
RN RN

for any u, v € X, respectively.

Lemma 2.3. Assume that (A) and (F1)—(F2) hold. Then V and V' are compact operators.
Proof. The proof is absolutely the same as those of Lemma 4.4 in [6] and is omitted here. [

With the aid of Lemma 2.3, we investigate that the functional I, satisfies the Palais-Smale condition,
which is denoted by (PS)-condition for short in the sequel. The functional I, satisfies the (PS)-condition
if and only if each sequence {u,} in X satisfying Iy(u,) — c and I)(4;,) — 0 as n — oo has a convergent
subsequence for ¢ € R. This fact plays an important role in finding at least one nontrivial weak solution
for problem (B). The basic idea of the following assertions is derived by Lemmas 3.1 and 3.2 in [14]. But
we give a specific proof because we deal with the case of unbounded domain and the basic function spaces
which are treated in this paper are different from those in [14].

Lemma 2.4. Assume that (A), (J1)-(J4) and (F1)—(E3) hold. Then I, satisfies the (PS)-condition for all A > 0.

Proof. Since the operator W’ is compact, ¥’ is a mapping of type (S;). Let {u,} be a (PS)-sequence in X, i.e.,
I)(un) = cand I (u,) — 0 as n — oo. Because I, is of type (S+) and X is reflexive, it is enough to verify that
the sequence {u,} is bounded in X. Suppose to the contrary that ||u,|][x — oo, in the subsequence sense. By
the assumption (J4), we deduce that

Tatun) = 013 ), ) = f (065, Vi) = 505, V) - V)

RN
+A IH;N (éf(x, uy)uy, — F(x, un))dx
> (1 - g)‘fH;N DOg(x, Vi) dx + AJH;N (%f(x, uy)u, — F(x, u,,))dx,

where 0 is the positive constant from (F3). It follows that

1
(1-5) [, outs Vi e < 1) = 53,0

for n large enough. Therefore, we get

Cs 1
Cg (1 - %) ?”un”p < In(un) + élllA(un)HX*HunllX

for the positive constant ¢y which appears in the relation (2). Since 1 < p < 0, this is a contradiction. [

As our first main result, we establish the following consequence for the existence of a nontrivial weak
solution for problem (B) by employing the Mountain pass theorem and Lemma 2.4.
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Theorem 2.5. Assume that (A), (J1)—(J4) and (F1)—(F4) hold. Then problem (B) has a nontrivial weak solution for
all A > 0.

Proof. Note thatI,(0) = 0. Since I, satisfies the (PS)-condition by Lemma 2.4, it suffices to show the geometric
conditions in the Mountain pass theorem, i.e.,

(1) there is a positive constant R such that

inf I)(u) > 0;
and  1a)

(2) there exists an element v in X satisfying
I\(tv) > —c0 as t— co.

First, we prove the condition (1). By Hardy’s inequality, there exists a positive constant C* such that
el pry ) < Cllullx. Let € > 0 be small enough such that AeC* < cgc* /(2p) for the positive constant c. from

(J4). By the assumptions (F2) and (F4), for any ¢ > 0, there exists a positive constant denoted by C(¢) such
that

IF(x, )] < ew(x)|tP + C(e)lm(x)lI?
for all (x,t) € RYN x R. Then it follows from the assumptions (A), (J4) and the Sobolev and Holder’s
inequalities that

L(u) = jH;N @o(x,Vu)dx—ALN F(x,u)dx

z\f Eauﬂvmhu—A;[ (ew(x) ul + C(e) [m(x)| [ul?) dx
RV P RN

ot P A e P , ) q
> ; [loally — AeClully AC(é)HmllLﬁ(]RN)HMHU*(RN)

e,
> OTIIMII};( — AeCllullf, = AC(e)Callul %

for a positive constant C;. Then we deduce that

p

L) = Sl - e, e)Culul!
A(u) = EHMHX_ (A, &)Callull-

Since q > p, there exist R > 0 small enough and 6 > 0 such that I} (1) > 6 > 0 when ||u|lx = R.
Let us show the condition (2). Observe that the assumption (J4) implies that

Dy (x,5E) < sPDo(x, &) 4)
foralls > 1,x € RN and & € RN. Indeed, if we define g(t) = ®y(x, t&), then we have
Fee 1 p _ P
g'(t) = p(x, t&)E = ?(P(X, tE) -t < ;‘Do(x/ te) = ?g(t).

