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Carathéodory’s Approximate Solution to Stochastic
Differential Delay Equation
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Abstract. The main aim of this paper is to discuss Carathéodory’s and Euler-Maruyama’s approximate
solutions to stochastic differential delay equation. To make the theory more understandable, we impose
the non-uniform Lipschitz condition and non-linear growth condition.

1. Introduction

In 2007, Mao [7] considered the following an estimate on difference between the Carathéodory’s ap-
proximate solution x,(t) and the unique solution x(t) to the stochastic differential delay equation:

Theorem 1.1. Let uniform Lipschitz condition and linear growth condition hold. That is there exists a constant K
such that for all t € [to, T), and all x,y,%,y € R

IF(x,y,t) = F&, 7, DF VIG(x, y, t) = G®, Y, > < K(lx = 3 + |y = 71);
and there is moreover a K > 0 such that for all (x,y,t) € R? X R? X [to, T],
IF(x, y, ) VIG(x, v, HI* < K1 + x> + [y?).
Then
E( sup |x(t) - x,(H)I?) < 4c3 exp(5es(T - to))

to<t<T

X(6C1+TC2 +2c1uft € [to, to + 7] : 0 < 6(F) < 1/n})

where ¢; = (1/2 + 4E||E|I*) exp(6K(T — to + 4)(T — ty)), c2 = 4K(1 + 2¢1), and c3 = 4K(T — to + 4) and u stands for
Lebesgue measure on R.
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For results related to the stochastic differential delay equation, see [2]-[4], [6]-[10], [12], [13], and refer-
ences therein for details.

In the recent paper [9], by employing non-Lipschitz condition and non-linear growth condition, Ren
and Xia established the following results for d-dimensional stochastic functional differential equation.

Theorem 1.2. Assume that there exists a constant K and a concave function k such that
(i) (non-Lipschitz condition) For any ¢,y € BC((—o0,0]; R%) and t € [to, T], it follows that

[f(@, 1) = @, B Vlg(p, ) — g, O < x(llp — ¢IP),

where k() is a concave nondecreasing function from R, to R, such that x¥(0) = 0,x(u) > 0 for u > 0 and
Ji., du/xc(u) = oo.
(ii) (non-linear growth condition) £(0,t), g(0,t) € L? and for all t € [to, T1, it follows that s

FO,HF Vg0, HF <K,
where K > 0 is a constant. Then, there exist a unique solution to the equation
dx(t) = f(xe, t)dt + g(x;, t)dB(t) on tog <t <T,

with initial data.

For various related results, see [1], [5], [7], [11], and references therein for details.

Motivated by above results, we establish in this paper more estimate on difference between the approx-
imate solutions and the unique solution to stochastic differential delay equation that can be obtained from
non-uniform Lipschitz condition and non-linear growth condition. When we try to carry over this proce-
dure to the this delay equation, we used Carathéodory and Euler-Maruyama approximation procedure.

2. Preliminary

Let (QQ, 7, P), throughout this paper unless otherwise specified, be a complete probability space with a
filtration {F}s, satisfying the usual conditions (i.e. it is right continuous and #;, contains all P-null sets).
Let | - | denote Euclidean norm in R™. If A is a vector or a matrix, its transpose is denoted by AT; if A is a

matrix, its trace norm is represented by |A| = +/trace(ATA). Assume that B(t) is an m-dimensional Brownian
motion defined on complete probability space, that is B(t) = (B1(t), B2(), ..., Bu(t)T.

