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Abstract. We define an elliptic extension of the Genocchi polynomials and obtain the sums of products
for the elliptic Genocchi polynomials. The formulas of sums of products for the Genocchi polynomials are
also derived.

1. Introduction

The classical Genocchi polynomials G,(x) are defined by means of the following generating function
(see, e.g., [16, 18, 19])

2ze** = z"
= Za Gut) (el <. M
n=

Let G,, = G,(0) be the Genocchi numbers, Gy,+1 = 0 (n > 1), which several valuations are

Go=0,G1=1,G, =-1,G4 =1,G¢ = -3,Gg = 17, Gy9 = —155, Gy, = 2073.
We define n-th Genocchi functions as follows:

Gu(x) = Gu(¥) 0 <x <1,n€Np), Gu(x+1)=-Gu(), )
which is called the periodic Genocchi polynomials. Any x € R,r € Z, we have

Ga(®) = (CDMG,((x),  Galx +7) = (=1 G,(x), 3)
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where {x} denotes the fractional part of x; [x] denotes the greatest integer not exceeding x.

The generalized Bernoulli polynomials B,(f‘)(x) and the generalized Euler polynomials Eff‘ )(x), each of
degree n in x as well as in a, for a real or complex parameter «, are defined by means of the following
generating functions (see, for details, [14, p. 25-32] and [20, p. 59-66]):

V4 a had N
(ez _ 1) e = Z qua)(x)ﬁ (lzl < 2m;1% := 1) @
n=0 :
and
ez n 1 Z E(“)(x (2l < ;1% :=1) )

respectively. The classical Bernoulli polynomials B, (x) and Euler polynomials E,, (x), for « = 1 in (4) and
(5), are respectively defined by

=Y B (<2, ©
n=0 '
Z =Y E@L (<. ”)

Obviously, the classical Bernoulli number B, := B,(0) and Euler number E, := 2"E, ( ) (n € IN), where
No=NU{0}, N=1{1,2,...}.
Let Sn(n;x1, ..., xv) denotes sums of products for the Bernoulli polynomials as follows:

Sn(mxy, ..., ) = Z (]-1 n ]-N)Bfl(xl)“'BjN(m), (®)

ji+etin=n

which summation takes place over all positive or zero integers j; > 0 such that j; + j, + - - - + jny = n, where

( n ) o
J,ee N e !
denote the multinomial coefficients.

By (4), (6) and (8), we can find the following relation:

B () = Sn(k;xy, ., ), ©)

wheny =x; +--- + .
Dilcher obtained the following formula.

Theorem 1 ([3, p. 31, Lemma 4]). Let x1, ..., %y, y be complex numbers with y = x1 + - - - + xy, for n > N we have

St = GOV )Z( (Y prw e,

Recently, Ivashkevich [10] and Machide [12] introduced the following elliptic extensions for the clcssical
Bernoulli and Euler polynomials, i.e., so-called elliptic Bernoulli functions and elliptic Euler functions are
defined by means of the following generating functions respectively:

1 e(—px’ = vx) - vX) 1«5)”1
%Z E+ut+v ZB T n! (10)
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and

T bde E+ut+v+1/2 n!

1 Z e(—ux’ —vx —x/2) _ Z E, (%) (2711'«5)”’ 1)
n=0

(x,xeR,teH:={1eCIt>0}; £€C, pyveZ)
where symbol Z denotes the Eisenstein summation ([23, p. 14]) defined by

Y.- ;g[Ze]am, ] [A%ii*; f] (12)

u v=-N u=-—M

Let N be a positive integer and n be a nonnegative integer. We set X; = (x/,x;) fori = 1,...N. Let
Sym; Xi,...,%y)and Ty, (n; ¥1,...,%y) denote the sums of products of elliptic Bernoulli functions and elliptic
Euler functions respectively.

n

S;\](n;flr-../fl\]): Z . . )le(xi,xl;’t)“'BjN(x;\I,xN;T)
j1siNZ0 J1i,---/JN
Jp et in=n

and

n
T]’i](n;flr-../gl\]): Z ( . )Ejl(x{l,xl;’r)."E]'N(x;\]’m;,-[).

JrmriNZ0 J1i,---/JN

JptetN=
Machide obtained the following results.

