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Generalized Weighted Composition Operators
from H™ to the Logarithmic Bloch Space

Xiangling Zhu?

?Department of Mathematics, Jiaying University, 514015, Meizhou, Guangdong, China.

Abstract. In this paper, we give three different characterizations for the boundedness and compactness of

generalized weighted composition operators from the space of bounded analytic function to the logarithmic
Bloch space.

1. Introduction

Let ID be the open unit disk in the complex plane C. Denote by H(ID) the class of all functions analytic on
D, and by H* = H*(ID) the space of bounded analytic functions on ID, with the norm ||f|lc. = sup,.p, [f(2)I.
An f € H(DD) is said to belong to the Bloch space 8 if

Iflls = 1fO) + sup |f' @)I(1 = 2*) < co.
z€D
The logarithmic Bloch space, denoted by L85, consists of all f € H(ID) satisfying

If'(z)] < oo.

e
11z

lIflhog = sup(1 = |z*) log
zeD

Ir is easy to check that £8 is a Banach space with the norm ||f|[zg = [f(0)| + || fllog- It is well known that
LB H* is the space of multipliers of the Bloch space B (see [2, 31]). The space LB also arises in the study
of Hankel operators on the Bergman space. In [1], Attele showed that the Hankel operator Hy is bounded
on the Bergman space A' if and only if f € LB, where Hsg = (I — P)(fg), I is the identity operator and P

is the Bergman projection from L! into Al. See, for example, [3, 6, 11, 17, 26, 27, 29] for some results on
logarithmic spaces and operators on them.

The differentiation operator D is defined by Df = f’, f € H(ID). For a nonnegative integer n, we define
(D°HE = f2), (D")2) = f"(=), n21, feHD).

Let ¢ be an analytic self-map of D, u € H(ID) and let n be a nonnegative integer. The linear operator Df ,,,
called the generalized weighted composition operator, is defined by (see [32-34])

(Dg,uN)(2) = u@) - (D" f)(p(2)), fe€HD), zeD.
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When n = 0 and u(z) = 1, D, is the composition operator Cp, which is defined by Cof = f o ¢ for
f € H(ID). A basic problem concerning composition operators on various Banach function spaces is to
relate the operator theoretic properties of C, to the function theoretic properties of the symbol ¢, which
attracted a lot of attention recently, the reader can refer to [4]. If n = 0, then Dg ., is the weighted composition

operator uC,, which is defined as follows

uCpf = u(f o), feH(D).

If n =1, uz) = ¢’(z), then Dy = DC,. When u(z) = 1, Dy, = C,D". DC, and C,D" were studied in
[5, 8-10, 18, 23, 25] and the referees therein. See, for example, [7, 11, 19-21, 28, 32-34] for the study of the
generalized weighted composition operator on various function spaces.

It is well known that the composition operator is bounded on the Bloch space by Schwarz-Pick Lemma.
Composition operators and weighted composition operators on Bloch-type spaces were studied, for exam-
ple, in [12-16, 22, 24, 30]. In [24], Wulan, Zheng and Zhu obtained a characterization for the compactness
of the composition operators acting on the Bloch space as follows:

Theorem A. Let ¢ be an analytic self-map of ID. Then C, : B — B is compact if and only if

lim llp/lls = 0.

Motivated by [24], Colonna and Li characterized the boundedness and compactness of the operator
uC, : H* — L8 in [3]. The result about the boundedness is stated as follows.

Theorem B. Let u € H(ID) and ¢ be an analytic self-map of ID. Then the following statements are equivalent.
(a) The operator uC,, : H* — L8 is bounded.

(b) sup ||MC(PIj||ng < 0o, where Ii(z) = 2.
jEINUO
(c)ue LBand

(1~ P log pz k@l @I _
e (- lp@)P)

In [23], Wu and Wulan obtained two characterizations for the compactness of the product of differenti-
ation and composition operators acting on the Bloch space as follows:

Theorem C. Let ¢ be an analytic self-map of ID,n € IN. Then the following statements are equivalent.
(a) CyD" : B — Bis compact.
(b) im0 [ICoD"Illg =0,  where I(z) = 2.
(c) limy1 [|CyD"ayllg = 0, where 0,(z) = (a — z)/(1 — az) is the Mobius map on D.

