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A Serrin Type Criterion for Incompressible Hydrodynamic
Flow of Liquid Crystals in Dimension Three

Bingyuan Huang

Department of Basic Education, Hanshan Normal University, Chaozhou, 521041, China.

Abstract. In the paper, we establish a Serrin type criterion for strong solutions to a simplified density-
dependent Ericksen-Leslie system modeling incompressible, nematic liquid crystal materials in dimension
three. The density may vanish in an open subset of Q). As a byproduct, we establish the Serrin type criterion
for heat flow of harmonic map whose gradients belong to L;L;, where 2 + 2 <1, for 3 < r < co.

1. Introduction

We consider the following incompressible hydrodynamic flow of nematic liquids crystals in a bounded
domain Q c R®:

pr+ V- (pu) =0, 1

pus + pu-Vu+ VP = yAu — AV - (Vd ® Vd), (2)
V-u=0, 3)

dy +u-Vd = O(Ad + |Vd|*d), (4)

where p : Q x (0,00) — R, is the density of the fluid, u : Q X (0,00) — R3 is the fluid velocity field,
d: Qx(0,00) - S? represents the macroscopic average of the nematic liquid crystal orientation field; P
denotes the pressure of the fluid, V - (= div) denotes the divergence operator on R%; y, A and O are positive
constants.

(1)-(4) is a simplified version of Ericksen-Leslie system modeling incompressible, nematic liquid crystal
materials. For more details about this model, readers could be referred for instance to [1, 7-10]. For
dimension N = 2 and p =const., Lin, Lin and Wang [9] have proved the global existence of Leray-Hopf type
weak solutions to (1)-(4) on bounded domains in R? (see [4] for Q = R?). Lin and Wang [12] have further
proved that such weak solutions are unique. A further discussion for N = 2 has been done by Xu and
Zhang [17], where global regularity and uniqueness of weak solution with small initial data was proved.
For N = 3, Wen and Ding [16] have established the local existence and uniqueness of strong solutions
to (1)-(4). whether global weak (or smooth) solutions exist for N = 3 is still unknown. Recently, Huang
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and Wang [5] obtained a Beale-Kato-Majda criterion for smooth solutions to (1)-(4) in R® when p =const.,
namely, if 0 < T, < oo is the first singular time, then the L!L¥-norm of the vorticity V X u or the L?LY-norm
of Vd must become infinity when t 7 T..

We would like to point out that the system (1)-(4) includes two important equations as special cases:

(i) When u is zero, (4) becomes the heat flow of harmonic map (see [11]).

(ii) When d is a constant vector field, (1)-(3) becomes the nonhomogeneous incompressible Naiver-Stokes
equations (see [13]).

In this paper, we shall establish a Serrin type criterion for strong solutions to the system (1)-(4), along
with the following initial-boundary condition:

(10, ), = (po, o), ©)
and
od
(, B_V)'asz =0, ©)

where v is the unit outward normal vector of JQ.
To state the definition of strong solutions to the initial-boundary-value problem (1)-(6), we give some
notations which will be used throughout the paper.

Denote Qr = Qx [0, T], [ fdx = [ fdx, L1 := LI(Q), WP := WhP(Q), HF := WF(Q).

Definition 1.1. (Strong solution) For T > 0, (p,u,d) is called a strong solution to the incompressible nematic liquid
crystal system (1)-(6) in Q x (0, T], if

p € C([0, T]; W), p; € C([0, T; L"), for some r > 3,
u e C(0,T; H> N H(l)) N L0, T; H?),
up € L20, T;HY), +jpur € L0, T;L?), ld| = 1, in Qr,
d € C([0,T; H®) N L0, T; H%), d; € C([0, T]; HY) N L*(0, T; H?),
dy € L2(0, T; L2).

and (p, u,d) satisfies (1)-(4) a.e. in QO x (0, T].

The constants y, A, 0 play no roles in the analysis, we assume y = A = 6 = 1 henceforth.