It means that

By integrating the inequality above over (1, s), we deduce

Ing(s) —Ing(1) < plns
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and thus we achieve

9(s)

P, S Sp,
90
so that the inequality (4) holds. Similarly, we get from the assumption (F3) that
F(x,s1) 2 s"F(x, ) (5)

foralln € R\ {0}, x € RN and s > 1. Take v € X \ {0}. Then by the inequalities (4) and (5), we obtain
I\(tv) = f DOq(x, tVo)dx — Af F(x, tv) dx
RN RV

<t f Do(x, Vo) dx — AtY f F(x,v)dx,
RN RN

where t > 1. Since 1 < p < 0, we conclude that I} (tv) — —oco0 as t — oco. This completes the proof. [

From now on, adding the oddity on f with respect to ¢ and using Fountain theorem (Theorem 3.6 of
[17]), we shall verify the existence of infinitely many pairs of weak solutions for problem (B). To do this,
we consider the following Lemma which holds for a reflexive and separable Banach space.

Lemma 2.6. Let W be a reflexive and separable Banach space. Then there are {e,} € W and {f;} € W* such that

W =spanle, :n=1,2,---}, W =span{f; :n=12,---},

and
1 ifi=j

<ﬁ’e">={ 0 ifi#]

Let us denote W,, = spanfe,}, Yi = @};:1 W, and Z; = @Zozk W,..

Theorem 2.7. Assume that (A), (J1)-(J4) and (F1)—(F4) hold. If f(x,—t) = —f(x,t) holds for all (x,t) € RN X R,
then I, has a sequence of critical points {+u,} in X such that I(xu,) — coasn — oo.

Proof. Obviously, I, is an even functional and satisfies (PS)-condition. It is enough to show that there exist
Pk > Or > 0 such that

1) br:=inf{Iy(u) : u € Zy,|lullx = Ok} > 00 as n — oo;
(2) a := max{l(u) : u € Yy, |lullx = pe} <0

for k large enough.
Denote

1 .
Q= sup (f — |uff dx).
ueZy lullx=1 RN P

Then ax — 0as k — co. In fact, suppose that it is false. Then there exist ¢y > 0 and a sequence {ux} € Zi such
that

1 .
il = 1, f L dx > g
RV P
for all k > ko. Since the sequence {u4} is bounded in X, there exists u € X such that uy — uin X ask — co and

(fj,u) = lim () = 0
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forj=1,2,--- . Hence we get u = 0. But, we have
. 1 . 1 x
& < lim — |l dx = — |l dx =0,
k—eo JRN P RN P

which implies a contradiction.
For any u € Z, it follows from the assumptions (J4),(F2) and the Sobolev and Holder’s inequalities that

L(u) = f}RN CDo(x,Vu)dx—Af]RNF(x,u)dx

> f S o) Vaef dx — 2 f ()| [ul? dx
RN P RN

> & ull s ol

p
Cr\Cx AC

0 2
> —|ullf, — —=allull}

for a positive constant C. Choose §; = (}LQZCQ/CSC*)l/(p_q). Then 6; — oo since p < gand o — 0 as k — oo.
Therefore, if u € Z; and ||u||x = Ok, we obtain that

