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Abstract. In general, the relations among Zagreb polynomials on three graph operators are discussed
in this paper. Specifically, relations between Zagreb polynomials of a graph G and a graph obtained by
applying the operators S(G), R(G) and Q(G) are investigated. In a separate section, the relation between
Zagreb polynomial of a graph G and its corona is also described.

1. Introduction and Preliminaries

A topological index is a graph invariant applicable in chemistry. The first and second Zagreb indices
are amongst the oldest and best known topological indices defined in 1972 by Gutman and are given with
different names in the literature, such as the Zagreb group indices, the Zagreb group parameters and most
often, the Zagreb indices. Zagreb indices were among the first indices introduced and has been used
to study molecular complexity, chirality, ZE-isomerism and hetero-systems. Zagreb indices exhibited a
potential applicability for deriving multi-linear regression models.

Let G be a connected graph with n vertices and m edges. The vertex and edge sets are denoted by
V(G) and E(G), respectively. For every vertex v; € V(G), where i = 1,2, ..., 1, the edge connecting v; and v; is
denoted by (v;, v;). Also the notation d(v;) denotes the degree of vertex v; in G. There are two special graphs,
namely line graph L(G) and subdivision graph S(G). In fact L(G) is the graph whose vertices correspond to
the edges of G such that two vertices adjacent if and only if the corresponding edges in G have a common
vertex. Also S(G) is the graph obtained from G by replacing each of its edge by a path of length two (or
equivalently, by inserting an additional vertex into each edge of G).

The first and the second Zagreb indices (cf. [4]) are defined as

M;y(G) = Z [d(vi)z] and M;(G) = Z [d(v).d(v))].
v,€V(G) (01,0/)€E(G)
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Considering the Zagreb indices, Fath-Tabar ([2]) defined first and the second Zagreb polynomials as

MG x)= Y KO and MGy = Y M0,
ZJ,',Z)/EE(G) ZJ,’,ZI,‘EE(G)

respectively, where x is a variable. After that, in [3], the authors defined the third Zagreb index

Ms=Ms(G) = ) [d@)—de)ll

(vi,v)€E(G)

and third Zagreb polynomials

M;5(G, x) = 2 Ld@)=d@)l
(©:,0))€E(G)

In addition, in [10], Shuxian defined two polynomials related to the first Zagreb index as in the form

M;(G,x) = Z dw) @ and  My(G,x) = Z @)
Z),'EV(G) Z),'EV(G)

In graph theory, it is one of the important goal to define some (sharp) upper or lower bounds for a
simple graph by considering the special indices and the graph products over them. In fact the Zagreb index
(or coindex) is one of these indices that studied on it so much (see, for instance, [5, 6, 12] and the references
cited in them). As we just indicated, although the Zagreb index itself has taken so much interest from
graph theorist since last decades, in this paper, as a similar manner with known polynomials (given in the
previous paragraph), we will mainly define the following Zagreb polynomials.

o My(G,x) = Z @)@l
(vi,v/)€E(G)

e Ms5(G,x) = Z @)@+
(vi,0/)€E(G)

e M,;(G,x) = Z lnd) b))
(vi,0))€E(G)

o My (Gx)= ) xUCr0EENn
(vi,v))EE(G)

We just exhibit some relationships among these polynomials with some other known structures in here.
However, we still believe that new application areas will (or can) be found for them.

We should also note that, other than L(G) and S(G), there exist two extra subdivision operators R(G) and
Q(G) (cf. [11]) which will be needed in our results of this paper.

Definition 1.1 ([11]). The operator R(G) is defined as the graph obtained from G by adding a new vertex correspond-
ing to each edge of G and by joining each new vertex to the end vertices of the edge corresponding to it. Moreover, the
other operator Q(G) is the graph obtained from G by inserting a new vertex into each edge of G and by joining edges
those pairs of these new vertices which lie on adjacent edges of G.

Then we have the following lemma.
Lemma 1.2 ([11]). One can re-write the subdivision operators described above as in the following:
L(G) := (E(G), EE(G)),
S(G) := (V(G) VE(G), EV(G)),
R(G) := (V(G) UE(G),EV(G) UE(G)),
Q(G) := (V(G) UE(G), EV(G) U EE(G)) .
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The organization of this paper is presented as follows: In Section 2, we investigate the relation between
Zagreb polynomial of a graph G and a graph obtained by applying the operators S(G), R(G) and Q(G). In
Section 3, the relation between Zagreb polynomial of a graph G and its corona is described.

2. Relations Connecting Zagreb Polynomials on Operators S(G), R(G) and Q(G)

Let v1,v5,03,...,0, be the n vertices of G and let uy,uy,us,...,u, be the m subdivision vertices of G,
where n > 2 and m > 1. In this part of the paper, we will present a relation connecting the first, second and
third Zagreb polynomials of a connected graph G and its subdivision graph S(G) and two graph operators
R(G) and Q(G) (see Definition 1.1).

