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Abstract. The authors introduce two new classes H(A, A, B) and M(A, A, B) of analytic functions. Distor-
tion bounds, inclusion relations and integral transforms properties for these classes are investigated.

1. Introduction and preliminaries

In the present paper the following assumptions are given.
N=1{1,23,---},ke N\{1},-1<B<0,B<A<land0<A <1 (1.1)
Let A be the class of functions of the form

f@)=z+ Zanz”
n=2

(1.2)
which are analyticin U = {z : |z| < 1}.

For two functions f and g analytic in U, the function f is said to be subordinate to g, written f(z) < g(z)
(z € U), if there exists an analytic function w in U with w(0) = 0 and |[w(z)| < 1 such that f(z) = g(w(z)).
Let

filz) =z + Zan,jz” eA (j=1,2).
n=2
The Hadamard product (or convolution) of f; and f; is defined by

(fix £)E) = @) * fo(D) =2+ ) anaan 2"
n=2

Lemma. Let f(z) € A defined by (1.2) satisfy

Z[a — A+ An)1 - B) — (1 — A),llaq] < A —B. (1.3)
n=2
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Then
1-MNf@z)+Azf'(z) 1+ Az
@ <13 B (zel), (1.4)
where
0 (%Le¢N
Opk = k ! 1.5
k { 1 E% c Ng (1.5)
forn>2,
I~ L omi
fi(z) = % Z e,:]f(eiz) and & =exp (T) (1.6)
=0
Proof. For f(z) € A defined by (1.2), the function fi(z) in (1.6) can be expressed as
f@) =2+ ) bui”, (1.7)
n=2
where
k-1 e
5k—lz,sj(n_1)—{0 (T¢N)’
nk = k - -1
k = 1 (”T € N)

for n > 2. Also, by (1.1) and (1.5), we see that
Abpp—Bl-A+An) =20 (n=2). (1.8)
Let the inequality (1.3) hold. Then from (1.7) and (1.8) we deduce that
<1—A>fﬁzz+)Azf'(z> _q

Y EEEe
A-B—75—

~ Yo, (1= A+ An = 8,4)a,2"!
A =B+ Yo, [Adu — B(1 = A + An)a,zi-1

< 2130:2(1 -A+An- 6n,k)|an|
= A= B Yo a[Aby:— B(L— A+ An)liad
<1 (z=1).

Thus, by the maximum modulus theorem, we have (1.4).

Now we introduce the following two subclasses of A.

Definition 1. A function f(z) € A defined by (1.2) is said to be in the class Hi(A, A, B) if and only if it
satisfies the coefficient inequality (1.3).

It follows from Lemma that, if f(z) € Hi(A, A, B), then the subordination relation (1.4) holds.

Definition 2. A function f(z) € A defined by (1.2) is said to be in the class Mi(A, A, B) if and only if it
satisfies

Z n[(1= A+ An)(1 = B) — (1 — A)S,llan < A — B. (1.9)
n=2

It is clear that for f(z) € A,

f(z) € M(A, A, B) &< zf'(z) € Hi(A, A, B). (1.10)
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If we write

(1= A+ An)(1=B) = (1 - A)d,x

ay = aur(A,A,B) = and B, =na, >a, (n=2),

A-B
then it is easy to see that
IPn da, P 8an IPn da,
ox ~"on 70 ga =raa =0 and Oy =ngp 20

Therefore we have the following inclusion relations: If
0<A<A<1,-1<By<B<A<Ay<landB<0,

then
Mk(/\/ Ar B) c Hk(ArA/ B) c Hk(/\O,AO, BO) c Hk(or 1/ _1)

In particular, by taking A = 1 and the Lemma, we see that each function in the classes Hi(1, A, B) and
Mi(1, A, B) is starlike with respect to k-symmetric points. Analytic (and meromorphic) functions which are
starlike with respect to symmetric points and related functions have been extensively studied by several
authors (see, e.g., [1] to [8], [10] to [18] and [20] to [22]; see also the recent works [6], [12] and [19]).

