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Solving the General Split Common Fixed-Point Problem
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Prior Knowledge of Operator Norms
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Abstract. Let Hy, Hy, H; be real Hilbert spaces, let A : H; — H;, B : H, — Hj be two bounded linear

operators. The general multiple-set split common fixed-point problem under consideration in this paper is
to

find x € N_,F(Uy), y € N_F(T)) such that Ax = By, 1)

where p, r > 1 are integers, U; : H; — H; (1 <i<p)and T;: H, — H, (1 < j < r) are quasi-nonexpansive
mappings with nonempty common fixed-point sets N_,F(U;) = N_,{x € Hy : Ux = x} and N_,F(T)) =
ﬂ;zl{x € H, : Tjx = x}. Note that, the above problem (1) allows asymmetric and partial relations between
the variables x and y. If H, = H3 and B = I, then the general multiple-set split common fixed-point problem
(1) reduces to the multiple-set split common fixed-point problem proposed by Censor and Segal [J. Convex
Anal. 16(2009), 587-600]. In this paper, we introduce simultaneous parallel and cyclic algorithms for the
general split common fixed-point problems (1). We introduce a way of selecting the stepsizes such that the
implementation of our algorithms does not need any prior information about the operator norms. We prove
the weak convergence of the proposed algorithms and apply the proposed algorithms to the multiple-set

split feasibility problems. Our results improve and extend the corresponding results announced by many
others.

1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product (-, -) and
norm || - ||. Let I denote the identity operator on H. Let T : H — H be a mapping. A point x € H is said to be
a fixed point of T provided Tx = x. In this paper, we use F(T) to denote the fixed point set.

Recall that the convex feasibility problem (CFP) is formulated as finding a point x* satisfying the property:
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where p > 1 is an integer and each C; is a nonempty closed convex subset of H. Note that the CFP
has received a lot of attention due to its extensive applications in many applied disciplines as diverse
as approximation theory, image recovery and signal processing, control theory, biomedical engineering,
communications and geophysics (see [2, 12, 21] and the references therein).

The multiple-set split feasibility problem (MSFP) which finds application in intensity modulated radia-
tion therapy was proposed in [7] and is formulated as finding a point x* with the property:

4 r
X" e ﬂ C; such that Ax" € ﬂ Qj, 3)

i=1 j=1

where p, r > 1 are integers, {Ci}f:1 are nonempty closed convex subsets of real Hilbert space Hy, {Q j};:1 are
nonempty closed convex subsets of real Hilbert space H, and A : H; — H, is a bounded linear operator.
The MSFP (3) with p = r = 1 is known as the split feasibility problem (SFP) originally introduced in Censor
and Elfving [8] which is formulated as finding a point x* with the property:

x* € C such that Ax" € Q, 4)

where C and Q are nonempty closed convex subset of H; and H, respectively. The SFP (4) and MSFP (3)
model image retrieval [8] and intensity-modulated radiation therapy [6], and have recently been investi-
gated by many researchers([4, 9, 20, 22, 23, 25, 26]).

Let A7(Q) = {x : Ax € Q}, then the MSFP (3) can be viewed as a special case of the CFP (2) since (3) can

be rewritten as
p+r

X e ﬂ Gy, Cj=ATNQ), 1<j<m
i=1
However, the methodologies for studying the MSFP (3) are actually different from those for the CFP (2) in
order to avoid usage of the inverse A~!. In other words, the methods for solving CFP (2) may not apply to
solve the MSFP (3) straightforwardly without involving the inverse A~1.
Assuming that the SFP (4) is consistent (i.e., (4) has a solution), it is not hard to see that x* € C solves (4)
if and only if it solves the fixed point equation

x=Pc(I-yA(I-Pg)A)x, xeC, (5)

where Pc and Pg are the (orthogonal) projections onto C and Q, respectively, y > 0 is any positive constant
and A" denotes the adjoint of A. To solve the SFP (4), Byrne [5] proposed his CQ algorithm that involves
only the orthogonal projections onto C and Q and does not need to compute the inverse A™! to solve the
SFP (4). The CQ algorithm is defined as follows:

X = Pe(l = yA'(I - PQ)AYx, k21,

where y € (0, ) with A being the spectral radius of the operator A*A.

Since every closed convex subset of a Hilbert space is the fixed point set of its associating projection,
the problems (3) and (4) are all special cases of the so-called multiple-set split common fixed-point problem
(MSCFP) which is formulated as find a point x* with the property:

)4 r
x'e ﬂl—"(u,') such that Ax" € ﬂ K(T)), (6)
i=1 j=1

where p, r > 1 are integers, {Ui}f':1 : Hy — Hy, {T}}’_, : H» = H; are nonlinear operators and A : H; — H, is
r

a bounded linear operator. In particular, if p = r = 1, then (6) reduces to find a point x* with the property:

x* € F(U) such that Ax" € F(T), (7)
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which is usually called the solution set of the two-sets of SCFP.

The concept of SCFP in finite-dimensional Hilbert spaces was first introduced by Censor and Segal [10]
who proposed and proved, in finite-dimensional spaces, the convergence of the following algorithm for the
SCFP of nonexpansive operators with nonempty fixed-point sets:

Xiep1 = UCxe + A (T - DAxy), k€N,

where y € (0, 2) with A being the largest eigenvalue of the matrix A'A (A’ stands for matrix transposition).