Let BC((~o0, 0]; RY) denote the family of bounded continuous R%-valued functions ¢ defined on (—oo, 0]
with norm ||p|| = sup__,_,, ¢l Let M?((=0,0]; R?) denote the family of #; -measurable, R?-valued process

@(H) = p(t, @), t € (—o0,0] such that E [* |p(t)Pdt < oo,
In [9], considered following d-dimensional stochastic functional differential equations

dx(t) = f(xe, t)dt + g(x;, t)dB(t) on tog <t<T, (1)

where x; = {x(t + 0) : —co < 0 < 0} can be regarded as a BC((—oo, 0]; R%)-value stochastic process, where
f : BC((—c0, 0]; R%) x [to, T] = R* and g : BC((=o0,0];R?) X [to, T] — R*™™ be Borel measurable. Moreover,
the initial value is followed:

=& =1{&(6): —0 <6 <0} isan¥; — measurable
BC([—o0,0]; RY) — value random variable such that & € M?((=o0, 0]; RY). (2)
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A special but important class of stochastic functional differential equations is the stochastic differential
delay equations. Let us begin with the discussion of the following stochastic differential delay equation

dx(t) = F(x(t), x(t — 5(t)), Hdt + G(x(t), x(t — 5(t)), )dB(t) 3)

ont € [ty, T] with initial data (2), where 6 : [to, T] — [0, ), F : R¥xR%x [to, T] — R% and G : R xR x[ty, T] —
R™" be Borel measurable.

If we define

flp, 1) = F(p(0), p(=6(¢)), 1) and  g(e,t) = G(p(0), p(=6(¢)), 1)

for (¢, t) € BC((—o0,0]; R?) X [to, T], then equation (3) can be written as equation (1) so one can apply the
existence-and-uniqueness theorem established in the previous section to the delay equation (3).

On the other hand, we impose the non-uniform Lipschitz condition and weakened linear growth
condition. That is such that for all t € [y, T], and all x, y, X,y € R?

IF(x,y,B) = FC6 3, DF VIG(, y, 1) = G®, Y, ) < we(lx = 3 + |y = 91); (4)

where «(-) is a concave nondecreasing function from R, to R, such that «(0) = 0, x(«) > 0 for u > 0 and
f0+ du/x(u) = oo, and there is a K > 0 such that for all (x,y,t) € R xR x [ty, T,

IF(0,0,1)* VIG(0,0,1)* < K. (5)
Let us now prepare a few lemmas in order to show the main result.

Lemma 2.1. (Doob’s martingale inequality) [7] Let {X(t)}s0 be an R-valued martingale and let [a, b] be a bounded
interval on R*. If p > 1 and X(t) € LP(Q, R%), then

p P
E(f;ifh IX()F) < (ﬁ) E(X(®)P).

In particular, E(sup,_,, IX(1)?) < 4E(IX (b)) when p = 2.

Lemma 2.2. (Moment inequality) [7] If p > 2,9 € M?([0, T]; R™™) such that E fOT lg(s)IP ds < oo, then

< (D T g: f 9GP ds.

In particular, E| fo (s)dB(s)]> < Ef lg(s)|? ds when p = 2.

(s) dB(s)

3. Approximate Solutions

Let us first discuss the Carathéodory approximation procedure. Consider the stochastic differential
delay equation (3) with initial data (2). It is in this spirit we define the Carathéodory approximation as
follows: For each integer n > 1, define x,,(t) on (—oo, T] by

Xp(to+0) =E&(0) for—oc0<O<0



Y.-H. Kim / Filomat 30:7 (2016), 2019-2028 2022

and
f
®) = &0)+ f T Fn(s = 1/1), 30(5 — 5(5)), 5)ds 6)
to

t
+f Ip, F(xu(s — 1/n),x,(s — 6(s) — 1/n),s)ds

to

t
+f Ips G(x,(s — 1/n), x,(s — 6(s)), s)dB(s)

t
+f Ip,G(xn(s — 1/n), x,(s — 6(s) — 1/n), s)dB(s)
£

0

forty <t < T, where
D, ={te[ty, T]:6(t) <1/n} for D =[ty, T]—D,.

Since our goal is to study exponential estimates on difference between the approximate solutions and the
uniqueness solutons, we assume that there exists a unique solution x(t) to equation (3) under non Lipschitz
condition and non-linear growth condition. We also assume that all the Lebesgue and It6 integrals employed
further are well defined.