In the present paper, we obtain distortion bounds, inclusion relations and integral transforms for each
of the above-defined classes Hi(A, A, B), Mi(A, A, B). Our results are motivated by a number of recent works
(see, for example, [1] to [22]).

2. Distortion Bounds

Theoreml Let —*—= =] 1)(1 5 <A<1.
i) If f(z) € Hi(A, A, B), then forze U,

A-B A-B
|zl — mmz lf @) < Izl + mwz- 2.1)

The bounds in (2.1) are sharp for the function

A —

B
- mzz € Hk(/\, A, B) (22)

f@) =z

(ii) If f(z) € My(A, A, B), then for z € U,

A-B A-B
I ——— < [ .
L-Troa-p V@1 ana—pH 23)
The bounds in (2.3) are sharp for the function
— A-B 2
flz)=z 2(1+A)(1—B)Z € Mi(A, A, B). (2.4)
Proof. For n > 2 and %! ¢ N, we have 6,4 = 0, 614mk =0 (1 <m <k —1) and
1-A+An)1-B)—(1—-A)nr=(1+A)1-B). (2.5)

Forn >2and %2 € N, we have n = 1+ mk (m € N), 6, = 1 and

(1= A+ An)(1=B) = (1 = A)S,x > (1 + Ak)(1 = B) — (1 — A). (2.6)
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If <A <1,then

1+A)A-B)-(1-A)>1+A)(1-B).
(i) If
f@)=z+ i a,z" € Hy(A, A, B),
n=2

then it follows from (2.5) to (2.7) that

A+ )1 =B) Yl < Y [(1= A+ An)(1 = B) = (1 = A)o,llanl < A - B.

n=2 n=2

Hence we obtain
2

2 . A-B
)] < 2l + |2| ;IM <E+r T na-s

|zl
and
S A-B
_ 12 __4a-b 0
@) 2 [el = [ 22 ol 2 2| = oy o 2 0
forz e U.
(i) TF
f@)=z+ Z a,z" € Mi(A, A, B),
n=2
then (2.5) to (2.7) yield

1+ A)(1 - B)ananl <A-B.
n=2
From this we easily have (2.3).
Theorem 2. Let
- 1-A
(k-1)1-B)

Q) If f(z) =z + Y.nopanz" € H(A, A, B), then for z € U,

0<A

k k
. A=B) = (1=B)Yr (1= A+ Amal .
|f<z>|s|z|+;|an||z| + ST B B ey A
and
k k
, A=B) = (1=B) i (1= A+ Anal .
|f(z>|z|z|—;|annz| - ema—a—a

Equalities in (2.9) and (2.10) are attained, for example, by the function

A-B
f@=2- g ma-p-a-a

(ii) If f(z) = z+ Xprp anz" € Mi(A, A, B), then for z € U,

ZF1 e Hy(A, A, B).

(A=B)—(1-B) Yt n(1—A+An)a,|
1+ A(1-B) —(1-A4) d

k
F@I<1+ ) nlagiz™" +
n=2

3568

2.7)

2.8)

2.9)

(2.10)

(2.11)

(2.12)
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and

. k
F@Iz1-Y et - AB 0 D g nll = A 2 Anjind

k
T+ A1 —B)—(1-A) 2l (2.13)

n=2
Equalities in (2.12) and (2.13) are attained, for example, by the function

A-B

1+ 0L+ A1 -B) - 1-A) 1 € Mk(A, A, B). (2.14)

f@)=z-

Proof. (i) If f(z) =z + Yo 442" € Hi(A, A, B), then from (2.5), (2.6) and (2.8) we find that

A-B> Z[a — A+ An)(1 - B) — (1 — A)S, ]l
n=2

> Z(l A+ An)(1 = B)lay + [(1 + Ak)(1 - B) = (1 - A)] Z 2.

n=k+1

From this we easily have (2.9) and (2.10).
(i) If f(z) = z+ Yoy anz" € Mi(A, A, B), then we have

A— ZZ [(1 = A+ An)(1 = B) = (1 = A)d,xllayl

0o

(1 A+ An)(1 = B)la,| + [(1 + Ak)(1 —B) — (1 - A)] Z nla,|.