Motivated by these observations, in this work we show that Df , from H® to the logarithmic Bloch

space is bounded (respectively, compact) if and only if the sequence (||Dg; [ 7] [3)}?;1 isbounded (respectively,

converges to 0 as j — o), where I/(z) = z/. Moreover, we use two families of functions to characterize the
boundedness and compactness of the operators D, .

Throughout the paper, we denote by C a positive constant which may differ from one occurrence to the
next.

2. Main Results and Proofs

In this section, we give our main results and proofs. First we characterize the boundedness of the

operator D, : H® — £LB. We now introduce two families of functions which will be used to characterize

the boundedness and compactness of the operators Dy, ,. For a € ID, we define

— laP (1—laP)?

1
ﬁz(Z) = E and hg(Z) = (1 —EZ)Z , zeD.
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Theorem 1. Let n be a nonnegative integer, u € H(ID) and let ¢ be an analytic self-map of ID. Then the following
statements are equivalent.

(a) Dy, : H® — LB is bounded.

(b) sup ||D;
jzn

(c)u e LB, sup, (1 -Iz*)log Ciplu@)lle’ (2)] < oo and

@, uI]“.[B < oo, where I](Z) =2,

SUp ID;,ufll s < 00, Sup D Julls < o.
acD

(d)

(1= 2P log i lu@)llg’ (2)] (1= [zP*) log =5z ' (2)]
sup <oo and sup

zeD 1 = lp@E)P)+! zeD (1 = lp@)P)y"

Proof. (a) = (b) This implication is obvious, since for j € N, the function I/ is bounded in H* and ||I/||o = 1.
(b) = (c) Assume that (b) holds and let Q := sup [ D U]l z5. From the definition of £, and h,, it is easy

to see that f, and h, have bounded norms in H*. Since

Q,u

f@=0-1aD)Y @7, h(2) =1 -aP? Y i+ DA,
j=0 j=0

using linearity we get

D3, filles < (1=1aP) Y laVID}, Dllzs < 2Q and
j=0
DG hallgs < (1= lal)? Z(] + Dlal D5, Uiz < 4Q.
j=0
Applying the operator D, to I with j = n,n + 1, we obtain
(D” A () = u'(n! and
Dy, "1 (@) = '@+ Dlp) + u@)(n +1)l¢’' (),

while for j < n, (D, ') (z) = 0. Thus, using the boundedness of the function ¢, we have

1 Q
2 ’
sup(1 - [2P) log — — (2] < 1D L5 < 5,

zeD 1|z

ie., ue€ LB and

sup(l = [z log 75 (' 2)
zeD
(n+2)Q

< ——IID} "l zs + sup(l — |z*) log n+ 1)

(n +1)' 2D 1-
(c) = (d) Assume that (c) holds. Let

u'(z) <

Cy :=sup IID(’;,ufgIILg and Cy :=sup IID(’;,,MhHIILg.
aeD aeD

Fora € D, set
— |af? 1 (1-|af)?
—az 1+n (1-m2)?’

ga() z e DD.
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It is easy to check that g, € H* and sup,., l|gsllc < o0. Therefore, from the assumption we see that

1
sup 1Dy, gallzs < C1+ 77— C2 < C1+ Gy < 0.

aeD n

For A € ID, we notice that

" B n _ nllp)!
gfp(),\)(ﬁo()\)) =0, Igf{,(ﬁ)@(/\))l = A= lppy

Hence by (1) and (2) we get that
n!(1 = IAP) log =z [u()llg’ (DllpA)1™*!

Ci1+ G > IDg el s =

(1 — |(P(/\)|2)n+1 4
for A € D. For any fixed r € (0, 1), from (3), we have
(1~ 1AP) log =)l (A)]
su
o (L= QDR
1 (1= 1AP)log e luMlg’DleMI™ ¢, + ¢,
< sup — <
()l rn+1 (1 — |¢(A)|2)n+1 1’"*11’1!

