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Abstract. In this study, we define the double Cesaro sequence spaces Cesy, Cesy, and Cesy,o and examine

some properties of those sequence spaces. Furthermore, we determine the f(bp)-duals of the spaces Cesy,
and Ces,.

1. Introduction

By Q, we denote the set of all complex valued double sequences, i.e.,
Q={x= ) : Xy € C forall m,neN},

which is a vector space with co-ordinatewise addition and scalar multiplication of double sequences, where
IN and C denote the set of positive integers and the complex field, respectively. Any vector subspace of Q
is called as a double sequence space. The space M, of all bounded double sequences is defined by

M, = {x = (Xmn) € Q 1 [lxllo = sup |xml < 00}

mmneN

which is a Banach space with the norm || - ||.. Consider the sequence x = (x,,,) € Q and ¢ € C. If for every
e > 0 there exists ng = ny(¢) € IN such that

|xmn - fl <é&

for all m,n > ng then we call that the double sequence x is convergent in the Pringsheim’s sense to £ and
write P —lim,, , Xy = €. By Cp;, we denote the space of all convergent double sequences in the Pringsheim’s
sense. It is well-known that there are such sequences in the space C, but not in the space M,. So, we
may mention the space Cy, of the double sequences which are both convergent in the Pringsheim’s sense
and bounded, i.e., Cy, = C, N M,. By Cppo, we denote the space of the double sequences which are both
convergent to zero in the Pringsheim’s sense and bounded.

Let A be the space of double sequences, converging with respect to some linear convergence rule
v—Ilim: A — C. The sum of a double series }; ; x;; with respect to this rule is defined by v — }.;;x;; =

v = limy,, Y1y Z}Ll xij. Let A, u be two spaces of double sequences, converging with respect to the linear
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convergence rules v; — lim and v, — lim, respectively, and A = (a,,,) also be a four dimensional matrix of
complex numbers. Define the set

Uy — Z Ank1 Xkl

k1

/\(:2) ={(xy) € Q: Ax = existsand Ax € A ¢. 1)

mmnelN

Then, we say, with the notation of (1), that A maps the space A into the space p if u C )\5:2) and denote
the set of all four dimensional matrices, mapping the space A into the space u, by (A : p). It is trivial
that for any matrix A € (A : y), (@uni)kien is in the p(v,)-dual AP@W2) of the space A for all m,n € N. An
infinite matrix A is said to be C,-conservative if C,, C (C,)4. The characterizations of some four dimensional
matrix transformations between double sequence spaces have been given by Robison [16], Hamilton [8]
and Zeltser [22].

Lemma 1.1 ([8, 16, 22]). A = (@uux) € (Cyp : Cup) if and only if

sup Z @kl < o0, 2)

mm gl

bp — lima,, = ag exists (k,1 € IN), 3)

bp — lrﬁl ; Akl = U exists (4)

bp - IT}EZIZ |amnklo - aklo| =0and bp - 1;}{112 Iamnkul - ﬂkgz‘ =0 (ko,lo € N). 5)
Tk T

The arithmetic (or Cesdro ) mean s,,, of a double sequence x = (x,,,) is defined by

m n

Smn = % Z Z Xjk, (m,n € IN).

=1 k=1
We say that x = (x,,,,) is (C, 1, 1) summable or Cesdro summable to some number ¢ if
P -lims,,, =¢,

where (C,1,1) = (cpun) is a four dimensional matrix defined by

mn 7

o L (1<k<mand1<I<n)
mnkl = 0 , (otherwise)

(The letter “ C ” comes from the name “ Ceséro ”.)
We shall write throughout for simplicity in notation for all m, n,k,I € IN that

A0Amn = Qmn — Am+ln s
A1 mn = Amn — Amp+l ,
Ay = Ao1(A108mn) = A10(A01amn)-

Now, we may summarize the knowledge given in some document on the double sequence spaces.