We start with following an exponential estimate.

Lemma 3.1. Let (4) and (5) hold. Then, for all n > 1, we have

E( sup |x,(s)?) < (% + 6EIEI + KCy(T - to))ezac1<t_t0) -

—oo<s<t

forall t > ty, where C1 = 10(T — ty + 4).
Proof. By Holder’s inequality, Doob’s martingale inequality and Lemma 2.2, we can derive from (6) that fortg <t < T,

E(sup [xu(s))

to<s<t

< SEIEO)P +5(T - t)E f o O Cen(s 1), (s — 5(5), )Pl
) f I FCr(s — 1/, 3,05 — ) 1), )P
+5-4E f I (1G5 — 1), (s — 5(s), )P

+5.4F f Iy ©G s = 1/m), (s — 6) — 1/m), )P

By the condition (4) and (5), we obtain

E(sup x:(s))

to<s<t

t
<BEOF +C f Ipg ($)[e(xn(s = 1/m)P? + |xu(s — 6(s))) + K]ds

to

t
G f o, (&)[k(xa(s = 1/m)P + eals — 6(5) — 1/m)P) + K1ds,
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where C1 = 10(T — ty + 4). Given that «(-) is concave and x(0) = 0, we can find a positive constants a such that
x(u) <a(l + u) for all u > 0. Therefore

E(sup |xu(s))

to<s<t

t
< SE|IE|P* + KCy(T — to) +aCy f (1 + ZE( sup |xn(1’)|2)) ds.

ty —00<r<s
Note that
= +E( sup Ixn(s)lz)
—o00<s<t
1 "1
< = + 6E||&|* + KC1(T — to) + 2aCq f (— + E( sup Ixn(r)|2)) ds.
2 to 2 —00<r<s

An application of the Gronwall inequality implies that

1 1
S +E( sup InG)P) < (E + 6E|IEI + KC (T — to))ezﬂQ(f-fo),

2 —oo<s<t

and the desired inequality follows immediately. The proof is complete. [

In other words, the estimate for E|x,(t)]> can be done via the estimate for the second moment. For
instance, we have the following lemma.

Lemma 3.2. Let (4) and (5) hold. Then, we have

E( sup |x(s)P) (8)

—oo<s<t

1
<Cp = (E + 4E||E| + 6K(T — to + 4)(T — to)) £120(T =ty +4)1)

forall t > ty. Moreover, for any tg <s <t < Twitht-s <1,
Elx(t) - x(s)1* < Ca(t - 5), ©)

where C3 = 8(K + a(1 + 2Cy)).

Proof. The proof of (8) is similar to that of Lemma 3.1. By Holder’s inequality, Doob’s martingale inequality and
Lemma 2.2, we can derive that

E( sup |x(s)|2)

to<s<t

< BE[E(0)? + 6(T — to + 4) f [k(lx(s)]> + |x(s — 6(s))[*) + K]ds.

to

By the definition of k(-), we can find a positive constants a such that x(u) < a(1 + u) for all u > 0. Therefore

E( sup |x(s)|2)

to<s<t

t
< Cy+6a(T -ty +4) f (1 +2E( sup |x(r)|2)) ds,
to

—00<r<s
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where Cy = 3E||&|]> + 6K(T — to + 4)(T — to). Note that

1 + E( sup |x(s)|2)

2 —oo<s<t

t
< % +E||é||2+C4+12ﬂ(T—f0+4)f (% +E( sup Ix(r)lz))ds.

to —co<r<s

An application of the Gronwall inequality implies that

% +E( sup |x(s)P)

—oo<s<t
< (% +AE|ER + 6K(T — fo + 4)(T - to)) 12Tt 4)tto)
and the desired inequality follows immediately. We need to show (9) but this is straightforward:
Elx(t) — x(s)?
<4K(t—-s+1)(t—s)+4a(t —s+1)E ft[l +2C,]ds
< 8[K +a(l +2C)](t — s). S
The proof is complete. [J

We can now prove one of the main results in this paper.