By the assumption that sup, (1 - |z[%) log ﬁlu(z)n(p’(zﬂ < 00, we get

(1 = 1AP) log =z lu(M)llp’ (A)|

su

s (1= [p(L)P)yr
< — R Y AY | ¢ / .
S Sup oy D log R I@TA] < oo

Therefore, (4) and (5) yield the first inequality of (d).
Next, note that

C

\%

DG, follzs
n!(1 = |AP) log =i [’ (Dllp(A)I" ~ (n + 1)I(1 = IAP) log =z [u(M)lle’ (M)llp(A)1™
(1= lpA)R) (1= lp(A)2)t+n '

Therefore
(1 = 1AP) log =z ' (Ml (D)
(1= lp)P)
L G, (n +1)(1 = AP) log =iz lu(M)lle’ (M)llp(A)1™
- (1= lp(A)P)+ '

From (3) and (6), we get

(1~ 1AP) log =zl (Dllp(A)"
su < oo,
b (= Tp(DPy
Combining (7) with u € L8 and arguing as above, we get the second inequality of (d).
(d) = (a) Assume that (d) holds. By Theorem 5.1.5 of [31], if f € B8 and m € N, then

sup(1 — 217" f"* D (2)| < Cullfllz,
zeD

3870

(4)

(7)
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where C,, is a constant depending only on m. Since H* ¢ B and ||fllg < [|fll~, for all f € H®, we have

sup(1 = 21" f" D (@)] < Cullflleo-
zeD

Therefore, for any f € H*, we have

e

(1 = Iz log =5 1D} f) @) = (1 = leP) log 1= (/" (p)u) @)
< (1-EPlog; —e|Z|2 @l @I (@@ + (1~ [2P) log 7 _e|z|2 aE TARICIEN

(1~ [2P) log oz u@)llg’ ()] (1~ [2P) log =5z 1 (2)

o+ C -

o W+ C—a— oy WV
Moreover,

. e _ CuOI

(O, O = [f* (POWO) < 5= Fw e

From (d) we see that
n n e n ’
D}, . fll.cs = (D}, £)(O)] + sup(1 - |2I*) log ml(Dwf) @) < Cllflleo-
zeD -
Therefore the operator Df, , : H* — LB is bounded, as desired. [

To study the compactness of Dy, , : H* — LB, we need the following lemma, which can be proved in a
standard way, see, for example Proposition 3.11 in [4].

Lemma 2. Let n be a nonnegative integer, u € H(ID) and let ¢ be an analytic self-map of D. Then D, , : H* — LB
is compact if and only if Dy, : H* — LB is bounded and for any bounded sequence (f;)jen in H™ which converges
to zero uniformly on compact subsets of D, |ID}, , fill z5 — 0as j — oo.

Theorem 3. Let n beanonnegative integer, u € H(D) and let ¢ an analytic self-map of D such that D, , : H* — LB
is bounded. Then the following statements are equivalent.
(a) Dy, : H® — LB is compact.
(b) lim ||D$,u1j||£8 =0, where I(z) = 2/.
jooo

(c) 1im|(p(a)|—>1 ||Dg,uf([)(ﬂ)||.£3 =0 and 1im|({)(ﬂ)|—>1 ”Dguth(u)”LB =0.
(d)
(1 - 1zP)log = @)’ ()] . (1= zP)log =l (2)]
=0 an lim =

Pt (1 - lp@)P)1 B pe=1 (1= lp@P)"

Proof. (a) = (b) Assume D¢, : H® — L8 is compact. Since the sequence {I'} is bounded in H® and
converges to 0 uniformly on compact subsets, by Lemma 2 it follows that ||D$,u17 llgg = 0as j— oo.

(b) = (c) Suppose (b) holds. Fix ¢ > 0 and choose N € IN such that IID(’,’,,MIJ' llzg < € forall j > N. Let
zx € D such that |p(z¢)] = 1 as k — co. Arguing as in Theorem 1, we have

1D}, foeollzs < (1 = lp@EP) Y lpGVID, Vs
j=0

N-1 o
(1= lp@E)P) ) le@VID} . Ullzs + (1= lp@E)P) ) leEIVID;, Il cs
¢
j=0

j=N

IA

20(1 ~ lp(z)¥) + 2.
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Since |p(zx)] = 1 as k — oo, by the arbitrary of &, we get limy_ IID(’ZW foellzs = 0, ie., we obtain

limyp@)—1 1D fo)ll s = 0.
Notice that

N-1

, - 1-"N-NN1-7r
E(]+1)r]: A= ), 0<r<l1,
=0

arguing as Theorem 1 we get

A

IDg uhoeolls < (1—I(P(Zk)IZ)ZZ(ﬁ1)I<P(Zk)IjIID$,quI|£:B
j=0

N-1 oo
(1= lp@EIPY? Y G+ ViV IDp, Flls + (1 = lpGEIR? Y + DipEolID;, Ul s

j=0 J=N

< 4Q(1-IpEIN = NlpE)P (1 - lp(z0)) + 4e.