Moricz [10] proved that the double sequence space C,, is complete under the pseudonorm ||x||p = I\l]im sup |xx|
X kI>N

and the sets Cy, and Cyyo are Banach spaces under the norm || - ||lo. Gokhan and Colak [5-7] extended these

spaces to the paranormed double sequence spaces, determined their duals and gave some inclusion rela-

tions. Considering the summability of double sequences defining by the product of two complex single
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sequences, Jardas and Sarapa [9] proved the Silverman-Toeplitz and Steinhaus type theorems for three
dimensional matrices. Boos et al. [3] defined the concept of V-SM-method by the application domain of
a matrix sequence A = (AM) of infinite matrices and gave the consistency theory for such type methods
and introduce the notions of ¢, be and ¢ convergence for double sequences. By using the gliding hump
method, Zeltser [19] recently characterized the classes of four dimensional matrix mappings from A into y;
where A, i € {C,, Cpe}. Also employing the same arguments, Zeltser [20] gave the theorems determining the
necessary and sufficient conditions for C,-SM and Cp,-SM-methods to be conservative and coercive. Zeltser
[21] considered the dual pairs (E, EF®) of double sequence spaces E and EF®), where EF®) denotes the f-dual
of E with respect to v-convergence of double sequences for v € {p, bp,r} and introduced two oscillating
properties for a double sequence space E. Also, Zeltser [22] emphasized two types of summability methods
of double sequences defined by four dimensional matrices which preserve the regular convergence and the
C.-convergence of double sequences and extended some well-known facts of summability to four dimen-
sional matrices. By using the definitions of limit inferior, limit superior and the core of a double sequence
with the notion of the regularity of four dimensional matrices, Patterson [14] proved an invariant core
theorem. Also, Patterson [15] determined the sufficient conditions on a four dimensional matrix in order
to be stronger than the convergence in the Pringsheim’s sense and derived some results concerning with
the summability of double sequences. Mursaleen and Edely [11] recently introduced the statistical conver-
gence and Cauchy for double sequences and gave the relation between statistical convergent and strongly
Cesaro summable double sequences. Mursaleen [12] and Mursaleen and Edely [13] defined the almost
strong regularity of matrices for double sequences and apply these matrices to establish a core theorem and
introduced the M-core for double sequences and determined those four dimensional matrices transforming
every bounded double sequence x = (x ;) into one whose core is a subset of the M-core of x. Quite recently,
Altay and Basar [1] defined some spaces of double sequences. Cakan and Altay [4] investigated statistical
core for double sequences and studied an inequality related to the statistical and P-cores of bounded double
sequences. Basar and Sever [2] examined some properties of the space £;. Subramanian and Misra [17, 18]
defined some new double sequence spaces and examined their properties.

In this study, we define the Cesaro spaces Cesy, Cesy, and Cesy,g of double sequences and examine some
properties of these sequence spaces. Furthermore, we determine the f(bp)-duals of the spaces Cesy, and
Cesp.

2. Some Double Cesaro Sequence Spaces

In this section, we introduce the sets Ces,, Cesy, and Cesy, consisting of double sequences whose Ceséro
transforms of order one are convergent in the Pringsheim’s sense, convergent in the Pringsheim’s sense and
bounded, and null in the Pringsheim’s sense and bounded, respectively. We show that Ces, is a complete
seminormed linear space and isomorphic to the space C,. Also we establish that Ces;, and Cesy, are Banach
spaces and they are isomorphic to the spaces Cy, and Cyy, respectively. We give two inclusion theorems
related to the space Cesy,.

The Cesaro spaces Cesp, Cesy, and Cesy,o of double sequences are defined, with the notation of (1), as
follows:

mmn

1
Cesp = q(xjx) € Q: [% xjk] €Cyp = (Cpcry,
k=1
1 mmn
Cespy = q(xjx) € Q: poo—n Xjk | € Cop ¢ = (Crp)cr)
k=1

and

m,

1
Cesppo = { (xjx) € Q: {— Z xij € Cppo ¢ = (Cupo)c1,1)-

=

mn
Jk=1
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Theorem 2.1. The set Ces, becomes a linear space with the coordinatewise addition and scalar multiplication of
double sequences and Ces,, is a complete seminormed with

mn
I¥lls, = lim sup | — Z (6)
 mn>i k=1

which is linearly isomorphic to the space C,,.