The existence of local strong solutions could be obtained in the paper [16], which might be slightly
modified. More precisely,

Theorem 1.2. Assume that inf pg > 0, py € W', for some r > 3, uy € H*(VH}, Vdy € H? and |do| = 1 in Q, in
addition, the following compatiblity conditions are valid

Aug —VPy =V - (Vdy ® Vdo) = /pog and V-uy =0, in 0, (7)

for some (Py, g) € H' x L. Then there exist a positive time Ty > 0 and a unique strong solution (p,u,d) of (1)-(6) in
Qx (O, To]

The main result here is stated as follows:

Theorem 1.3. Let (p, u,d) be a strong solution to (1)-(6). If 0 < T, < 400 is the maximum time of existence of the
strong solutions, then

T,
f (Il + 11Vl ) dt = oo, ®)
0

where 2 +3 <1, for3 <r < oo
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Remark 1.4. If d is a constant vector field, then (8) is the well-known Serrin type criterion for incompressible
Navier-Stokes equations, see [2, 14].

Remark 1.5. If p and u are zero, then (8) with r = 3, s = oo has been established by Wang [15] for the heat flow of
harmonic map.

2. Proof of Theorem 1.3

Let 0 < T. < oo be the maximum time for the existence of strong solution (p, u,d) to (1)-(6). Namely,
(p, u,d) is a strong solution to (1)-(6) in Q x (0, T] for any 0 < T < T., but not a strong solution in Q x (0, T.].
Suppose that (8) were false, i.e.

T,
Mos= [ (1l + vl ) at < . 1)
0

The goal is to show that under the assumption (1), there is a bound C > 0 depending only on My, po, U0, do,
Q, and T. such that

sup [Ilvpudl + lpllws + e + idllzp] < C. )

0<t<T.

With (2), we can then show without much difficulty that T. is not the maximum time, which is the desired
contradiction.
Throughout the rest of the paper, we denote by C a generic constant depending only on py, ug, do, T,
My, Q. We denote by
A<B

if there exists a generic constant C such that A < CB. For two 3 X 3 matrices M = (M;j), N = (N;;), denote the
scalar product between M and N by
3
M:N =Y M;Nj.
ij=1
Ford : Q — S?, denote by Vd ® Vd as the 3 X 3 matrix given by
(Vd@Vd)i]' =(Vid, de), 1<4,j<3.

The proof is divided into several steps, and we proceed as follows.

Step 1. We shall first establish upper-lower bounds of p. More precisely, we have

Lemma 2.1. Let 0 < T, < 400 be the maximum time for the strong solution (p, u,d) to (1)-(6). If (7) and (1) hold,
then for a.e. (x,t) € Q x [0, T.), we have

0 < inf pg < p < sup po. (©)
xeQ) el
Proof. The proof is quite classical by using the characteristic methods (see for instance [6]). m]

Step 2. We next establish the global energy inequality for strong solutions, namely,

Lemma 2.2. Let 0 < T, < +oo be the maximum time for the strong solution (p,u,d) to (1)-(6). If (7) and (1) hold,
then for a.e. t € [0, T.), we have

t
%hf<PWF+¢Vmﬂ(ﬂdx+\f‘JﬁOVuF+¢Ad+¢VdFﬂ2)¢nh
Q 0 JQ

4
_ 1 ( WF+Wdﬂdx @
—ZQPOO 0 .
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Proof. Multiplying (2) and (4) by u and Ad + |Vd|*d, respectively, integrating by parts over Q X [0, ], and
using |d| = 1, we can easily get (4). m]
Step 3. Estimates of (Vu, V2d) in L°L2.

Lemma 2.3. Let 0 < T, < +o0o be the maximum time for the strong solution (p,u,d) to (1)-(6). If (7) and (1) hold,
then for a.e. t € [0, T.), we have

t
f (IVul +V2dP) (t)dx + f f (pluel? + IV3d? + |Vdi?) dudt < C. (5)
Q 0 Q

Proof. Multiplying (2) by u;, and integrating by parts over (), we obtain

2
%%f|Vu|2dx+fp|ut|2dx:—fp(u.V)u-utdx—fv-(vmw).utdx:zh. (6)

i=1

For I;, by Cauchy inequality and (3), we have

L < }Ifplutlzdx+Cf|u|2|Vu|2dx. 7)

Using Holder inequality and interpolation inequality, we have

fIMIZIVuI2 dx < CIIMII%VIIVMIIi%, (8)
and

_3 3 1-3 3
L IVull], < ClVull, " [IVull] . ©)

1
< IVl !