Theorem 3.3. Let (4) and (5) hold. Then, we have

E( sup |x() — Xn(f)|2) < (aC5(T —t)+ +’]\2)e5”CS(T—f0)

to<t<T

where
~ 1
]1 = 2&1C5[4C2 + TCS]E,

Ta = 4aC5([2C, + TC3]% +2Cop(t € [to, to + 1+ 1/n] : 0 < 5(t) < 1/n}),

Cy, C3 are defined in Lemma 3.2, Cs = 4T — to + 4) an u stands for the Lebesque measure on R.

Proof. By Holder’s inequality, Doob’s martingale inequality and Lemma 2.2, we can derive that

E(sup |x(s) = x(s)1)

to<s<t

t
<4(T-t)E f o ()IFs(s) — Fy, (s) s
t
AT = t)E f o, ()IFs(s) — Fi, (s) s
to
t
+4 -4E f Ip: (5)|Gx(s) — Gy, (s)Ids

to

t
+4-4E f Ip, (5)IGx(s) = G, ()/ds,
to

2024

(10)
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where Fy(s) = F(x(s), x(s—0(5)),5), Fx, (s) = F(xa(s=1/1), x4(s=5(5)), 5), F, (8) = F(xu(s—1/1), x(s—(s) = 1/1), 5),
Gx(s) = G(x(s), x(s=0(5)),s), Gy, (s) = G(xn(s—1/n), x,(s=0(s)),s), and Exn (s) = G(xu(s—1/n),x,(s—0(s)—1/n),s).
By the condition (4), (5) and the definition of x(-), we obtain

E( sup [x(s) = x4(s)P)

to<s<t

t
<aCs(T — ty) + 5aCs f E( sup |x(r) — x,,(r)lz)ds ++ ]
fo

to<r<s

where
T
L= Zﬂcsf Elx(s) — x(s — 1/n)*ds
to
and
T
J2 = 2aCs f Ip, (8)Elx(s — 6(s)) — xn(s — 6(s) — 1/n)|*ds.
fo

An application of the Gronwall inequality implies that
E(sup [x(s) = xx(5)) < (aCs(T — to) + J1 + Jo) <=1, (11)

to<s<t

But, using Lemma 3.2, we can estimate

i < 8aC2C5% + 2aC3C5T% = 2aCs[4C;, + TC3]%. (12)
Also, setting Dy = {t € [to, T] : 6(t) = 0},

J, < 4mgﬂx3+7tg%+2cﬁm%¢0+1+1ﬁﬂm(pn—pwn. (13)
Substituting (12) and (13) into (11) yields the required result (10). The proof is complete. [J

Let us now turn to the Euler-Maruyama approximation procedure. We first give the definition of the
Euler-Maruyama approximation sequence. For each integer n > 1, define x,,(t) on (~co, T] by
Xu(tg +0) = &(0) for—o0 < B <0
and
Xu(t) = xu(to +k/n) (14)
+ ft F(xn(to + k/n), xu(to + k/n — 8(s)), s)ds
£

ot+k/n

+ ft G(xp(to + k/n), x,(to + k/n — 5(s)), s)dB(s)
to+k/n
forty+k/n <t <[tg+(k+1)/n]AT, k=0,1,2,--- . Moreover, if we define x,,(ty) = x,.(to), Xn(to) = x,.(to —5(t0)),
Xu(t) = xu(to +k/n), and  X,(t) = xu(to +k/n — 5(t))
fortog+k/n<t<[tg+(k+1)/n]AT k=0,1,2,---,it then follows from (14) that
0 =60+ [ FROTO [ GE0.56, 9B (15)