Proof. The first part of the theorem is a routine verification and so we omit it.
Now, we show that Ces,, is a complete seminormed with the seminorm defined by (6). Let (x)jen be any

Chauchy sequence in the space Ces,, where x' = { ﬁ)n}m . for every fixed I € IN. Then, for a given ¢ > 0
there exists a positive integer ny(¢) such that /

mn

I = x ||C€Sp = hm sup <e¢€
i-  mnzi ]k:l

for all [, r > no(e) which yields for every m, n > iy that

This means that ( Z;”knl xi k) is a Chauchy sequence with complex terms for every m, n > iy. Since C is

complete, it converges, say

.1 1
fim o 2% L )
jk= jk=1
Using these infinitely many limits, we define the sequence ( 1 Z] X ]k) It is seen by (7) that
1 m,n 1 m,n
. _ l _ = . _
llgg mn Z R — Z il =0 ®
jk=1 jk=1

CV
Now we can show that x = (xj) € Ces,. Let m,n,p,q > ip. Since

mn

pAq mn mn mn
1 1 1 1 , 1 ;1 l
— Xjp — — Xk < — Xjp — —— X + | — Xy — — X
mn 4 4 mn 4 mn 4 J mn 4 J pq - ]
jk=1 jk=1 jk=1 jk=1 jk=1 jk=1
P4 pAa
SERIEED)
- X Xik
k ]
P = =]
< 3,

we have that x € Ces,,.
To prove the fact Ces, and C,, linearly isomorphic, we should define a lineer bijection between the spaces
Ces, and C,. Consider the transformation T defined from Ces, to C,, by

T : Ces, —Cp

x> Tx = ZZx]k = (Syn) = 5.

=1 k=1
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(i) Let x = (xi), ¥ = (yjx) € Cesp and a € C. Then, since

1 m n
Tlax+y) = [% Z Z X jk + yik]
j=1 k=1
1 m n 1 m n
= a|— x]‘k +|— y]k
= alx+Ty,
T is linear.
(i) The equality,

X11 1011 +x12) 1 (011 + x12 + x13)

T +x21)  30rn + X2+ X1 + X2)  £(X11 + X1z + X33 + X1 + X2 + X23)

T_x = . . . = O
1 1 2 1 3
o L1 Xj1 3 Lujm1 Lik=1 Xk 3 L je1 L1 Xk
yields that
x1 = 0 xp = 0 x3 = 0
X1 = 0 x» = 0 x3 = 0 — x=0.

This means that T is a bijection.
(iii) Let us take s = (sjx) € C, and define the sequence x = (xj) via s by

Xj = jksjp — (j = Dksjpf — jlk = D)sjp_1 + (G — Dk = Dsj_11

for all j, k € IN; where soo = 0, 50,1 = 0and s19 = 0. Since s € C), there exists L € C such that P —lim;, $n = L

and ﬁ ):;”:1 Yke1 Xjk = Spn, ONe can easily see that

. 1 m n
P~ lim %Z;kzl‘xjk—L =0.
]: =

Therefore, x € Ces,. That is to say that T is surjective.
Since the conditions (i)-(iii) are satisfied, T is a linearly isomorphism between the Cesaro spaces Ces,
and C, of double sequences. This step concludes the proof. [J

We give the following theorem without proof, since its proof is similar to that of Theorem 2.1:

Theorem 2.2. The sets Cesy, and Cesyyo become a linear space with the coordinatewise addition and scalar multipli-
cation of double sequences. Cesy, and Cesyy, are Banach spaces with the norm

1
IXllo = sup %Z

m n
mn>1 j=1 k=1

xjk

which are linearly isomorphic to the spaces Cy, and Cyp, respectively.

Theorem 2.3. The inclusion Cy, C Cesy, strictly holds.