I(u) > cgc,;(%7 - é)éz — 000 as k— oo,

which means the condition (1).
Next we show the condition (2). Set ¢ = 1, then by the assumption (F4), there exists 6 > 0 such that
fx,s) < w@)lsl! (6)

for almost all x € RN and for all |s| < 6. Also we know that there exists £ € L*(IRN) such that £(x) > 0 for
almost all x € RN and

F(x,s) > £(x) |s|’ )

for almost all x € RN and for all |s| > 6. Indeed, by the assumption (F3), we have that for all t > 6

ANt
= F(x,t) ~ F(x,t)

9
t
Integrating this inequality above over (9, s), it follows that

f’“t.f ;f:

s )9 < F(x,s)

ln(S = E, o)

and so

Hence we get that
]

s
F(x,s) > 6—9F(x, 0).
In a similar way, we obtain that

F(x,s) > | ’ F(x -0)
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for all s < —6. Therefore, F(x,s) > £(x)|s|° for almost all x € RN and for all |s| > &, where £(x) =
min {F(x, 6)/6%, F(x,-06)/8°}. Also the assumptions (F2) and (F3) imply that £ € L*(RY) and {(x) > 0

for almost all x € RN,
For any u € Y}, by the assumptions (A), (J2), (F3) and inequalities (6) and (7), we deduce

L(u) = jﬂ;N fDo(X,VM)dX—AJH;N F(x,u)dx

Sf |a(x)||Vu|dx+Ef |VulP dx
RN P Jrw

- A( f £0) [ul® dx — f 1w(x) jup’ dx)
{(xeRN:|u(x)|25) {(xeRN:|u(x)|<5) P

b A
P
< ||G||L}J (RN) ”VZ/I”U(]RN) + — ”Vu“LP(]RN) + — v j{;elRN l< w(x) u dx
F(x,6 -6)  [ul®
+/\f O min { (xe ), Fex 5 )}lul dx — )\f £(0)w(x) ul® dx
{x€RN:|u(x)|<d} o 0 RN

CPb
< Cllollyy vy llullx + (7 + 8N,

i ,0)0, f(x, —0)(—0 O-p
+/\f min f(x ) g(x )(=0)} |u| luf? dx—Af e0yw(x) [l dx
[xeRN:Ju(x)|<5) ¢ 0 RN

Chh C'A
< Cllolly g lullx + (7 + = ulfy

5h-1 59* )
+A f o ——w(x) [uf dx — A f )W) |ul® dx
{ RN

X€RN:|u(x)|<d} o 0
(C b N C*/\ CA

< Cllollyy @wllullx +

St =2 [ el ®

for a positive constant C = ¢/ (a0)'P, where ¢y is the positive constant from the relation (2). By the Holder’s
inequality, we see that

f Ce)w(x) |ul® dx < ||5||Lw(1RN)||w|”|e Ilz1 vy
IRN

14
< el gy ( f w(x) [ulf dx)
]RN

Since w € L'(RN), we conclude that

(LN w(x)dx)p;.

f €)yw() [ul® dx < Callull’
]RN

for a positive constant C3. Notice that in the finite dimensional subspace Xi, the norm || - [|py®rv ¢w) 1S
equivalent to the norm || - [|x (see [17]). Therefore, it follows from (8) that

Chb C'A CA
1400 < Clolyeollllx + (7 + == + =)l = AClul

for a positive constant C4. Since 0 > p, we get that
Iy(u) = —o0 as |jullx — o

and thus we can choose px > 6; > 0 such that ||lu]lx = px. This completes the proof. O
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3. Multiplicity of Solutions

In this section, we will prove that problem (B) has two distinct nontrivial weak solutions in X without
Ambrosetti-Rabinowitz condition. However, without this condition, the boundedness of the (PS)-sequence
of the Euler-Lagrange functional is not guaranteed, so we can not apply critical point theory to obtain a
nontrivial weak solution for problem (B). To overcome this difficulty, we modify some assumptions for ¢
and f. Then we shall investigate that the functional corresponding to our problem is coercive, which plays
a key role in establishing the main result of this section, using the analogous arguments as in Theorem
2.1 in Struwe [16]. The multiplicity result is motivated by the work of Fu and Zhang [7] which had been
studied the existence of at least two distinct nontrivial weak solutions for the elliptic equations with variable
exponents.