Theorem 2.1. For the subdivision graph S(G) of G, the Zagreb polynomials are given by
Mi(S(G),x) = X*[M;(G, 0],
Ma(S(G),x) = M; (G, ),
1
M3(S(G), x) = ;M;(G, x).

Proof. Let uq,uy, ..., u, be the m subdivision vertices on the m edges of S(G). The degrees of all these
subdivision vertices are 2 in S(G). According to the definition, all edges having type (v;, u;) in S(G), where
i=1,2,...,nand j=1,2,...,m. Therefore

Mi(S(G), x) = Z A@+d)) - Z d(0;). X2 = 2[M: (G, x)] .
(0i,u;)€E(S(G)) veV(G)

Similarly,

Ma(S(G), x) = Z ()@ = M:(G, %) .
v;€V(G)

Further, for M3(5(G), x),

1
M3(S(G),x) = Z ) =dul — Z d(vi)_xd(v,-)—z — —2M§(G, x).
X
(vi,u)€E(S(G)) vi€V(G)

Hence the result. [J
Theorem 2.2. For the graph R(G), the Zagreb polynomials are given by
Mi(R(G), x) = M1 (G, x*) + x*M;(S(G), x?),
M(R(G),x) = Ma(G, x*) + My (S(G), x?),
M3(R(G), x) = M3(G, x%) + %M](S(G), ).

Proof. By Definition 1.1, there are two types of edges in R(G) which are either the edges of type (v;, v;) or
the edges of type (v;, u;). Hence

Z K@) +d@;) Z i)+ (u)

(0,07)€E(R(G)) (vi,u;)€E(R(G)

Mi(R(G))

K2d@)+d@) Z d(v;)x¥i@)+2

(0,0;)€E(G) v;€V(S(G))

Mi(G, %) + X*M;(S(G), x%) .
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Similarly,
M>(R(G),x) = Z (@)@ | Z 2A@)da;)
(v1,0))€E(R(G)) (0i,1;)€E(S(G)
= My(G,x*) + My(S(G),%?).

Moreover, for M3(R(G), x),

Ms(R(G),x) = Z e CARCHIN Z A@i)=d(u))
(©:,2)€ER(G)) (@i,1))€E(R(G)

_ §2d@)=d() | Z d(v;)x¥i@)=2
(v:,0))€E(G) 2 €V(S(G)

= M;s(G,x%) + %M}(S(G), ),
as required. [
Theorem 2.3. For the graph Q(G), the Zagreb polynomials are given by
Mi(Q(G), x) = M21(G, x) + My (G, x) + x* My (L(G), %),

M2(Q(G), x) = My(G, x) + Ms(G, x) + M, ,(L(G), %),

M3(Q(G), x) = Mi(G, x) + M3(L(G), %) .

1982

Proof. By Definition 1.1, there are two types of edges in Q(G) which are either the edges of type (v;, u;) or

the edges of type (u}, ux). Hence for all (v, u;) and (u;, ux) € E(Q(G)),

Mi(QG),x) = wA@)+d(wy) Z )+ ()
(vi,uj)€E(Q(G)) (u;,u)EE(Q(G))
= x2d@)+d()) 4 Z $A@)+2d(o) 4 Z‘ ) uy)
(vi,0/)€E(G) (0,0;)€E(G) (uj,u)€E(L(G))

= M1(G,x) + Mi2(G, %) + x*M;(L(G), x).

In a similar way,

(o)) | i) )

(vi,1)€E(Q(G)) (uj,ur)€E(Q(G))

MZ (Q(G)r x)

= Z K@) @@ +d@) | Z 4@ @)+ ()
(0i,0;)€E(G) (0i,0))€E(G)

+ x@))+2)(d(u)+2)

(uj,ur)EE(L(G))

= Muy(G,x) + Ms(G,x) + M5 ,(L(G), x) .
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Finally, for M3(Q(G), x),

M5(Q(G), x)

d@)=dwp] Z )= ()]
(i,1)€E(Q(G) (1) €E(Q(G))

Z d(0;)x" @) + Z ) =d)|
v,€V(G) (ujur)EE(L(G))

= M(G,x)+ Ms(L(G),x).

These end up the proof. O

3. Zagreb Polynomials on Corona of G

Let G be a graph with vertices vy, vy, ...,v, and m edges. The corona of the graph G, denoted by G*, is
the graph obtained from G by adding n new vertices v}, ), ..., v, and joining vertices v; to v; by an edge,
wherei=1,2,...,n.

In this final section, we provide the relation connecting a connected graph G and its corona G* in terms
of Zagreb polynomials.