Recently, Moudafi [17] introduced a new split common fixed-point problem (SCFP). Let H;, H, H3 be
real Hilbert spaces, let A : H; — Hj3, B : H, — Hj3 be two bounded linear operators, let U : Hy — H;
and T : H, — H, be two firmly quasi-nonexpansive operators. The SCFP in [17] is to find x*, y* with the

property:
x* € F(U), y* € F(T) such that Ax" = By, 8)

which allows asymmetric and partial relations between the variables x and y. The interest is to cover many
situation, for instance in decomposition methods for PDEs, applications in game theory and in intensity-
modulated radiation therapy (IMRT). In decision sciences, this allows to consider agents who interplay
only via some components of their decision variables (see [1]). In (IMRT), this amounts to envisage a weak
coupling between the vector of doses absorbed in all voxels and that of the radiation intensity (see [6]). If
H, = H3 and B = I, then the SCFP (8) reduces to the two-sets of the SCFP (7).

For solving the SCFP (8), Moudafi [17] introduced the following alternating algorithm

X1 = Ul — yrA*(Axy — Byr)), )
Y1 = T(yx + ykB (Axk — Byx)
for firmly quasi-nonexpansive operators U and T, where non-decreasing sequence yj € (¢, min (t, ﬁ) —-e),
and A4, Ap stand for the spectral radius of A*A and B*B respectively.
In [3], Byrne and Moudafi consider and study the algorithms to solve the approximate split equality

problem (ASEP), which can be regarded as obtaining the consistent case and the inconsistent case of the
split equality problem (SEP):

x€C, ye€Q suchthat Ax = By, (10)

where C C Hj, Q € H; be two nonempty closed convex sets. There they proposed a simultaneous iterative

algorithm:
X1 = Pe( = kAT (Ax = Byy)), (11)
Vet = Po(yi + kBT (Axi = By),

where € <y < % — &, Ag stand for the spectral radius of G'Gand G=[A -B].

Very recently, Moudafi [18] introduced the following simultaneous iterative method to solve SCFP (8):

Xpr1 = U(xe = yeA”(Axi = By)), (12)
Yis1 = T(ye + yiB"(Axi = Byi))

for firmly quasi-nonexpansive operators U and T, where yi € (g, ﬁ — &), Aa, Ap stand for the spectral

radius of A*A and B*B respectively.

In this paper, inspired and motivated by the works mentioned above, the MSFP under consideration is
nothing but to find x*, y* with the property:

14 r
X e m Ci, y' € ﬂ Qj, such that Ax" = By’, (13)

i=1 j=1
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and the general MSCFP is to find x*, y* with the property:

P r
v e |F(Uy), y e[ |F(T), suchthat Ax' =By, (14)

i=1 j=1

For example, let H; = H, = H3 = I, we define bounded linear operators A : Hi — Hs and B : H, — Hj by
Ax = xand B(x1,xp,-+) = (x2,x3,- -+ ), respectively. Let Uy, U, : Hi — H; be defined by Uy (x1,x2,x3,--+) =
(0,x1,x2,--+) and Ux(x1,x2,x3,--+) = (0,0,x1,---). Let T : H, — H; be defined by Tx = x. Then the general
MSCEFP under consideration is to find x* = 0, y* € {(x1,0,0,---) : x; € R} such that x* € F(U;) N F(U),
y € F(T)and Ax* = By* = 0.

Note that in the algorithms (9), (11) and (12) mentioned above, the determination of the stepsize {yy}
depends on the operator (matrix) norms ||A|| and ||B]| (or the largest eigenvalues of A*A and B*B). In order to
implement the above algorithms, one needs to know the operator norms of A and B (or, at least, estimate),
which is in general not an easy work in practice. To overcome this difficulty, Lopez et al [14] and Zhao and
Yang [28] presented a helpful method for estimating the stepsizes which don’t need prior knowledge of the
operator norms for solving the SFP and MSEFP, respectively. Inspired by them, in this paper, we introduce
a new choice of the stepsize sequence {y} for the simultaneous parallel and cyclic algorithms to solve the
general MSCFP (14) governed by quasi-nonexpansive operators as follows

Vi € (0 2||Axy — B]/k”2 )
=W 1A% (Axy = Byo)IP + IB*(Axi — By

(15)

The advantage of our choice (15) of the stepsizes lies in the fact that no prior information about the operator
norms of A and B is required, and still convergence is guaranteed. At last, we apply the proposed parallel
and cyclic algorithms to solve the MSFP (13) and variational problems by resolvent mappings.

2. Preliminaries

In this paper, we use — and — to denote the strong convergence and weak convergence, respectively.
We use wy(xy) = {x : Iy, — x} stand for the weak w-limit set of {x;} and use I" stand for the solution set of
the general SCFP (14).

- Amapping T : H — H belongs to the set @y of nonexpansive mappings if

ITx =Tyl < |lx—yll, Y(x,y) € HXH.