We assume the following condition instead of the assumption (J2):

(J5) There exists a positive constant c; such that
lo(x,v)| < calof ™",

for almost all x € RN and for all v € RN.

Even though the condition (J2) is replaced by (J5), the analogous statements about the functional @ in
Section 2 hold in the usual manner.

Next, we assume that f satisfies the following conditions:

(FM1) f:RN X R — R satisfies the Carathéodory condition.
(FM2) For all (x,t) € RN x R
[fGe, )] < ol ™,

where /i € L7 (RY) N L®(RV) and y is a positive constant with 1 <y < p.
(FM3) There exists 6 > 0 such that
fx,t) = s(pe!

for almost all x € RN and 0 < t < 6, where s > 0,s € C(RN,R)and 1 < )y < ).

Under the assumptions (A) and (FM1)-(FM2), we deduce that the functional W is compact operator on
X. Furthermore, we obtain the fact that the functional I, is coercive for all A > 0.

Lemma 3.1. Assume that (A), (J1), (I3)-(J5) and (FM1)-(FM2) hold. Then I, is coercive for all A > 0, i.e.,
I(u) = +o0as ||ul|lx — +oo.

Proof. For any u € X and A > 0, it follows from the assumptions (J4) and (FM2) that
L(u) = D(u) — AW (u)

=f CI)O(x,Vu)dx—)\f F(x,u)dx
RN RN
(o A
Zf —a(x)quI”dx——f ()| [u]” dx
RN P Y IRV

Cs A .
> =l = =lAl
prt Y my R
P
Fe. AC
0 14 1 y
> —lully — ——lul ©)
p Xy K

for a positive constant C;. Since 1 < y < p, we conclude that

Iy (u) > +o00 as |[ul]lx = +oo forall ue X and A > 0.
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Lemma 3.2. Assume that (A), (J1), (J3)—(J5) and (FM1)—(FM2) hold. Then there exist positive constants p and r
such that 1,(u) > r > 0 for any u € X with ||ullx = p and for any A € (0, A*), where A* is a positive constant.

Proof. Let u € X with ||u|lx = p > 0. By the inequality (9), we yield

p

Ch\Cx ACy
L) > 2=pr - —=Lp¥
A p p y p
e AC
= p'(Z=prr = (10)
P p P Y

for the same positive constant C; as in Lemma 3.1. If we define the quantity

P —y
_GCyp

A*
Clp

7

then it follows from the inequality (10) that there exists r = cjc.p”/p > 0 such that
L(u)=r>0
for any u € X with ||lullx = p and forany A € (0,A%). O

Lemma 3.3. Assume that (A), (J1), (J3)—(J5) and (FM1)—(FEM3) hold. Then there exists p € X suchthatp > 0,¢ # 0
and 1,(n$) < 0 for n > 0 small enough.

Proof. Let ¢ € C7(Bar(x0)) such that ¢(x) = 1,x € Br(x);0 < ¢(x) < 1, Vqﬁ(x)( < 1/R, for all x € RN, where
Br(x) := {x € RN : |x — x0| < R}. Then for any 7 € (0, 1) it follows from the assumptions (J5) and (FM3) that

I\(ng) = ©(ng) — A¥(ne)
= f @o(x, (V) dx — A f F(x, nep) dx
Bar(x0)

Bar(x0)
Yo .
< f 2y Vel dx -2 f T sl ax
BZR(XQ) p BZR(XO) )/O
p AnYo
< 2 |qu|p dx — A [s(x)| dx.
P Bar(x0) Yo Bar(x0)

Choose a positive constant 0 such that

Ap
&0 jl:?zza(xo) Is()l dx}

fBzza(xo) |V¢‘p dx

0<6<min{l,

then n < 6Y/¢=70 implies that
Ii(ng) < 0.