IVl .

#
(8) and (9), together with Cauchy inequality, yield

2(1-3

6
XNul?, < Celllull, + DIVuIZ, + ellVul? (10)

H17

f WPV dx < Cllulle V]

for any € € (0, 1), where % + % <1, for 3 < r < oo, which implies f_—g < s. If r = o0, then (10) is obvious.
Since
—Au+ VP = —puy, — pu - Vu -V - (Vd ® Vd),

we apply the H2-estimate for the Stokes equations (see for instance [3]), together with the similar arguments
as (10), we have

IVullz, slloudi?, + llou - VullZ, + fIVdIZIVZdI2 dx

(11)
SIVpudlly, + Nl - VullZ, + (VI + DIVZIE, + IV,
where we have used (3). Substituting (11) into (10), and taking € € (0, 1) sufficiently small, we obtain
fIMIZIVMI2 dx <Ce(llull;, + DIVull, + Cell yVpudlly, + Ce(IVAlly, + DIV, 12)
+ Cel| V2|2,
Substituting (12) into (7), we have
1
h<g f Pl dx + Co(llulls, + DIVulP, + Cell Pl i~

+ Ce(IVdIlE, + DIVZIIT, + CellV2dIZ, .
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For I, using Cauchy inequality, we have
I :de®Vd s Vu, dx
:i de@Vd :Vudx — det®Vd :Vudx — de@th :Vudx (14)

<% Vd®Vd : Vudx + C, f VAP |Vul dx + el V|7,

To estimate the second term of the right hand side of (14), we apply the similar arguments as (10). Then
fIVdI2|Vu|2 dx < Ce(IVdlly, + DIVulf, + el Vuli,. (15)
Substituting (11) and (12) into (15), we obtain

fIWlIZIVuI2 dx <Ce(IVAll;, + llully, + DIVullZ, + Cell ypudll7 16)
+ Ce(IVAIlE, + DIV, + CellV2dIIF,

Putting (13), (14) and (16) into (6), choosing € sufficiently small, we obtain

fqu|2dx+fp|ut|2 x<2—de®Vd Vudx + Ce(llully, + IVA|l;, + DIIVull?,
+ Ce(IVAlly, + DIVZAIEE, + CellV2dI, + CellVail7,.

(17)

Integrating (17) over [0, t], for 0 < t < T, and applying Cauchy inequality, we obtain

¢
fqulzdx+f fplutlzdxds

IIVMII2 +Cf|le4dX+C f(||u||5,+||Vd||s,+1)||Vu||2 ds

+ Ce j‘(IIValIlS,+1)||V2c71||2 ds+Cef ||V2d||2 ds+Cef ||Vc71t||2 ds+C.

t
f|Vu|2dx+f fplutlzdxds
0

t
<C f IVt dx + C. f (lll, + IVAIE, + DIIValP, ds (18)

Thus

+C, f(nwus + DIV2dII7, ds+Cef IV2dI7, ds+Cef IVd,|I?, ds + C.