- Amapping T : H — H belongs in the general class @ of (possibly discontinuous) quasi-nonexpansive
mappings if F(T) # 0 and
ITx —gll < llx = qll, V(x,q) € HXF(T).

- Amapping T : H — H belongs to the set @y of firmly nonexpansive mappings if
ITx = Tyl < llx = yI* = lix — y) = (Tx = Ty)I?, V(x,y) € Hx H.
- Amapping T : H — H belongs to the set ®rg of firmly quasi-nonexpansive mappings if F(T) # 0 and
ITx = qIP < Ilx = qll2 = ix = TxIP, V(x,q) € H x F(T).

It is easily observed that ®ry C Py C Pg and that Oy € Prg C . Furthermore, Oy is well known to
include resolvents and projection operators, while ®rg contains subgradient projection operators (see, for
instance, [15] and the reference therein).

A mapping T : H — His called demiclosed at the origin if, for any sequence {x,,} which weakly converges
to x, and if the sequence {Tx,} strongly converges to 0, then Tx = 0.

We remark here that a quasi-nonexpansive operator T may be not nonexpansive. See the following
examples.
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Example 2.1. ([13]) Let H = R, and define a mapping by T : H — H by

x’/

Ty isini, x#0,
o, x=0.

Then F(T) = {0} and T is quasi-nonexpansive but not nonexpansive. It is easily to see that T — I is demiclosed at
origin. Similarly, let H = I, and define T : H — H by

Ty o ’fjsm— 0,0,---), x#0,
o (0,0, ), X1 = 0/

where x = (x1,x2,X3,- ). Then T is quasi-nonexpansive but not nonexpansive.

Example 2.2. ([11]) Let K := {x € lw : |xllo < 1}. Define T : K — K by Tx := (0,x3,x5,%3,---) for x =

(x1,x2,x3,+++) in K. Then it is clear that T is continuous and maps K into K. Moreover, Tx* = x* ifand only if x* = 0.
Furthermore,

ITx = x"lleo = IITxlleo = 10, 3, 25,23, -+ )lleo

<NO, x1, 22, X3, -+ lloo = [[Xlleo = [1X = X7[leo

for all x € K. Therefore, T is quasi-nonexpansive. However, T is not nonexpansive, for if x = (%, %,m) and
(2, 3 ), it is clear that x and y belong to K. Furthermore, ||x = yllo = I3, 3, oo = 3, and ITx = Tylloo =
||(O/ 167 16’ )“00 = % > ||x - ]/”oo

Recall that, given a nonempty closed convex subset C of a Hilbert space H, the projection Pc : H — C
assigns each x € H to its closest point from C defined by

Pcx = argmingec|lx — z||.
It is well known that P¢ is firmly nonexpansive and Pcx is characterized by the inequality:
PexeC, (x—=Pcx,z—Pcx) <0, zeC.
In real Hilbert space, we easily get the following equality:
206, y) = WP + IyIP = Il = I = llx + yIP = [xI? = llyll®, Vx,y € H. (16)

In what follows, we give some key properties of the a-relaxed operator T, = al + (1 — a)T which will be
needed in the convergence analysis of our algorithms.

Lemma 2.3. ([19]) Let H bea real Hilbert spaceand T : H — H a quasi-nonexpansive mapping. Set T, = al+(1-a)T
for a € [0,1). Then, the following properties are reached for all (x,q) € H X F(T):

(i) ¢x = Tx,x — q) > 4|lx — Tx|> and (x — Tx,q — Tx) < |lx — Tx|[?,

(ii) || Tax = gl* < llx — q|* — a(1 - )| Tx — x||%;

(iii) (x = Tox, x — q) > 52lx — Tx|[%.

Remark 2.4. Let T, = al + (1 — a)T, where T : H — H is a quasi-nonexpansive mapping and « € [0,1). We
have F(T,) = F(T) and ||Tyx — x|* = (1 — a)?||Tx — x|*>. It follows from (ii) of Lemma 2.3 that ||Tyx — gq|* <
llx = gl = & || Tox — x|, which implies that T, is firmly quasi-nonexpansive when a = 1. On the other hand, if T
is a firmly quasi-nonexpansive mapping, we can obtain T = 11 + 1T, where T is quasi-nonexpansive. This is proved
by the following inequalities.
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Forallxe Hand g € E(T) = F(T),

ITx = ql* = 12T - Dx — gl = I(Tx — q) + (Tx = )|I?
=||Tx - q||2 +|1Tx — x| + 2(Tx - q, Tx — x)
= ITx — gl + 1Tx = xIP* + ITx — gl* + |Tx — xI1* = |lx — gl
=2|Tx — gl + 2/|Tx — x> — [lx — gl
< 2llx — gl* = 2| Tx — xI* + 2/Tx — x|* — Ilx — gl

2
= |lx —4ll%,

where T is firmly quasi-nonexpansive mapping.