M»

n=k+1
This leads to (2.12) and (2.13).
Theorem 3. Let f(z) given by (2.1) be in the class Hi(A, A, B).
HI0< A< /f g,thenforze U,
A-B A-B
1- FYEe |z| <|f'(z)l < )\(1 ) —z|. (2.15)
The bounds in (2.15) are sharp for the function
flz)=z- —Bz € Hi(A, A, B). (2.16)
T 21(1-B) £ '
(i) If ‘% <A <1, thenforze U,
k k
, a1, (A=B)—A(l = B) Y- nlan| k
If @) <1+ ; M+ e e T (L B (2.17)
and
k k
, ) 1 (A=B)-A(1-B) Y5, nla,l )
f@12 1=} i ey (R B (2.18)

n=2
The bounds in (2.17) and (2.18) are sharp for the function

A-B

*1 e Hi (A, A, B).
WI-B+A_B> ©<HAAB)

f@) =z~




Y. Yuan, J.-L. Liu / Filomat 30:13 (2016), 3565-3574

Proof. Forn > 2 and ”—;1 ¢ N, we have 6,,; = 0 and

1-A+An)1 —nB)—(l—A)(Sn,k -By+ (1—)\31(1—3)
> A(1-B)

Forn >2and %2 € N, we have 6, = 1, n = 1 + mk (m € N) and

1-A+An)(1-B)—(1-A)d.x
n

=A(1-B)+ (A_B);A(l_B).

HIfo<A< %, then it is seen from (2.19) and (2.20) that

1-A+An)(1-B)—(1-A)d.x
n

> A(1 - B)

for all n > 2. Using (2.21) we obtain

A-B> Z[a — A+ An)(1 = B) = (1 — A)by il
n=2
> A(1 —B)ana,,l.
n=2

From this we easily have (2.15).
(ii) If % < A £1, then it is seen from (2.19) and (2.20) that

1-A+An)1-=B)—(1—A)dux >/\(1_3)_/\(1—3)—(A—B)
n - 1+k

forn > 1 + k. Using (2.22) we obtain

A-B> Z[a — A+ An)(1 = B) = (1 — A)dy il
n=2

k
> A(1 - B)Z nla,| +

= 1+k

n=1+k

From this we easily have (2.17) and (2.18).

3. Inclusion Relation between Hy. (A, C, D) and M (A, A, B)

In this section we generalize and improve the above mentioned inclusion relation

My(A, A, B) € Hi(A, A, B).
Theorem 4. If -1 < D <0, then
Mk(/\/ Ar B) c Hk(A/ C(D)/ D)/

where

(1-D)A - B)

CO) =D+ 55—

A(1-B) - Al _B)_(A_B)] i 1y

3570

(2.19)

(2.20)

(2.21)

(2.22)

(3.1)

(3.2)

(3.3)
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and the number C(D) cannot be decreased for each D.
Proof. Obviously D < C(D) < 1. Let f(z) € Mi(A, A, B). In order to prove that f(z) € Hi(A,C(D), D), we
need only to find the smallest C (D < C < 1) such that

1-A+An)(1-D) -1 -C)onx < nf(1-A+An)(1-B)— (1 - A)ouxl

C-D A-B (34)
for all n > 2, that is , that
1-D)A—=A+An—06ux) 1-B)(1—-A4+An—20ux)
D + 0ok <n 1-B + O (n>2). (3.5)
Forn > 2 and ”T_l € N, (3.5) is equivalent to
A1-D
C>=D+ M((Tﬁ-i-)l =@(n) (say). (3.6)
A-B
The function @(n)(n > 2) is decreasing in n and hence
A1 -D)
(P(Tl) S(p(l-l—k) =D+ W_B)_'_l
A-B
Forn > 2 and "T_l ¢ N, (3.5) reduces to
1-D
C>D+ n(l——B) = lli(?’l) (say) (37)
A-B
and we have
1-D)A-B
Y(n) <yP2)=D+ (-DNA-5) (3.8)

2(1-B)

Noting that (1.1), a simple calculation shows that ¢(1 + k) < y(2). Consequently, by taking C = 1(2) = C(D),
it follows from (3.4) to (3.8) that f(z) € Hi(A, C(D), D).
Furthermore, for D < Cy < C(D), we have

A+HA-D) __A-B __(1+HA-D) __A-B .
Co-D 20+M(1-B)  CD)-D 20+AN)1A-B)

which implies that the function f(z) € Mi(A, A, B) defined by (2.4) is not in the class Hi(A, Co, D). The proof
of Theorem 4 is thus completed.