Y. Sever, B. Altay / Filomat 28:7 (2014), 1417-1424 1422

Proof. Let x = (xu) € Cpp. Then, since the matrix (C,1,1) is in the class (Cy : Cpp), the sequence s = (s;n) =
(G 1,1)x is in the space Cy, which means that x € Cesy,. This shows that the inclusion Cy, C Cesp, holds.
Let us define the sequence x = (x,;,) by

_ 1 7 (m:n)/
{0 e

for all m, n € IN. Since the (C, 1, 1)-transform of x is s = (s,,;) with s,,, = (min{m, n})/mn for all m,n € N and
P —Tlimy,; Spn = 0, X = (Xn) is in Cesy, but not in Cyy. This example shows that the inclusion Cy, C Cesy, is
strict. O

Theorem 2.4. The inclusion C, C Cesy, strictly holds.

Proof. This is similar to the proof of Theorem 2.3. So we omit the detail. [

3. B(bp)-Duals of the Spaces Cesy, and Ces,

In this section, we determine the f(bp)-duals of the Cesaro spaces Cesy, and Ces,. Although the p-duals
of the spaces of single sequences are unique, the $-duals of the double sequence spaces may be more than
one with respect to v-convergence. The f(v)-duals A¥*) of a double sequence space A is defined by

AP©) = (aij)) e Q:v— Z a;jx;; exists for all (x;;) € A 3.
ij

It is easy to see for any two spaces A, u of double sequences that uf) c Af®) whenever A C p.
Now, we determine the f-dual of the Cesaro space Cesy, with respect to the bp-convergence using the
technique given in [1].

Theorem 3.1. Define the set Yy, p, by

Yop-tp = {fl = (a) € Q: Z klat1an| < oo, (KlAvoaw)k, (klAo1a); € €1, (Klay) € M, (an) € Cpr},
Tl

where Iy and CSy, denote the space of absolutely summable single sequences and the space of double sequences
consisting of all double series whose sequence of partial sums are in the space Cyp, respectively. Then the following
statements hold:

(i) The B(bp)-dual of the space Cesy, is the set Yy, pp.
(ii) The B(bp)-dual of the space Cesy, is the set Yy, _pp.

Proof. (i) Suppose that x = (xx) € Cesypy. Then, s = (C,1,1)x is in the space Cy,, by Theorem 2.2. Let us
determine the necessary and sufficient condition in order to the series

i i A1 Xkl )

k=1 I=1

is to be bp-convergent for a sequence a = (a) € Q. We obtain m, n'" partial sums of the series in (9) that

m n
Zyn = ), X, AKXk
(10)

m—1 n-1
= s(klanan) + Y. spa(kndoa) + Y sm(mlAoi@m) + Spn (Mg, )
1 k=1 i=1



Y. Sever, B. Altay / Filomat 28:7 (2014), 1417-1424 1423

for all m,n € IN. (10) can be rewritten by the matrix representation as follows:

n

Znn = i Z bunkask = (BS)mnu (11)

k=1 I=1

for all m,n € N, where B = (b is the four dimensional matrix defined by

kinyay , k<m—-1 and 1<n-1),
knapa, , k<m-1 and l=n),

bpd =4 mlagayy , (k=m and 1<n-1), (12)
mnay,, , (k=m and [=n),
0 , (otherwise).

We therefore read from the equality (10) that ax = (ayxu) € CSp, whenever x = (xy) € Cesy, if and only if
z = (zu) € Cyp Whenever s = (sy) € Cy, which leads to the fact that B = (bu11), defined by (12), is in the class
(Cup : Cip). Thus we see from Lemma 1.1 that the following conditions

m n m—1 n—-1 m—1 n—-1
sup Y Y bl = sup )Y Wlanaul + Y knagapl + Y Imlaoal + mnay,ly < o,

mnz1 1 =1 mnzl \ k=1 =1 k=1 1=1

P - 1%1 byunk = klAv1a,,

and

mn

P =1im Y s = bl = P = Tim Y lAnag] = 0,
k " e

P~ lim ; [Buia = bul = P = lim ZZ kI A 1] = 0
=n

hold for the matrix B, defined by (12). Therefore, we derive from the conditions (2)-(5) that