Lemma 2.5. ([24]) Let R > 0. If E is uniformly convex then there exists a continuous, strictly increasing and convex
function g : [0, 00) — [0, 00) with g(0) = 0, such that for all x, y € Br(0) := {x € E : ||x|| < R} and for any a € [0,1],
we have

llax + (1 = a)yll* < allxl* + (1 = a)llyll* — a(l — a)g(|lx — yl)

Lemma 2.6. ([27], Lemma 2.10) Let E be a uniformly convex Banach space and Bgr(0) be a closed ball of E. Then
there exists a continuous strictly increasing convex function g : [0, 00) — [0, 0o) with g(0) = 0 such that

.
llotgxo + a1y + @oxa + a3xz + -+ + X |* < Z aillxill* — asarg(llcs — xll),
=0

foranys, t €{0,1,2,--- ,r}and for x; € BR(0) .= {x € E : |Ix¢|| <R}, i=0,1,2,--- ,;rwithag+ a1 + -+ +a, =1
and 0 < a; < 1.

Lemma 2.7. ([16]) Let H be a real Hilbert space. Then for all t € [0,1] and x, y € H,
litx + (1 = OyI* = Hixl + (1 = DIyl = 11 = Hllx =yl
Similar to technology from Lemma 2.5 to Lemma 2.6, we can get the following result from Lemma 2.7.

Lemma 2.8. Let H be a real Hilbert space. Then

,

2 2 2

llovoxo + a1x1 + aoxo + azxz + - - + a,x,||” < Z aillxill® — asaullxs — xI5,
=0

foranys, t€1{0,1,2,--- ,rland forx; € H,i=0,1,2,--- ,;rwithag+ a1 +---+a,=1and 0 < o; < 1.

3. Algorithms without Prior Knowledge of Operator Norms

Firstly, we propose simultaneous parallel and cyclic algorithms for solving the general MSCFP (14) of
quasi-nonexpansive mappings where the stepsizes don’t depend on the operator norms ||A|| and ||B|| and
prove the weak convergence of the proposed algorithms. Let p, ¥ > 1 be integers and H,, H,, H3 be real
Hilbert spaces. Given two bounded linear operators A : Hy — H3, B: Hy — H3, letU;: H1 - H1 (1 <i<p)
and T; : H» — H (1 < j < r) be quasi-nonexpansive mappings.
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3.1. Parallel Algorithms

Let xo € Hi, yo € H; be arbitrary. Let the sequences {(X;c};il’ {,81];}}‘21, {s! ey €101, 0<i<p 0<j<
r, 1 <1 < r) such that Z_O L =1, Zr Oﬁk =1,a) +3I]_s k =1 for every k > 0. Assume that the kth iterate
Xk € Hi, yx € H has been constructed and Ax; — Byx # 0; then we calculate the (k + 1)th iterate (41, Yi+1)
via the formula:
Uy = xx — yrA*(Axx — Byx),
Xk+1 = aguk + a}cul(uk) + 4+ azup(uk),
Uk = Yk + yiB (Axk — By),
Vi1 = Proe + B T1(0p) + -+ + BT (vr)

(Parallel Algorithm 1)

or
u = xx — YA (Axx — Byk),

Xk+1 = a]?xk + ai ul(uk) + o+ alep(uk),
Uk = Yk + VB (Axk — Byy),

Yee1 = Ay + 5. T1(0p) + - - + 5, T ().

(Parallel Algorithm 2)

The stepsize yy is chosen in such a way that

2l|Axy — Byl
|A*(Axx — Byp)lI> + [IB*(Axx — Byi)lI?

vi€ (e —¢), keQ (17)

for small enough € > 0, otherwise, yx = y (y being any nonnegative value), where the set of indexes
= {k : Axy — Byx # 0}. If Axy — By = 0, then we take uy = xx, v = yx and

a1 = a0 + al Us () + -+ + ol Uy (x),
Yee1 = Poy + B T1(ye) + -+ + BT (we)-

3.2. Cyclic Algorithms

Let xo € Hi, yo € Hy be arbitrary. Let the sequences {ax}, {fx} [0,1], i(k) = k(mod p) + 1 and
j(k) = k(mod r) + 1. Assume that the kth iterate x; € Hj, yx € H» has been constructed and Ax; — Byx # 0;
then we calculate the (k + 1)th iterate (X411, Yx+1) via the formula:

ur = xx — YrA"(Axx — Byy),
Xkr1 = ot + (1 — ) Uigey (1),
Uk = Yr + ViB (Axg — By),
Yis1 = Brox + (1 = Bi) Ty (vx)

(Cyclic Algorithm 1)

or
ux = x — YrA*(Axg — By),
X1 = X + (1 — o) Ui (ue),
Uk = Yx + ViB (Axx — Byy),
Vi1 = axyi + (1 — ar) T iy (0r)-

The stepsize yy is chosen in such a way that

(Cyclic Algorithm 2)

. (6 2| Ax — Byl
"IA*(Axx — By)lI? + IB*(Axi — By

—e)keQ,

for small enough € > 0, otherwise, yx = ) (y being any nonnegative value), where the set of indexes
= {k : Axy — By # 0}. If Axy — By = 0, then we take uy = xx, vx = yx and