Theorem 2 ([12, p. 824, Theorem 2 and p. 830, Theorem 15]). Let n be an integer with n > N. For any i =
1,2,...,N, let x; and x; be real numbers with x, ¢ Z.. Set

X = (x],x;) (i=1,2,...,N), W, y) = () +- - +xpy, %1+ + ).

Suppose that y' ¢ Z, we have

n\ "= N-1 Buk(y, y; 7)
T2 2\ _ (_1\N-1 _1\k - T (1.2 = n— rJr
SR, %) = (1) N(N);é( 1)( . )5N<k,x1,...,xN>—n_k : (13)
T > > 2N_1 v N-1 T > > ’
TN(m;%,...,XN) = ~N-1 kz_;(—l)k( P )SN(k; X1, XN)Epen—1—k(Y, 5 7). (14)

Theorem 3 ([12, p. 825, Lemma 4]). We have
(i) Let x1,...,% be real numbers and x/,...,x}; be complex numbers with x1,...,x3, & Z. Set X = (xl’.,xi)for
i=1,...N.If 0<xq,...,%v <1, we have

lim .- lim lim Sy,(m;xy,...,%n) = SN(m;x1, ..., ). (15)
xi—>—zoo x’N—>—ioo T—i00

(ii) Set%; = (3,0)fori=1,...,N—1, %y = (x},,0), we have

The coefficient of (x\)°(= 1) of lim S} (n; %y, ..., ) = Sn(n), »
where

S(Tl)— Z 21 Br: - By;

h ) 1 iNZ0 2j1""/2jN 2j1 2jN+

Jr+erin=n
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In the recent past a lot of papers appeared providing the sums of products for the special numbers and
polynomilas and the related investigations; see [4-7, 9, 15, 17, 18, 21, 22] and the references therein.

In this paper, we define the elliptic Genocchi functions by means of the Eisenstein summation and
Jacobi’s theta functions. We research the sums of products for the elliptic Genocchi functions. Some
formulas of sums of products for the Genocchi polynomials and related results are also obtained.

2. The Definitions for the Elliptic Genocchi Functions

In this section we give formula for sums of products of elliptic Genocchi functions. Thereout we derive
the corresponding formulas for sums of products of the Genocchi polynomials and numbers.

We will use some standard notations: H := {t € C, 37 > 0}, e(t) := exp(2mit), q = e(7),z = e(&), w = e(x).
The classical Jacobi’s theta functions [14, p. 371] are

2
Sl(x;T):Ze(%(n+%) T+(n+%)(x+%)) (17)
nez

92061 =1 Y ( l)”e(l(n+1)21+(n+1)(x+1)) (18)

20617) = - 5 5 5 5

= 2 2 2 2

Obviously, we have the following quasi periodicity:

Slx+1;7) = =-91(x; 1), Nx+1;7)=—¢ (—x - %)81(x,‘ T) (19)
S+ 1,1) = =95(67), (X +1T:7) = e(—x - %)Sz(x,‘ 7) 20)

We consider the following function

1 1 =
Fogm=log == ), @ = @
m,n=1

(0<3&E<T1, 0< Jx < Jn).

Zagier ([24]) showed that the function F(x, &; 7) can be continued to a meromorphic function with poles at
divisors x = m+nt and £ = m’ +n’t, and function F(x, &; 7) can be expressed in terms of the classical Jacobi’s
theta functions, by formula

1 \9’1(0,‘ ’L')Sl(x +&; ’l’)

F JT) = — Z + 17 22

&= 55 s g WEEC\ZraZ), (22)

where ¥1(x; 1) = %Sl(x; 7). For fixed x € C\ Z + 1Z, the function F(x, &; T) with respect to £ is meromorphic

with only simple poles on the lattice Z + 7Z. The function F(x, &; 7) satisfies the following properties by
(19) and (21)

F&mt)=F@n, &), Fx,&E+11)=Fx&1), Fx,&+11) =e(—x)F(x, & 7). (23)

We recall a classical result: Suppose L := {v + ut | u,v € Z} to denote the lattice generated by 1 and 7. Any
1 € C determines a character x, on L as follows:

Xn(é) = e(gn _En)
T—1T
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The Kronecker’s identity (see [11, p. 277], or [23, p. 70])

(w)
wZé'Ee?Tww:Zme(én U)F(@’Y/T) (24)

Let H(x, &;1) = F(x,é + %;T), =+ % + ut | u, v € Z}. By (22), we obtain that

1 91(0;7)92(x + & 7)
21t 91(x;1)92(E; T)

H(x, &) = (25)

For fixed x € C\ Z + 1 + 1Z, the function H(x, &; T) with respect to & is meromorphic with only simple poles
on . The function H(x, &; 1) satisfies the following properties by (19) and (20).