Next, we shall make some estimates about d. To do these, differentiating (4) with respect to x, we have
Vd; — VAd = =V(u - Vd) + V(\Vd]d). (19)
Multiplying (19) by 4|Vd|*Vd, and integrating by parts over Q, we have

% f \Vdl* dx + 4 f (IVARIV2P + 2VdP|VIVd][) dx

2 (20)
=4 f V(\VdRd)|VdPVd dx — 4 f V(u - VA)\VdPVd dx = ZIL-.

i=1
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Since
V(\Vd|*d) = |Vd]?Vd + V(Vd[*)d and Vd - d = 0,

for II;, we have

I, =4 f |Vd|® dx < f [VAP|AdP? dx, (21)

where we have used the fact
Id| =1, and |Vd]?> = =Ad - d < |Ad]. (22)

Using the similar arguments as (10), we have
flellzlAﬁll2 dx < Ce(IVAll;, + DIAAIIE, + ellAdI, - (23)

Thus,
Il < Ce(IVAll, + DIAGIE, + ellAdIE,.. (24)
For II;, using (22) again, together with integration by parts, divu = 0 and Cauchy inequality, we have

L < f [Vd[*\Vu| dx — f u- V(\Vd|*) dx

< f VA |Ad||Vu| dx (25)

sfllezlAdlzdx+flVd|2|Vu|2dx.

Putting (16), (23) into (25), and then substituting the resulting inequality and (24) into (20), we obtain

% f IVd|* dx + 4 f (IVAP|V2d? +2|Vd|2|V|Vd|12) dx

<C.IVAIE, + DIV2IR, + CellV2dIR, + CAIVAIE, + lulfy, + DIIVull, (26)

+ Cell pusllZ,.
Multiplying (19) by VA4, integrating by parts over () and using % = 0 on JQ, we obtain
14
2 dt
<ellAd|l?, + Ce f(IVu|2|Vd|2 + |ul|V2d[*) dx + Ce flVdIZIVZdIZ dx + Ce‘del6 dx

f |AdPdx + VA2, = f (V@ - Vd) - V(VdPd)) : VAd dx

<eCIIVAdIZ, + Ce(IVAlly, + llully, + DAVuIZ, + IV2dIE,) + Cell Vpuilz.,

where we have used (16), (21) and (23), together with the arguments as (10) dealing with the term f [ul?|V2d|?
(replacing the second u on the left side of (10) by Vd). Choosing e sufficiently small, we have

d 2 3 2
= f |AdPdx + SIIVAI,

27)
<Ce(IVAIE, + llullf, + DAV, + IV2dIZ,) + Cell vpuell.
Multiplying (19) by Vd,, integrating by parts over (), and using % = 0 on dQ), we have
1d ) - ,
>3 f |Ad|“dx +[|Vdyl7, = f (V(Ile d) - V(u- Vd)) Vd, dx
(28)

<ellVdlI?, + C f (IVAPIV2AP + [Vd® + [Vul(Vd[ + juP|V?dP) dx

<ellV|i?, + eCIVAAIE, + Ce(IVAIE, + llully, + D(IVullT, + IV?dII7,) + Cell Vpuel,.
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Putting (26), (27) and (28) together, choosing € sufficiently small, we have

4 f (1AdP + Vd[*) dx + f (VAR + Va2 + [VdPV2dP) dx
dt (29)
<(IVAIE, + 1l + 1) (IValZ, + IV2dI,) + Cell ypuel .

Integrating (29) from O to ¢, for 0 < ¢ < T, and using the standard elliptic estimates for Neumann problem
and (4), we obtain

t

f (IV2dP + Vdl*) (t) dx + f f (IV3dP + |V, + |VdP|V?dP) dxds
0

(30)

t t
<C f (IValf;, + llull, + 1) (IVulf?, + IV2dI%,) ds + Ce f I VP, ds + C.
0 0

Multiplying (30) by 2C and adding the resulting inequality into (18), choosing € sufficiently small, we have

t
f (IVul + V2dP) (t) dx + f f (pluel? + IV3d? + [V, ) dxds
0

(31)

t

<C f (IValf, + llull, + 1) (IVull?, + V%I, ) ds + C.
0

By Gronwall inequality and (1), we get (5). O
As an immediate consequence of Lemma 2.3, we have

Corollary 2.4. Let 0 < T, < +oo be the maximum time for the strong solution (p,u,d) to (1)-(6). If (7) and (1) hold,
then for a.e. t € [0, T.), we have

t
f |d*(t) dx + f IVul2,,(s)ds < C. (32)
Q 0
Proof. It follows from (4) and (5) that
f ldi* < C.
Q
By (11), (12), (1) and (5), we get the last part of (32). O

Step 4. Estimates of (VZu, V3d) in L°L2.