X1 = Xy + (1 — a) Uiy (),
Y+ = Bryk + (1 = Bi) T (Yx)-
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Lemma 3.1. Assume the solution set I of (14) is nonempty. Then yy defined by (17) is well-defined.
Proof. Taking (x,y) €T, ie,x € N_F(U,), y € ﬁ;le(Tj) and Ax = By, we have
(A" (Axx — By), xx — x) = (Axg — By, Axy — Ax)

and
(B*(Axi = Byk), y = yk) = (Axx — Byx, By — Byj).
By adding the two above equalities and by taking into account the fact that Ax = By, we obtain

IAx; = Byxll* = (A*(Axx — By), X — x) + (B"(Axi = Byx), y = ¥i)
< NA™(Axe = Byl - llxe — xll + 1B*(Axx — Byl - lly — yiell-

Consequently, for k € Q, that is, |[Axx — Byl > 0, we have ||A*(Axx — Byi)l| # 0 or ||B*(Axx — Byk)ll # 0. This
leads that yy is well-defined. O

Remark 3.2. Note that in (17) the choice of the stepsize yy is independent of the norms ||Al| and ||B||. The value of y
does not influence the considered algorithm, but it was introduced just for the sake of clarity.

Theorem 3.3. Assume that U; —1 (1 <i <p), Tj —1(1 < j < r) are demiclosed at origin and the solution set T
of (14) is nonempty. Then, the sequence {(xx, yi)} generated by Parallel Algorithm 1 weakly converges to a solution

(", ") of (14), provided that liminfy ., afa, > 0, V1 <i < p and lim infy_, ﬁgﬁi >0,V1<j<r
Moreover ||Axx — Byill = 0, lIxk+1 — xkll = 0 and ||yxs1 — yll = 0 as k — oo.

Proof. From the condition on yy, we have

inf{ 2||Axi — Byl?
keQ |A*(Axi — Byp)II> + IB*(Axx — Byi)I?

—yk} > 0.

It follows that sup, ., 7k < +o0 and {yk}i>1 is bounded.
Taking (v,y) €T, i.e., x € N_ F(U;); y € ﬂ;le(Tj) and Ax = By. We have

g = 211 = |l = yrA"(Axi = Byy) — I (18)
= |l — xI* = 2y — x, A*(Axi — Byi)) + Vi llA (Axi — Byl
Using the equality (16), we have

—2(xr — x, A"(Axr — Byr)) = —2(Axy — Ax, Axy — Byy) (19)
= —||Axy — Ax|* — [|Ax; — Byxl* + [|IByx — Ax|l*.

By (18) and (19) we obtain

g = xIP = Il = xIP = illAxi — AxI? = yell Axic = Byill? (20)
+ VilByi — AxI? + yIA" (Axi = Byl

Similarly, we have

llox — yI* = llyk — yI* = ylByx — ByIP* — yillAxx — Byill® (21)
+ yillAx = Byl + {IIB*(Ax — Byo)lI*.

By adding the two last equalities and the fact that Ax = By, we obtain

lluge =21 + ok = I = Il =21 + llyse = Y11 = yxl2l1Axi — Byl ? = v (IA" (Axi = By I? + 1B (Axi = By)lP)]. (22)
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Using the fact that U; is quasi-nonexpansive mapping and x € F(U;) for every 1 < i < p, it follows from
Lemma 3.1 that

k1 = X7 < alling = xII? + aglIUn (ug) = I + -+ + QU () = xIP = ade 1U () — gl
< ol — x| + ol — Xl + -+ + o} llug — xI* — eyl U () — el (23)
=l — xI” — a1 Un (1) — gl
Similarly, we have
Iyke1 = yIP < llox = yI* = BLBIT1(vx) — il (24)
So, by (22) we have
lIxe1 = 2P + llyier = vIP <l = xIP + llye — yI* = aQeglIUn (ue) — uel® = BRBNIT (vk) — il P
— yk[20Ax; = Byrl? = k(1A (Axi — Byp)lI* + 11B*(Axx — By)IP)]. (25)
Now, by setting pi(x, y) := |lxx — x|? + llyx — yII>, we obtain the following inequality

pes1(x, y) < pr(x, y) — e |1Uy () — well* - BLBLIT (vi) — ol
phantompg,1(x, y) < — vil[2llAxk — Byill? — ye(lA*(Axi — Byi)lI* + IIB*(Axi — Byo)lI)]- (26)

By (17) we see the sequence {pi(x, y)} being decreasing and lower bounded by 0, consequently it converges
to some finite limit, says p(x, y). So the sequences {x¢} and {y} are bounded.
Again from (26) we have

pre1(x,y) < pi(x, y) = vrl201Ax = Byl = yx(IA*(Axi = ByI? + [I1B*(Axx = By)II)]

and hence
I}im IAxx — Byl = 0

by the assumption on {yx}. Similarly, by the conditions on {&;} (0 < i < p) and {ﬁi} (0 < j < r) we obtain

im [U (1) = ] = Jim [T o) = o4l = 0.

Since
e — xxll = YillA™(Ax — Byl

and the fact that {y} is bounded, we have limy_,«, [[ux — x¢]| = 0. Similarly, limy_,c |[vx — yxll = 0. Repeating
the above proof, for2 <i < pand 2 < j < v we can obtain that

im [U(ue) = ] = Jim [T (09 = ol = 0.