Theorem 3.1. For G*, the first, second and third Zagreb polynomials are given by
Ml (G+/ x) = xz[Ml (G/ x) + MO(G/ x)] ’

MZ(G+/ x) = Ml,l (G/ x) + Jd\/IO(C;/ X) s
MS(G+/ .X) = MS(G/ x) + MO(GI .X) .

Proof. The definition of In G* implies that the degree of the vertices v1,v,,...,v, (foralli =1,2,...,n) are
described by dg+(v;) = dg(vi) + 1 while the degree of the vertices v}, 05, .., Uy, are given by dg+ (v)) = 1. There
are actually two types of edges in G* that are the edges of type (v;, v;) and the edges of type (v;,v}). Hence,

for all types of the edges in G*,

Z (@) +d©) | Z yA@)+d@))

(vi,0j)€E(G*) (vi,vi )eE(GT)

Ml (G+r .'X')

A )42 4 Z @) +2
(vi,0)eE(G) 0;eV(G)

= x*[Mi(G,x) + My(G, x)].
Similarly,

M2 (G+r .'X')

xA@d() Z @i (@)
(01,0)E(G*) (@i,00)eE(G*)

- Z x@@)+D@E@)+) Z xA@)+1
(0,0)eE(G) 0;eV(G)

= My1(G,x) + xMy(G, x) .
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For all edges in G*,
M;(G*,x) = Z @)—d@)l 4 Z @) =d(@)
(0i,0/)eE(G™) (0,0 JEE(G*)
— RLCHSIChINN Z @)
(vi,0)€E(G) 2;€V(G)

M;3(G, x) + My(G, x).

Theorem 3.2. In the subdivision graph S(G*) of G*, the Zagreb polynomials are given by
M(S(G*),x) = X’[M;(G, %) + Mo(G, x) + 1],
Ma(S(G*),x) = ¥*[M;(G,x*) + Mo(G,x*) + 1],
M;3(S(GY),x) = %[M’{(G,x) +nx?].

Proof. Again by the definition, S(G*) contains both all the vertices in G* and m + n subdivision vertices
having degree 2. Therefore, for all the edges in G*, the first Zagreb polynomial is defined by

§A@)+2 Z KA@)+2
v:€V(S(G*)) 07 €V(S(GY))

My(5(G"), %)

= ) @)+ 1O 4
v;,€V(G)

= 2°[M;(G,x) + Mo(G,x) +n].

In the similar way,

MaS(G),x) = Y [d() + 1291 4y
v;€V(G)
— 20 2 2
= x[M(G,x7) + Mo(G,x°) +n].
For M3(S(G"), x),
M;5(S(G"),x) = Kd@)=dw)l o Z )=d(w))
(©iu)EES(G*)) (0 1))EE(S(G)
+ xld(m)—d(u,»)\

(viuy )EE(S(G*))

= Z [d(v;) * x*@71] 4 nx

0;eV(G)

Jl—C[M’i(G, x) + nx?].

Hence the result. O
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Theorem 3.3. For the operator R(G"), the Zagreb polynomials are given by
Mi(R(G"), x) = X*[M1(G, x%) + M;(G, %) + 2M (G, x*) + n],
M(R(G"),x) = M7 (G, x*) + x*[2Mo(G, x*) + M} (G, x*) + 1],
M3(R(G*), %) = M3(G, x%) + 2My(G, x*) + M;(G,x%) + 1.
Proof.

M (R(G™), x)

A@)+@) Z @) +d(y)

(vi,0/)€ER(GY)) (vivy )EER(GY))

+ Z §A@)+2 | wn)+2
0:€V(R(G")) 0:€VR(G")

_ 2 K2d@)+d@))+4 Z §2d@i+1)+2

(v1,0))€E(G) 0:€V(G)

+ Z [d(;) + 1]aHAEIHI2 4 g0t
:€V(G)

= x*[Mi(G, ) + M{(G, ) + 2Mo(G, %) + 1] .

For My(R(G™), x),
M>(R(G"),x)

(@) @) | Z »A@)d(y)

(0:,0/)€ER(GY)) (0i,01)€E(R(G))
+ §24@) 4 Z »2d(uy)

(viuj)€E(R(G*)) (vy uj)€ER(GY))

- K HA@)+D(@)+D) 4 44| o Z K Hd@)
(21,0)<E(G) eV (G)

+ ) @)
0:€V(G)

= M; (G x*) +x* [2My(G, x*) + M (G, x*) + 1] .
For M3(R(G"), x),

M5(R(G*), %) 2ld@)~dw) | 2 24()

(vi,0/)€E(R(G)) vieV(G)

+ ) (@i + 1))

0:€V(G)

= M;(G,x%) + 2My(G, %) + M;(G,x%) +n,

as required. [
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