O

By the coercivity of the functional I, we get that there exists a global minimizer u; € X of I; (Theorem
1.2in [16]). This together with Lemma 3.3 yields that

Iy(u) = ug}gf{o}l/\(“) <0.

Consequently, we deduce that u; is a global minimizer of the functional I, in X for any A > 0.
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In the rest of this section, we will show that there exists another nontrivial weak solution for problem
(B). Set

T if t < u(x)
glx, 1) = { e ur(x)) if > uy(x),

where u; is a nontrivial weak solution of problem (B). Let us put G(x, t) = fot g(x,s)ds, then we define the
functional ¥ : X - R by
Y(u) = f G(x, u) dx.
RN

It is not hard to check that W € C}(X, R) and its Fréchet derivative is

(‘I”(u),v):f glx, u)yvdx
IRN

for all u,v € X. Next we define the functional I, : X - R by
Ii(u) = D(u) — AW (u).

Then the same arguments as those used for the functional I) imply that I} € C}(X,R) and its Fréchet
derivative is given by

(T;\(u),w:f (p(x,Vu)‘Vvdx—Af g(x, u)vdx
RN RN

for any u,v € X. In addition, the fact that I, is also coercive for all A > 0 is obtained immediately; see
Lemma 3.1.

Now we prove the existence of at least two distinct nontrivial weak solutions for problem (B) for any
A€ (0,A).

Theorem 3.4. Assume that (A), (J1), (13)-(J5) and (FM1)~(EM3) hold. If f(x,t)t > O for all (x,t) € RN X R, then
problem (B) has at least two distinct nontrivial weak solutions uy,uy in X with us(x) < uq(x) for almost all x € RN
and for any A € (0, A*).

Proof. Let u; be a nontrivial weak solution of problem (B). Then it follows from Lemma 3.2 that there exists
a positive constant rp with 0 < rp < [Ju1||x such that

inf T/\(u) >0= T/\(O).
llullx=ro
And by the definition of I, we get that L) = Ii(uy) < O for any A € (0,A") where A" is the quantity
defined in Lemma 3.3. Hence we can apply the Mountain pass theorem to find another critical point of the
functional I;. Then we deduce that there exists a sequence {u,} in X such that Ii(u,) = ¢ > 0and T;\(un) -0
as n — oo, where ¢ = inf,cp maxiejo1 TA(p(t)) and P = {p € C([0,1],X) : p(0) = 0,p(1) = uq}. Since the
functional I, is coercive, we obtain that the sequence {u,} is bounded in X and passing to a subsequence,
still denoted by {u,}. We may assume that there exists an element u € X such that u, — uin X as n — oo.
In order to show that u, — u in X as n — oo, we need to consider the following equality:

(@ (1) = @ (u), uy — 1) = Ty (un) = Ty (w), 1wy — 1) + AV () — V7 (1), 14y — 10).
Since u, — u in X and (T;l(un) - T;\(u), u, —uy — 0 asn — oo, it suffices to show that

<qﬂ(un) - \IJ’(M), uy, —uy — 0
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as n — oo. Observe that

KD (1) — P (1), 1 — )] = ] fR (g5 0) ~ g0, 10) (a0

< f |9, 1) = 9, )|l — ul dx
Bk(0)
+ f |gCx, 1) = g(x, w)| [y — ul dx, (11)
RN\Bg(0)
where Bg(0) = {x € RN : |x| < K}. For the first term of the right side of the inequality (11), we have that
f |g(x/ up) = g(x, Ll)| [ty — ufdx < f [h(x)] (|un|y71 + |u|}’*1) [un — uldx
Bk (0) Bk (0)