H(x,E+1;7)=H(x,&t), Hx, &+ 1;1) =e(—x)H(x, &;7) (26)
and

H(x+1,51)=H(x, &1), HX+17,&1) = —e(=5)H(x, & 1). (27)

Let H(x',x;&1) = —2e(x&)H(—x" + x7,&; 7). The elliptic Genocchi functions are defined by means of the
following generating function

(2mig)"!

SO, 1) = ZG (x5 1) (28)
By (26), we see easily that
Gu(@ +1,x51) =Gu(¥', x;1), Gu(¥',x+1;7) = =G,(x', x; 7). (29)

By (24), (25) and (28), when x’ and x are real numbers with —1 < x < 0, we can derive the following another
expression of the generating function of elliptic Genocchi functions

2 e(—ux’ —vx —x/2) 15)” 1

i e 28+2uTt+2v+1 ZG( 4T ) (30)

(¥, xeR;, teH; £eC).

Therefore, we have

n=20,

G,(x',x;7) = ! / —
(X, x;T) 2 n! Z e(ux’ +vx —x/2) —
()" Qut+2v-1)"
3. Sums of Products for the Elliptic Genocchi Functions

In this section we give formula for sums of products of elliptic Genocchi functions. Thereout we derive
the corresponding formulas for sums of products of the Genocchi polynomials and numbers.
We now define the function

9O, x;&7) =

d
(2mi )"(95) 56 x&m, (20,

especially, 55(0)(x’, x; & 7) = 9(x', x; E; 7). By (26), it is easy to show the following properties.
S, 5 E+11) =e()D(, x5, E7), DWW, E+T1) =e(x)H(, x; & T) (31)
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and
SOW, &+ 1;7) = o), x; & 1), 9O, x;E+1;7) = e(¥) 9O, x; & 7). (32)

We differentiate both side of (28) with respect to the variable &, iterate n — 1 times, yields the relationship
between the function H$O(x’, x; &; ) and elliptic Genocchi functions G,(x’, x; T) below.

S0, x;&7) = Z Guren1 (X', %;7) (2mic)”

— (n+¢+1n! (33)
We define sums of products for the elliptic Genocchi functions below.
2 = n ’ ’
R;](n;xl,...,xN) = ( . )Gjl(xlrxl}T)"'GjN(erxN;T)-
1rmiNZ0 Jir---sJN
ji+-tin=n
By (28), we obtain the generating function of RY (1; %1, ..., Xx)
- 3 (2nic)"
@rio [ ] o6, xi: &0 = ) Ryn 3, %)= (34)
i=1 n=0

We need the following lemma.
Lemma 4. Let n be an integer withn > N. Foranyi=1,2,...,N, let x and x; be real numbers with x| ¢ Z. Set
X = (x}, x;) (i=1,2,...,N), W, y) = @]+ +x5,x + -+ ).

Suppose that y' ¢ Z, we have
N N-1 N-1
(N-1)! H S, xi; & 1) =2N1 Z(—l)k( ' )Si;(k; 2., 009N TP,y & ). (35)
i=1 k=0

Proof. Let function K(&) equals LHS of (35) minus RHS of (35). By (31) and (32) yields
K(E+1) = e()K(E), K(&+1)=e(y)K(E). (36)

Let ¢ be a complex number near the origin. By (33), (34) and R, (1; X1,...,%y) =0when0 <n <N -1and
Go(x’, x; T) = 0, it is not difficult to show that

sl i c\n—N
KE) = - 1! Y R, 20 ET
n=N ’
7)

N-1 co .
_ N-1 R R 2mi&)"
_ AN-1 2 ‘ 1y T (1. 2 ’o
2 k:()( 1) ( k )SN(k/ X1y /xN) i Gn+N7k(y 7 ]// T) (n + N — k)n! .

From (37) we see that function K(&) is holomorphic at £ = 0. By (25) we know function H(x, &; t) with
respect to & is meromorphic with only simple poles on €, the possible poles of function K(&) are on €. By
(36) and (37), we obtain that function K(£) is a holomorphic function in &.