In the sequel of this section x,(t) always means the Euler-Maruyama approximation rather than the
Carathéodory one. The following lemma shows that the Euler-Maruyama approximation sequence is
bounded in L?.
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Lemma 3.4. Let (4) and (5) hold. Then, for all n > 1, we have

1
E( sup |xn(s)|2) < (E + AE||EIP + KCo(T — to))ezacéq_to)

—oo<s<t

forall t > ty, where Co = 6(T — ty + 4).
Proof. It is easy to see from (15) that for to <t < T,

E(sup |xu(s)P)

to<s<t

t
<SEEO)R + CoE [ KO + F(oF) + Kl
to
where Co = 6(T — to + 4). Recalling the definition of k(-), X,(s), and X,,(s), we then see that

E(sup [xu(s)P)

to<s<t

t
< BEIIEl? + KCo(T ~ to) +aCe f (1+2E( sup Ixn(r)lz))ds.

ty —00<r<s

Consequently

1 t 1
< 5 +4EIEIP + KCo(T = to) +20Cs f (E +E( sup |xn<r)|2)) ds.
to —00<r<Ss
An application of the Gronwall inequality implies that
L E( sup Ixn(s)lz) < (1 +4E||E|)* + KCo(T - to))ehcé(t*“),
2 —00<s<t 2

and the desired inequality follows immediately. The proof is complete. [

2026

(16)

The following theorem shows that the Euler-Maruyama approximate solution converges to the unique
solution of equation (3) and gives and estimate for the difference between the approximate solution x,(t)

and the accurate solution x(f).

Theorem 3.5. Let (4) and (5) hold. Then, the difference between the Euler-Maruyama approximate solution x,(t)

and the accurate solution x(t) of equation (3) can be estimate as

E( sup [x(t) - xu(HP) < (%aC5(T )+ T +ﬁ)e2ﬂcs<T—fo>

to<t<T

where
_ 1 —
J3 =aCsCs[T — to];, Ja = 4aCoG5[T — 1],

Ca, Cs, and Cs are defined in Lemma 3.2 and Theorem 3.3.

(17)
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Proof. By Holder’s inequality, Doob’s martingale inequality and Lemma 2.2, we can derive that

E(sup Ix(s) - ()

to<s<t

t
< T - to)E f IF(x(s), (5 = 8(5),5) = F(xu(s), X(5), 5) s

¢
#2:4E [ 16(:6), (5 = 660, 5) - G(5) T )P,
fo
By the condition (4), (5), and x(-), we then see that

E(sup |x(s) — xu(s)P) < 2a(T — to)(T — to +4)

to<s<t
t
+2a(T — ty + 4)f Elx(s) — x,(s)I* + Elx(s — 8(s)) — Xn(s)|*ds. (18)
to
Define x(to) = x(to), X{(to) = x(to — 6(to)),
x(t) = x(ty +k/n), and x(t) = x(to + k/n — 5(t))
forto+k/n<t<[to+(k+1)/n]AT k=0,1,2,---,it then follows from (18) that

E(sup |x(s) - xu(s)P)

to<s<t
t
s%aCS(T—to)+2aC5 f E(sup [x(r) = xu(NP)ds + J5 + Ju,
ty  to<r<s
where
T
Js = aCs f Elx(s) — T(s)Pds
to
and

T
Ja = aCs f Elx(s — 6(s)) — X(s)[*ds.
fo
An application of the Gronwall inequality implies that

E(sup [x(s) = x4(5)?) < (aCs(T = to)/2 + J5 + Ja) T, (19)

to<s<t

But, using Lemma 3.2, we can estimate

[to+(k+1)/n]AT
J»  =aCs Z f Elx(s) — x(to + k/n)PPds (20)
k>0 to+k/n

< aC3C5%[T — to].
Also,
T
J+ = aCs f Elx(s — 6(s)) — x(to + k/n — 5(s))[*ds (21)
to

4&1C2C5[T - to].
Substituting (20) and (21) into (19) yields the required result (17). The proof is complete. [

IA
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