Setting D = B, Theorem 4 reduces to the following result.

Corollary 1. M(A, A, B) C Hi(A, C(B), B), where

A+B

C(B) = € (B, A)

cannot be decreased for each B.
Note that Corollary 1 refines the inclusion relation (3.1).

4. Integral Transforms

Theorem 5. Let f(z) € Hx(A, A, B) and

I(z) = “Z—:l fo et Fihdt (u> -1). 4.1)
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Then I,(z) € Hi(A, C1(D), D), where =1 < D < 0 and
(u+ 1)1 -D)A - B)

D)=D 4.2
B (S e 2
The number C;(D) cannot be decreased for each D.
Proof. Note that D < C;(D) < 1. For
f@ =z+) @z € Hi(),A,B),
n=2
it follows from (4.1) that
L(z)=z+ i el 4.3
u(@) =z n=2[u+na,,z. (4.3)

In order to prove that I,(z) € Hi(A, C1(D), D), we need only to find the smallest C (D < C < 1) such that

(L-A+Am(1-D)= (1= p+1 _(1=A+An)1-B)~(1- A

C-D p+n "~ A-B (“4)
foralln > 2.
Forn > 2 and %! € N, (4.4) becomes
A1 = D)
C>D+ W = (pl(n) (say) (45)
@B+ T
and we have A0 -D)
P1(1) < prl+k) =D+ g
A-B+D) T p
Forn > 2 and ”T_l ¢ N, (4.5) reduces to
C 1-D
>D+ T P1(n) (say) (4.6)
A-B)(ut)
and we have
(u+1)(1-D)A-B)
Pi(n) < 1) = D+ - (47)

(W+2)(1-B)

A simple calculation shows that ¢1(1 + k) < 11(2). Therefore, by taking C = ¢1(2) = C1(D), it follows from
(4.4) to (4.7) that I,(z) € Hi(A, C1(D), D).

Furthermore the number C;(D) is best possible for the function f(z) defined by (2.2).

Theorem 6. Let [,(z) and C;(D) be the same as in Theorem 5. If f(z) € Mi(A, A, B), then I,(z) €
Mi(A, C1(D), D) and the number C;(D) cannot be decreased for each D.

Proof. By (4.3) we have
B TR .
Ip(z)—[z+g #_’_nz] f(2)

n=2

and so

+1

zlL(z) = [Z + Z o nz"] +zf'(2). (4.8)

n=2

=
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In view of (4.8) and (1.10), an application of Theorem 5 yields Theorem 6.

Corollary 2. Let f(z) € Mi(A, A, B) and I,(z) be the same as in Theorem 5. Then I,,(z) € Hx(A, C2(D), D),
where -1 < D <0 and
(u+1)(1-D)A-B)

GO =P A B)

The number C,(D) cannot be decreased for each D.
Proof. Note that D < C5(D) < 1. Let f(z) € Mi(A, A, B). Then it follows from Theorem 6 and Corollary 1
that [,(z) € Hy(A, C(D), D), where -1 < D < 0 and

__a®-D __ (u+1)(1-D)A-B)
CD)=D+————=D+ 0B = Cy(D).

Furthermore, for the function f(z) € My(A, A, B) given by (2.4) and D < Cy < C»(D), we have

(u+1)A-B)

2(u+2)(1+A)(1-B)

I,(z) =z

and
(1+4)(1-D) W+HA-B) _ (1+A)(1-D) (u+1)(A - B)

Co—-D  2u+2(A1+AM)(1-B) GMD)-D 2u+2A+A)1-B)
Hence I,,(z) ¢ Hi(A, Co, D) and the proof of Corollary 2 is completed.
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