On the other hand, since |e(y)| = |e(y’) =1, e(y’) # 1, and combining (36), we say that function K(¢) is a
bounded function. Therefor, we obtain the K(&) = 0 by applying Liouville’s theorem. This completes the
proof. O
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Theorem 5 (Sums of products for the elliptic Genocchi functions). Let n be an integer with n > N. For any
i :;,2, -+, N, let x and x; be real numbers with x ¢ Z. Set X = o, xi), (Y, y) = () ++xy, a+ W), Y € Z,
we have

n\= G (N-1 GtV y; 1)
T2 2\ _ HN-1 kY T et g 2 2 \Tn-k\J 1y
Ry(m;%q,...,%N) =2 N(N) ,;zo( 1) ( r )SN(k, X1,.-+,XN) pay (38)

Proof. By (33), (34) and (35), we arrive at formula (38). O
Next we give the formulas of sums of products of the Genocchi polynomials and numbers. Set

RN(n;x1/~"/xN)= Z (]1 " ]-N)Gfl(xl)'”G]'N(xN)

1N Z0
Jretin=n
and

2n

1N Z0
jretin=n

Lemma 6. Let x be a real number and x’ a complex number with x' ¢ Z, we have

(_1)[x]e(x’)—+1 n=1xeZ,
lim G,(x', ;1) =4~ e(x) -1 (39)
e Gn(x) otherwise.

Proof. By (29), we have G,(x’,x;7) = (-1)G,(x’, {x}; 7) for any x € R. Suppose 0 < x < 1, function H(x, &; 1)
has the following expression by (21)

o I SR w B G U « B G L
HEe o0 =1+ (1 " a1 ;‘e(—x)—qfe(]m;e(x)—qfe( o

(0<JE<T1, 0< Bx < ).

By (1) and (28), via a simple computation, we obtain

oy — _ no1_e(=xX"+x1) a1 eln)(—=gqy
Gu(x', x;7) =Gp(x) Zn[x parT— x’+xT) Z(x+ ) —e(x’)—e(xT)q/'

. e(=x7)(=q)’ 4o
An—1
' ;(X e ]

For j € N, we have
lim e(x7)(—g)' = lim e(-xt)(—q) =0,
1

Lim xn—lw =11—-e(x)
T—ic0 e(—x" +x1) -1 0

n=1,x=0,

otherwise,
in conjunction with (40), we obtain the desired (39). This proof is completed. [

Lemma 7. We have
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(i) Let x1,...,% be real numbers and x;, ..., x}, be complex numbers with x/,...,x\; ¢ Z. Set X = (x, x;) for
i=1,...,N. IfO<xq,..., v <1, we have

lim --- lim lLm Ry(m;x,..., %) = Rn(;x1, ..., ). (41)

X|—mico  xiy——ico T—ico
(ii) Set x; = (%,O)fori =1,...,N=1,xy = (x},,0), Nisany positive integers, we have
The coefficient of (xj)°(= 1) of Tlirgo Ry (m;%1,...,3%) = Rn(n). (42)
Proof. For 0 < x <1, by (39), we have

lim lim G,(x', x; 1) = Gu(x),

X' ——ico T—ico

which implies (41).
From (39), noticing that Gy,+1 = 0 (n > 1) and lim; e Gl(%, 0;7) =0, we have
e(x,)+1 2n
lim RS (1; %, ..., %) = Ry(n) + ——— ( , . Gaj, -+ Gajyy-
; N\t AL, ’ ’ ] ]
T—ico e(xN) -1 /'m---vagorml 2]1, e /2]N—1,2 1 N-1
1+t =n-1
e(x)+1

For any N positive integer, is an odd finction, we derive (42) immediately. [

e(xy)-1

Theorem 8 (Sums of products of Genocchi polynomials). Let x1, ..., X, y be complex numbers with y = x1 +
-+~ +xy. For n > N, we have

N-1 B G,
Ry(m;x1, .., ) :2N—1N(ZZ) Z(—l)"(N L 1)B£N><y>n+(ky) (43)
k=0
:zN—w(”)Nl(—n" i(N Ik N -k yy S (a4)
N) = =0 j , n—k’

where s(n, k) denotes the Stirling numbers of the first kind.