Lemma 2.5. Let 0 < T, < +oo be the maximum time for the strong solution (p,u,d) to (1)-(6). If (7) and (1) hold,
then for a.e. t € [0, T.), we have

t
1yl + IVdillzz + Il + f f (Vs +1dy )i < C. (33)
0 Q

Proof. Differentiating the equation (2) with respect to t, we get

pug + pruy + pu - Vg + pau - Vu + puy - Vu + VP

4
:Aut—V(th®Vd+Vd®th) (3 )
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Multiplying (34) by u;, integrating by parts over (), and using (1), (3), Sobolev inequality, and Holder
inequality, we have

1d
Eafplutlzdx+f|Vut|2dx

< f(pIuIIVutlluzI + plullVulPlug) + plulPIVZullug + plulVul[ V|

) (35)
+ plisPIVul + IV, |IVA|[ V) dx

6
=) i,
j=1
For III; and III5, we have
Ih + s < |Iyplleslulls | Vouells IVuedle + 11 plles IVull2 Il vpuells s
1 1 1 3
S IVpudl I Vpudl ZIVudicz < I pudl Vil
1
< 2w, + Cll Vol

where we have used Holder inequality, Sobolev inequality, (3), (5), the interpolation inequality and Young
inequality.
Similarly, we have

2 2 12
I + T + Ty Sllpllee ullzslfellzs IVulls + ol |7 [V =2l 21l zs
2
+ (ol [l IVallrs [V iaell 2
1 2 2
SHVurllp2 (V|2 [Vl + [IVullg [Vl < glqutIILz + ClIVull;,,
and

1 1
e < IVuell2IVAlls |1Vl s < gIIVutIIfz + ClIVIF, < glqutIIfz + ClIVd|al Vil -

Substituting these estimates of I1I; into (35), fori = 1,2, ...,6, we have

d
5 plu? dx + f |V dx
SIVpudly, + IVullZ, + IVl Ve
SIVpudllf, + Nlully, + IVl + IV, + VANVl + 1,

where we have used (5), (11) and (12).
Differentiating (4) with respect to ¢, multiplying the resulting equation by dy, integrating by parts over (),

and using % = 0 on JQ, we obtain

1d f IVd, 2 dx + f |dul? dx = f (0 (llezd—u-Vd),d“)dx

(36)

24t
Sl el VAT, + dellz IVl IVl
+ dill2lullisIVAlrs + Ildell2lllle VAl s

1
SE”dtt”iz + CUIVAI IVl + IV, + IVAAIT, + 1),

where we have used Sobolev inequality, Holder inequality, the interpolation inequality, (4), (5) and (32).
This implies

d
T fIthlzdx + f|dtt|2dx < CAIVAl2NIVedl g + IVugll7, + VAT, +1). (37)
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Now we need to estimate ||Vd,|[;n. In fact, by applying the standard H?-estimate on the equation (4)
under the boundary condition (6), together with (4), (5), (32) and the interpolation inequality, we have

IVl SNVl + 1dilli> + 194 - V)l + 19 VAP )2
SIVAlez + lldsllz + el VAlls + Hloells ]Vl
+ Il IV, + IVl ]IVl s

Sidellz + IVullez + IV LIV, + 1IVAle + 1
1
<5Vl + Cldilliz + [Vuellez + (Va2 +1) -
Thus
IVl <lldellz + IVaellzz + [[Veillz2 + 1. (38)
Substituting (38) into (37), and using Cauchy inequality, we obtain
d 1
= f Vdi? dx + f daf? dx <5\l + C (I el + VAL, +1).
Thus
a 2 L 2 A2
o | WValdx+ 5 [ daPdx <C(IVulE, + VAL, +1). (39)

Multiplying (36) by 2C and adding the resulting inequality into (39), applying (38), using (1), (5), and then
employing Gronwall inequality, we obtain