Z [klAq1a| < oo, (13)
k1

sup Z |knAt1oag,| < oo, (14)
Tk

su [mlApa,| < oo, (15)
mP Zz“ 01m

sup |mnay,| < oo, (16)
mmn

Z Z ay exists. (17)

k=1 I=1

This shows that Cesigbp = Ypp-pp which completes the proof of Part (i).
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(ii) Since the proof is similar to that of Part (i), to avoid undue repetition in the statements, we leave the
detail to the reader. (O

Acknowledgement

The authors would like to express their pleasure to Professor Feyzi Bagar, Fatih University, Faculty of
Art and Sciences, Department of Mathematics, 34500-Istanbul, Tiirkiye, for his careful reading and making
some useful comments on the first draft of the manuscript which improved the presentation of the paper.

References

[1] B. Altay, F. Basar, Some new spaces of double sequences, J. Math. Anal. Appl. 309(1)(2005), 70-90.
[2] F. Basar, Y. Sever, The space .£; of double sequences, Math. J. Okayama Univ. 51(2009), 149-157.
[3] J. Boos, T. Leiger, K. Zeller, Consistency theory for SM-methods, Acta Math. Hungar. 76(1-2)(1997), 109-142.
[4] C.Cakan, B. Altay, Statistically boundedness and statistical core of double sequences, ]. Math. Anal. Appl. 317 (2006), 690-697.
[5] A.Gokhan, R. Colak, The double sequence spaces cg (p) and clsz (p), Appl. Math. Comput. 157(2)(2004), 491-501.
[6] A.Gokhan, R. Colak, Double sequence space £7°(p), Appl. Math. Comput. 160(2005), 147-153.
[7] A.Gokhan, R. Colak, On double sequence spaces OCI; », ocg B (p) and £ (p), Int. ]. Pure Appl. Math. 30(3)(2006), 309-321.
[8] H.J. Hamilton, Transformations of multiple of sequences, Duke Math. J. 2(1936), 29-60.
[9] C.]Jardas, N. Sarapa, On the summability of pairs of sequences, Glasnik Math. III. Ser. 26(46)(1-2)(1991), 67-78.
[10] E. Moricz, Extensions of the spaces c and cg from single to double sequences, Acta Math. Hung. 57(1991), 129-136.
[11] Mursaleen, O.H.H. Edely, Statistical convergence of double sequences, . Math. Anal. Appl. 288(1)(2003), 223-231.
[12] Mursaleen, Almost strongly regular matrices and a core theorem for double sequences, J. Math. Anal. Appl. 293(2)(2004), 523-531.
[13] Mursaleen, O.H.H. Edely, Almost convergence and a core theorem for double sequences, J. Math. Anal. Appl. 293(2)(2004),
532-540.
[14] R.E. Patterson, Invariant core theorems for double sequences, Southeast Asian Bull. Math. 24(3)(2000), 421-429.
[15] R.E. Patterson, Comparison theorems for four dimensional reglar matrices, ibid, 26(2)(2002), 299-305.
[16] G.M. Robison, Divergent double sequences and series, Trans. Amer. Math. Soc. 28(1926), no.1, 50-73.
[17] N.Subramanian, U. Misra, The generalized semi-normed difference of double gai sequence spaces defined by a modulus function,
Stud. Univ. Babes-Bolyai Math. 56(1)(2011), 63-73.
[18] N.Subramanian, U.K. Misra, The generalized double difference of gai sequence spaces, Fasc. Math. 43(2010), 155-164
[19] M. Zeltser, Matrix transformations of double sequences, Acta Comment. Univ. Tartu. Math. 4(2000), 39-51.
[20] M. Zeltser, On conservative and coercive SM-methods, Proc. Est. Acad. Sci. Phys. Math. 50(2)(2001), 76-85.
[21] M. Zeltser, Weak sequential completeness of f-duals of double sequence spaces, Anal. Math. 27(3)(2001), 223-238.
[22] M. Zeltser, On conservative matrix methods for double sequence spaces, Acta Math. Hung. 95(3)(2002), 225-242.