Proof. By analytic continuation, from (15), (38), (39) and (41), and noting that fact B]((N )(y) =Syl x1, ..., ),
we deduce (43) for any complex numbers x1,..., % with y = x1 + --- + 1. Applying identity [8, 52.2.21]
after appropriate substitutions

k .
N-1 N-k-1+ N
( k )B(kN)(y) = Z( j ])S(NIN —k+j)y. (45)
=0
The formula (44) follows directly from (43). O

Corollary 9. Forn > N, we have

N-1
n ) N-1 n k N-1 (N) Gn—k
. |G -G, =2 N( ) (-1) ( )Bk (46)
]ia%\;—on (]1, o ]N N k=0 k " k
n\ = G
=2N1N(N) (-1)s(N, N — k)nnT_ikc‘ (47)

P
1l

0
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Proof. Taking y = 0in (43) and (44), we deduce (46) and (47) respectively. [

Theorem 10. For n > N, we have

o\ N2 g s ook
N 2k 2n -2k’

Ry(n) = 2N-1N( (48)

k=0

Proof. 1f %; = (%,0) fori=1,...,N-1,%v = (x,0), (v, y) = (% + Xy, 0) for any positive integer N (odd or
even), by (38) and (39), we obtain that

N-1

lim RY(n; %y, ..., %) =2V 1N( ”)Z 1)’<( )
T—100 0
L
(-

y Gonik DN e(xy) +1
2n—k DNe(xy) -1
(~1)Ne(x)+1

7 DN Te(x )1

}Hw Sy %, ..., ).

For any positive integers N,
48). O

is an odd function. Combining (16) and (42), we obtain the desired

In particular, taking N = 2 in (38), we can get the convolution identity for the elliptic Genocchi polyno-
mials

Z (Z)Gk(xi,xl; T)Gn-k(Xy, X2, T) = 2(n = 1)Gp(x] + x5, X1 + X2;7)

k=0 (49)
—2n[B1(x], x1; T) + B1(x}, X2; 1)]Gpo1 (x] + X5, X1 + X2, 7),
which is an elliptic extension of the convolution identity (see e.g., [8, Ch. 50])
= (n
Z (k)Gk(xl)Gn—k(x2) =2(n = 1)Gu(x1 + x2) = 2n(x1 + x2 = 1)Gy-1(x1 + x2). (50)

k=0

By (39), (49) and noticing that lim —,_je lim;—,jc0 B1(x’, x; T) = B1(x), we obtain (50) in a different way.

4. Further Remarks

Remark 11. We still use the notation of [11]. The theta function 0(&, T) should be written as the following form in
[11, p. 267]

0, 1) = i( 1)le 1( + 1)27+('+1)g
7 - jz_oo ] ] 2 7
it follows that, by [24, p. 455-456, Theorem (vii)], the equation (2) of [11, p. 273] should be corrected as

1 00,710 +1,7)
2ri - O(E, 1)0(n, 1)

F(&,n,7)=
Remark 12. Equation (18) of [13, p. 1065] should be corrected as follows:
i %A(é, T, —2mix’, —2mix) = F(x', x; &; 1),

where E(x’, x; &; T) = e(xE)Fm(—=x" + x7, &; 1), Fpm(x, &; T) denotes the function F(x, &; t) of [12] and [13].
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Remark 13. In [12], Lemma 4 (ii) and Lemma 16 (ii) are involved in Lemma 4 (iii) and Lemma 16 (iii) respectively.

Because the function

1+e(x))
1—e(x},)

is an odd function for any positive integer N, i.e., we only need the Lemma 4 (iii) and

Lemma 16 (iii), we can complete these proofs of (21) and (39) or (41) in [12] respectively. Another thing is to replace
“limy - —jeo liMr—ie0” by ”limxb,ioo - limyy —joo limMysjeo” i Lemma 4 (i) and Lemma 16(i) respectively.

Remark 14. H. M. Srivastava and A. Pintér [21] obtained the following relationships between the Bernoulli and
Euler polynomials, i.e., Srivastava-Pintér’s addition theorem:

B +y) =) (Z) [BL“’(y) + gB,iﬁ”(w] En-i(%), (51)
k=0

B9 =) o (4 [0 - B 0] Braco) 2)
k=0

when a = 1 we have

Bu(x+y) = Z (Z) [Bk(y) + gyk_l] Epx(x), (53)
=0

Ex(x+y) = Z %(Z) [y"” - Ek+1(]/)] B —k(x). (54)
=0

A question is: how we obtain the elliptic analogues of Srivastava-Pintér’s addition theorem from the elliptic Bernoulli
and elliptic Euler functions?
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