< hllss gy Nt + ]~ e oy 114n = UllLy (Be(0))-

Since 1 < y < p*, the embedding W'?(Bk(0)) <><> L?(Bk(0)) implies u,, — u in L” (Bk(0)) as n — oo. Hence,
for any ¢ > 0, there exists N(K) € IN so that n > N(K) implies ||u, — ull»8.) < €. Thus

f |g(x, uy) — g(x, u)| [, — uldx < Cye (12)
Bk(0)

for a positive constant C,. The second term of the right side of the relation (11) is estimated by

f )g(x, un) — g(x, u)| iy — uldx < {lg(x, un) — g(x, WllLory ®¥\Be(oy) 11 — Ul mV\By (0)
RN\Bi(0)
and

f 190, 1) =g, W) dx
RN\Bk(0)

*\/

(]
< f { e (e + )| ax
RN\B(0)

< Galh¥|| o [ 7 s L
LY (R¥\B(0) i

9

W) (RN\Bx(0))

y -1 -1y
< Gall®|| o, [ e 17 U e [
L#" (IRN\B(0)) L 77T (RN\Bk(0))

@

=N P =
<G ( f ()" dx) { f (I0aP ™ + 1) dx}
RN\B(0) RN\Bg(0)

@) y-1

7 . iy
<Cy (f ()| dx) {f (ltan] + Jul)? dx}l 1
RN\Bi(0) RN\B(0)

@
q Y (11
<Cy ( f el dx) ity + w750
RN\Bk(0)

for positive constants C3 and C4. As the sequence {u,} is bounded in X, by the Sobolev inequality, the
sequence {u,} is also bounded in L (RY). So the sequence {u, + u} is bounded in L7 (RN) and it is immediate

r
from h € L7~ that

f |g(x, 1) = gCx, )|y — ul dx < Cse (13)
IRN\Bg(0)
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for a positive constant Cs. It follows from the inequalities (12) and (13) that
|<\i’,(un) - \i’,(u)/ u, —uy)| < Cee

for a positive constant C¢ when n > N(K). This implies that (¥’ (u,) — P’ (1), u, — u) — 0 as n — oo. Since @’
is a mapping of type (S;), we deduce u,, — uin X as n — 0. Because of I, € C'(X,R), we have I (1) = ¢ > 0
and T;\(u) =0, i.e., u is a nontrivial critical point of the functional I,.

Denote it by u = u;. Then we claim that

up(x) < uq(x)
for almost all x € RN. Indeed, it is clear that
0 = (I (u2) — I (1), (uz — u1)™)

= f (p(x, Vuz) = @(x, Vu)) - V (uz — u1) ™" dx
RN
-A f (g9(x, u2) = f(x,u1)) (2 — u1)* dx
RN
= f (p(x, Vuz) = ¢(x, Vur)) - (Vua — Vuy) dx,
{x€RN:15 (x)>u1 (x)}

where (1 — 7)™ = max {0, up — uy}. Since @ is monotone, we obtain u(x) = u;(x) for almost all x € {x € RN :
up(x) = u1(x)}. Hence it follows that

f [V(up — up)lf dx =0,
{X€RN 145 (x)>111 (x)}

and thus
f [V(uy —up)*fPdx =0,
RN

i.e., |l(uz—u1)*|lx = 0. Since (ua—u1)* € X, wesee that (uz(x) — u1(x))" = 0foralmostall x € RN. Consequently,
we have that u(x) < u;(x) for almost all x € RN,
Finally, we establish that u, is another weak solution. Indeed, since u,(x) < u;(x) for almost all x € RN,
we deduce that
g, ) = f(x,un)  and  W(up) = W(up).

Then we get that I (12) = I1(u2) and I (u2) = I} (u2). So, we conclude that Iy (u2) = ¢ > 0 > Li(u1), i.e., uy is
another nontrivial weak solution for problem (B) with u, < u;. O
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