Taking (x*, ¥*) € ww(xk, Yi), from limy_,o [[ux — x¢ll = 0 and limy— [[vx — yill = 0 we have (x*, y*) € wq(ug, vk).
Forany1<i<pand1 < j<r combined with the demiclosednesses of U; — I and T; — I at 0,

1}5{}0 UL (uk) — uell = 1}5{}0 ITj(vx) — okl = 0
yields U;(x*) = x" and T;(y") = y*. So x* € ﬂleF(Ui) and y* € ﬂ?le(Tj). On the other hand, Ax" — By" €
wy(Axy — Byy) and weakly lower semicontinuity of the norm imply

IAX" = By’ < lim inf || Ax — Byl = 0,

hence (x*, y*) € I'. Moreover, it follows from ||U;(uy)—ukl| — 0and ||lux—x¢|| = 0ask — oo that ||U;(uy)—xx|| = 0
forall1 <i<p. So

0 1
kst = xell < @lliee = xell + I U () = xell + -+ + @ IU (1) = xill — 0
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as k — oo, which infer that {x;} is asymptotically regular, namely limy_,c ||xx+1 — xx|| = 0. Similarly, {y} is
asymptotically regular too.

Next, we will show the uniqueness of the weak cluster points of {(xy, yx)}. Indeed, let (¥, /) be other
weak cluster points of {(x, yx)}, then (%, 7) € I'. From the definition of px(x, y) we have

Pk, y) = Il = ZIP + 1% = 1P + 200 — £, 2 = x) + llye — 9P + 17— 1P + 2y — 7, 7 - v
= peE 7) + 1T = I+ 117 = 1P + 260 = £, % =2 + 2y — 7,7 — - (27)

Without of generality, we may assume that x; — ¥ and yx — 7. By passing to the limit in the relation (3.11),
we obtain

p(',y") = p(x, ) + X = X1 + 117 — vl
Reversing the role of (x*, ¥*) and (X, i), we also have
p(E,7) = p(', y) + " = xIP + lly” — 1P
By adding the two last equalities, we obtain x* = ¥ and y* = j, which implies that the whole sequence

{(xx, yx)} weakly converges to a solutions of problem (14). This completes the proof. [J

Theorem 3.4. Assume that U; —1(1 <i<p), Tj—1(1 < j <) are demiclosed at origin and the solution set I' of
(1.13) is nonempty. Then, the sequence {(xk, vl genemted by Parallel Algorithm 2 weakly converges to a solution
(x*,y*) of (14), provided that lim infy_, akak >0,V1<i<pand 11m1nfk_,ma s > 0,V1l <1 < r. Moreover
1A%, = Byill = 0, llxis — xill = 0 and [[yis1 — yill = 0 as k — oo,

Proof. Taking (x,y) €T, ie., x € N_ F(U); y € ﬂ;le(T]-) and Ax = By. By repeating the proof of Theorem
3.3, we have (22) is true.

Using the fact that U; (1 < i < p) and T; (1 < j < r) are quasi-nonexpansive mappings, it follows from
Lemma 3.1 that

2 0 2 1 2 2 0,1 2
lleer = xIP < @l = %1 + agllUn (ug) = 2P + - -~ + af U (ux) = 2P — aQag U (ug) = x4l
0 2 2, 2 2
< @l = X + agllie = P + -+ + ol — 2P — aQagllUn (g) — xil (28)
2 2 2
= Il = xIP + (1 = a)llug = X — aargl |1 (ug) = x4l

and
e — vIP < allye — yIF + (1 = adllo — yII* — afs IT1(vi) — vill*-

So, by (22) we have

kit = Xl + yeer = YIP <l = xIP + lyie = yI* = afag iU () — xell® = st I T (o) = yiell? (29)
— (1= aW)yil2llAxe — Byl = y.(IA*(Axi — Byi)lI* + IB*(Ax — Byi)IIP)]-

Now, by setting pi(x, y) := |lxx — x|? + llyx — yII>, we obtain the following inequality

pre1(x,y) < pr(x, y) = g U () — xillP = a1 T (or) = yl P (30)
~ (1= ad)yil2llAxi = Byill® = yi(IA*(Axi = Byg)IP* + 1B (Axi = Byo)lI*)]-

Following the lines of the proof of Theorem 3.3, by the conditions on {y}, {a;{} (0<i<p)and {sf(} 1<li<y
we have that the sequence {pi(x, y)} converges to some finite limit, say p(x, y). Furthermore, we obtain

lim [}z, — Byill = Jim 1L (4e) = 2l = lim 1T (0) = yill =

Similarly, for2 <i <pand 2 <! <r, we have

%Lngo 1U;(ur) — xill = I}g{; ITi(vk) — yxll = 0
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It follows that
llsr = xell < @plIUn ) = xell + @1 ag) = xll + -+ + A U (1) = xill = 0
as k — 0. So, {x¢} is asymptotically regular. Since
llute = xill = il A*(Axic — Byill
and the fact that {y} is bounded, we have limy_, ||tx — x¢|| = 0. Hence
l}l_)rg [Ui(ug) —uell =0, V1 <i<p.