T
sup f (plug? + |Vdi[?) dx + f f (IVu? + |dy?) dx dt < C. (40)
0 Q

0<t<T

To estimate V3d in L°L2(Q x [0, T]), applying (5), (40) and the standard H3-estimate on the equation (19)
under the boundary condition (6), we have

IVl SIVAdIT + 11V - VAT, + IV(VAPDIE, +1

SIVALR, + VIR (IVul, + V]2, ) + IV, + f uPIV2dPdx + 1 1)

<L IV + [ WPP i
For the last term on the right hand side of (41), using the interpolation inequality, and applying (5), we have

f|u|2|V2d|2dx <WullF IV2dIZ, < IVl V2l 2Vl

3~

(42)
SeIIVdH?{2 + Ce.
Substituting (42) into (41), and choosing € sufficiently small, we have
VA2, <1+ V| (43)

Using the interpolation inequality again, together with (43), (4) and Young inequality, we have
1 3 1
IVdllf, < C+ CIIVA||,IVdll, < E“Vd”?{z +C,

which clearly yields that
VAl < C.

The proof is now complete. o
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Corollary 2.6. Under the same assumptions as in Lemma 2.5, we have for a.e. t € [0, T.)

t t
IVl () + f l[ull?, () ds < C, and f (IV2di|2, + IV*dI2, )(s) ds < C. (44)
0 0
Proof. By (11), we have

IVl slipurlZ, + llpu - Vul + f IVAPIV2dP dx
<IlP IVl + VAR V22, +1
1
<CIVullz IVl +C < SIVul, +C,

where we have used Holder inequality, (3), the interpolation inequality, (5), (33) and Cauchy inequality.
Thus,

sup ||Vullg < C. (45)

0<t<T

Similarly, we have

llullwee Sllpuellis + llpu - Vullps + IV - (VA ® Vd)||e
Sliullzs + lullr=IVullps + IVl V2dll s

2
sVl + IVullg, +1,

T
f P e d < C,
0

where we have used (33) and (45).
It follows from (38) and (33) that

T
fo IV2d,|I2,dt < C. (46)

Applying the standard H*-estimate to (4), we have

VIR, IV, + V2 - VAR, + IV2(VAPA)R, + 1
SIV2AHIE, + Il lIVRIE, + VARV ull + IVulZ V22, + 1
IV, + 1.

Integrating this inequality over [0, T], and using (46), we get

T
f IV*d|[?,dt < C.
0

Step 5. Estimate of Vp in L;°L].

Lemma 2.7. Let 0 < T, < 400 be the maximum time for the strong solution (p, u,d) to (1)-(6). If (7) and (1) hold,
then for a.e. t € [0, T.), we have

t
9pllo)+ [ ¥ ds < C. @)
0
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Proof. Using (3), we change (1) into this equation

pe+u-Vp=0. (48)
Differentiating (48) with respect to x, we have

Vpi+Vu-Vp+u-VVp=0. (49)

Multiplying (49) by r|Vp|"~2Vp, integrating by parts over (), and using the interpolation inequality and (5),
we have

d 1 3 3
allvpllzr S IVullesIVpll, < IVull IVl IV ellL < IVully, IVl - (50)

By Gronwall inequality, together with (44), we have
sup |IVpllr < C. (51)

0<t<T
By (2) together with the H3-estimate for the Stokes equations, we have

IVl IV (oI, + IV (pu - V)|, +[IVV - (Vd ® VA)|F,
<IVI2, + IV I eI, + 1V PPl V21, + Nl 2V,
IRl IV, + VA VPR, + V%],
<V, +1,

where we have used Holder inequality, Sobolev inequality, (3), (33), (44) and (51). This, together with (33),

gives
t
f IVul2, < C.
0

The proof is now complete. o
Step 6. Completion of proof of Theorem 1.3:

With the above established estimates, we obtain (2). This implies that T. is not the maximum time of
existence of strong solutions, which contradicts the definition of T.. Therefore, (1) is false. The proof of
Theorem 1.3 is now complete. [
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