A

Therefore, limy_, ||D$,uh<p(zk)|| 8 < 4¢. By the arbitrary of ¢, we obtain limy(g) -1 ||Dg,uh(p(ﬂ)|| s =0, asdesired.
(c) = (d) To prove (d) it only need to show that if (zi)ren is a sequence in ID such that |p(z¢)| — 1 as
k — oo, then

- (1 -1z log o 1z lle” (20l - (- |%/)log T @l
m 2yt =U, am 2y =
koo (1= lp(zi)l?) ko0 (1 = lp(z)lP)

Let (zx)renw be such a sequence such that |p(zi)] — 1 as k — oco. From the assumption and arguing as
Theorem 1 we obtain

lim ||D1(:,/uhq)(zk)||_g5 =0.

lim ||D* < lim ||D” +
frs ” (p,ug({)(zk)”l:g k00 “ (pruf(p(zk)”l:ﬂ n+1 ko

Hence limy_, ||D$,u Jo@ylls = 0. Similarly to the proof of Theorem 1, we have

nl(1 = |zl log i u(zu) g’ (20l (2l
(1 = lp(ze)P)!

< IDg ugpeollcs — 0, as k — oo,

which implies
(- P)log mrlu@lg @ (- [z log i lu(z)lle GollpEDI™!
lim T = lim T =0. (8)
k=00 (1 = lp(zk) )+ k—c0 (1 = lp(zk)?)+

In addition,

(n + 1)UL = |zil*) log = lu(zi)llg’ (ze)llp i)l
(1 = lp(zPy!

. nl(1 = lzx) log 1= I (zi) lp (ze) "

- 1 - lp@)P)"

From (8) and the assumption that IID(’ZW foellzs = 0ask — oo, we have

”Dzy,uf(P(Zk) | |LB +

L (=P log i@l (1 - [ log e Gollp(Gl
m = lim =

koo (1 = lp(oP)" koo (1 = lp)P)" -

as desired.
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(d) = (a) Assume that (fi)ren is @ bounded sequence in H® converging to 0 uniformly on compact
subsets of ID. By the assumption, for any ¢ > 0, there exists a 6 € (0, 1) such that
(1~ 2P)log =2zl @llu(z)] L (=P log el ) o
<& an <e
(1= lp@)P)y™! (1 =lpE)P)"
when 6 < |p(z)| < 1. Let K = {z € D : |p(z)| < 6}. Since Dglu : H*® — L8 is bounded, as shown in the proof
of Theorem 1,

— A € ’
Cs:= szlelﬂ};(l [21%)log Tl ()] < 0 (10)
and
Cs = sup(l - |21%) log ——|u(2)|l¢’ (2)| < co. (11)

zeD 1-lzp

By (9), (10) and (11), we have

su 1—2210LD” "(z
sup(1 o) log 1= 151D}, @)

< sup(l - 2P) log —— [u()llg’ @I £ (@) + sup(1 — |2P) log ——lu’ @IIf" (p()]
ek 1—2 ok 1- [
(1 - I2P) log T lu(2)ll’ (2) (1 - [2P) log =o' (2)]
+C su lIfilleo + C su Il filloo
e P e G e B
< Cysup|f" @) + Casup £ (@) + Cell fillw-
zeK zeK
Hence
DL fillzs < Casup [ V(@) + Casup | @)| + Cellfilloo + (O™ (@O))]- (12)

|w]<o |w]<o

Since (fi)kenw converges to 0 uniformly on compact subsets of ID, by Cauchy’s estimates we see that ( fk("))

and ( fk('”l)) also converges to 0 uniformly on compact subsets of ID. From (12), letting k — oo and using the
fact that ¢ is an arbitrary positive number, we obtain IID(’{’,,M fillcg = 0 as k — oo. By Lemma 2, we see that
the operator Df, , : H* — LB is compact. [
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