Similarly, limy_,e [k — yill = 0, imy—,eo I Ti(vk) — vkll = 0 (V1 < I <7) and {yx} is asymptotically regular too.
The rest of the proof is analogous to that of Theorem 3.3 [

Theorem 3.5. Assume that U;—1(1 <i<p), Tj—I(1 < j <r)aredemiclosed at origin and the solution set I of (14)
is nonempty. Then, the sequence {(xx, yx)} generated by Cyclic Algorithm 1 weakly converges to a solution (x*, y*) of
(14), provided that {ax} C (6,1 = 0) and {Bi} C (0,1 — o) for small enough 6, ¢ > 0. Moreover ||Axy — Byil| — 0,
k1 = xill = 0 and |y — yxll = 0 as k — co.

Proof. Taking (x,y) €T, ie, x € ﬂ’::lF(U,'); yE ﬂ?le(Tj) and Ax = By. By repeating the proof of Theorem
3.3, we have (3.6) is true.

Using the fact that U; (1 < i < p) and T; (1 < j < r) are quasi-nonexpansive mappings, it follows from
the property (ii) of Lemma 2.3 that

llear = xIP < N = 01 = (1 = @)l Uiy (ur) — vl

and
Nyier — IIP < Mok = yl* = Bl = Bl T ju (vr) — vl

So, by (22) we have

lxeer = X1+ lyisr = yIP < Dl = xIP + Ny = yIP = a1 = a)llUigo (1) — el > = Be(1 = BlIT jso () — vl
— yil2llAxi = Byl = yi(1A"(Axi = Byg)IP + 1B (Axi = Byo)IP)]- (81)

Now, by setting pr(x, y) := llxg — x|* + |lyx — yII>, we obtain the following inequality

Prr1(x, ) < pi(x, y) — ai(1 — ai)Uigo () — uil® = Br(L = BT jo (o) — vill® (32)
— yi[2lAxi = Byl = yi(lA*(Axic — Byi)lI> + [IB*(Axi — By)|IP)].

We see the sequence {pi(x, y)} being decreasing and lower bounded by 0, consequently it converges to some
finite limit, says p(x, y). So the sequences {x;} and {y,} are bounded. Again from (32) we have

pre1(x,y) < pi(x, y) = Y201 = Byl = yx(IlA*(Axic = ByI? + [I1B*(Axi = Byw)II)]

and hence
I}im lAx; — Bygll = 0

by the assumption on {y4}. Similarly, by the conditions on {a;} and {x} we obtain
I}LI?O 1 Wiy (uke) — ugll = ;}13; ITjwyox — vkll = 0.

Since
ll1tx — 2kl = prllA*(Axx — Byl
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and the fact that {yx} is bounded, we have limy_, [|ux — x|l = 0. It follows from limy e [[Ujg(1x) — ukll = 0
that limy_e IILIi(k)(uk) —x¢l| = 0. So

Ixee1 — xill < apllux — xill + (1 — ap)l Uiy (ux) — x|l = 0
as n — oo, which infers that {x;} is asymptotically regular, namely limy_,o [[Xr+1 — x4l| = 0. It follows that
o1 — wkll < llotgrn = Xiaa ] + 11Xk = Xkl + [lxx — ugll — 0
as k — oo, which implies that

lim g = el =0, V1<i<p. (33)

Similarly, limy—e [lox — yill = O, {yx} is asymptotically regular too and

lim [for. — ol =0, V1< j<r (34)

Taking (x*, ¥*) € ww(xXk, Yi), from limy_, e ||t —x%|| = 0 and limy_,c [|[vx— il = 0 we have (x*, ¥*) € wi,(ug, vk).
Let an index i € {1,2,---,p} be fixed. Noticing that the pool of indexes is finite, from (33) we can find a
subsequence {uy, } of {1} such that u, — x* as m — oo and i(k,,) = i for all m. It turns out that

,1111_{?0 U (ug,,) — u, |l = 7'111_{{)10 Ui, (1x,,) — i, || = 0.

Combined with the demiclosednesses of U;—I at 0, we get U;(x*) = x*. So, x* € F(U;) and hence x* € ﬂleF ).
Similarly, we have y* € N_ F(T;).
j=1 ]
The rest of the proof is analogous to that of Theorem 3.3. [

By Lemma 3.1, similar to technology from Theorem 3.3 to Theorem 3.4, we can get the following result
from Theorem 3.5.

Theorem 3.6. Assume that U; —1 (1 <i <p), Tj —1(1 < j < r) are demiclosed at origin and the solution set T
of (1.13) is nonempty. Then, the sequence {(x, yx)} generated by Cyclic Algorithm 2 weakly converges to a solution
(x*,y*) of (1.13), provided that {ay} C (0,1 — 6) for small enough 6 > 0. Moreover ||Axy — Byill = O, |lxg41 —xill = 0
and || i1 — yill = 0 as k — oo.

Remark 3.7. (Relationship to Moudafi’s work) In [19], A. Moudafi considered the multiple-set split common fixed-
point problem (6) on bounded linear operator A. In this paper, we consider the general multiple-set split common
fixed-point problem (14) on bounded linear operator A and B. When H, = H3 and B = I, (14) becomes (6). In his
algorithms, the determination of the stepsize y depends on the operator (matrix) norm ||Al|(or the largest eigenvalues
of A*A). In order to implement the above algorithms, one needs to know the operator norm of A(or, at least, estimate),
which is in general not an easy work in practice. In this paper, we introduce a new choice of the stepsize which does
not need any prior information about the operator norm of A and B, and still convergence is guaranteed.

Remark 3.8. In general, to get strong convergence we use Halpern-type iterative process or projection-type iterative
process. But Halpern-type iterative process converges slowly to solution and projection-type iterative process is not
easily be realized. On the other hand, there are better properties for operators after parallel iteration, see Lemma 2.3.
It would be future works to propose fast iterative algorithms for the general MSCFP (14) to get strong convergence
result.

We now turn our attention to apply the proposed algorithms to the general MSCFP (14) governed by
firmly quasi-nonexpansive mappings. Since ®rp C @p, we can straightly get Parallel Algorithm 1, 2 and
Cyclic Algorithm 1, 2 for solving the general MSCFP (14) of firmly quasi-nonexpansive mappings. Noticing
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Remarks 3.2 and 3.8, we know that any firmly quasi-nonexpansive mapping can be expressed be the 1-
relaxed operator of quasi-nonexpansive mapping. For any positive numbers 0 < A; <1 (1 < i < p) and
0<upj<1(1<j<r), setting

a0=A1+ + Ay alzﬂ. ap:ﬁ
k 2 7 k 2/ /k 2/
O A S O o R il
ﬁk_ 2 /ﬁk_zz Iﬁk_zl

Parallel Algorithm 1 take the following equivalent form for solving the general MSCFP (14) of firmly
quasi-nonexpansive mappings {U;} (1 <i<p)and {T;} (1 < j<7):

ug = xx — YA (Axx — Byx),

X1 = AMUn(ug) + - + AUy (uk),
Uk = Yk + VkB (Axk — Byy),

Yirr = i T1(og) + -+ + w1, Tr(0p),

(35)

where the stepsize yy is chosen by (3.1). Setting ay = fr =
following equivalent form for solving the general MSCFP (1.
{Ut(Q<i<pand{Tj} (1 <j<r):

for all k > 0, Cyclic Algorithm 1 take the
3) of firmly quasi-nonexpansive mappings

— N

ur = xx — YA (Axx — Byy),
Xea1 = Uigo (ux),
Uk = Yk + VB (Axk — By),
Yk+1 = T (0n),

(36)

where the stepsize yy is chosen by (18). Finally, we apply our algorithms to the MSFP (13). Taking U; = Pc,
(I <i<p)andT; = Py, (1 < j <), we have the following simultaneous parallel and cyclic iterative
algorithms:

up = xp = VA (Axi = Byy),

Xes1 = MPe, (ue) + - -+ + ApPc, (),

. (37)
Uk = Yx + ViB (Axx — Byy),
Yie1 = p1Po, (0r) + - -+ + 1, Pg (vg)
and
ur = xx — YrA*(Axx — Byy),
Xk+1 = PC,‘(k>(uk)/ (38)

Uk = Yx + VB (Axx — Byx),
]/k+1 = PQj(k) (Uk)

where the stepsize yy is chosen by (18).

Remark 3.9. For the particular case p = r = 1, our algorithm (36) and (38) solve the two-sets of SCFP (7) governed
by firmly quasi-nonexpansive mappings and the split equality problems (10) without prior knowledge of operator
norms, respectively.

Next we apply our results to variational problems by resolvent mappings. Given a maximal monotone
operator M : H; — 21 it is well-known that its associated resolvent mapping, ]ﬁ’l(x) = [+ uM), is

quasi-nonexpansive and 0 € M(x) © x = ]L”(x). In other words zeroes of M are exactly fixed-points of its
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resolvent mapping. For 1 <i <pand1 < j <r, by taking U; = ]ff’, T; = ]f}, where M; : H; — 2! and

N;j

: Hy — 22 are another maximal monotone operator, the problem under consideration is nothing but to

% r
find x* € ﬂM;l(O), Y e m Nj‘1 (0) such thatAx* = By, (35)
=1 j=1

and the algorithms take the following equivalent form.

or

or

Parallel Algorithms
ug = x — YrA*(Axy — Byy),
Xert = A0k + QLo () + -+ al T (1),
Uk = Yx + VkB*(Axk — Byy),
Vi1 = BLok + B (o) + -+ + BT (00)
ux = xx — YA (Axe — Byi),
Xeet = A0 + al ) + -+ al T (),
Uk = Yk + ViB (Axk — By),
Vet = QY+ ST ) + -+ + ST (00
Cyclic Algorithms

u = xx — YA (Axx — Byy),
Xes1 = axtl + (1= ak)]ﬁiﬁ) (1),
Uk = Yk + ViB (Axx — Byy),
Vi1 = Prok + (1= ﬁk)]fffkk;(vk)

ug = xp — yrA*(Axy — By),

M;
X1 = X + (1= )y, (),
Uk = Yx + VB (Axy — By),

S
Y = gy + (1= a) [y (0p).-
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