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Abstract. The notion of a locally conformal Kaehler manifold (an l.c.K-manifold) in a Hermitian manifold
has been introduced by I. Vaisman in 1976. In [2], K. Matsumoto introduced some results with the tensor Pi j

is hybrid. In this work, we give a generalisation about the results of an l.c.K-space form with the tensor Pi j is
not hybrid. Moreover, the Sato’s form of the holomorphic curvature tensor in almost Hermitian manifolds
and l.c.K-manifolds are presented.

1. Preliminaries

Let (M, g, J) be a real 2n-dimensional Hermitian manifold with the structure (J, g) , where J is the almost
complex structure and g is the Hermitian metric. Then

J2 = −Id. , 1(JX, JY) = 1(X,Y)

for any vector fields X and Y tangent to M. The fundamental 2-form Ω is defined by

Ω(X,Y) = 1(JX,Y) = −Ω(Y,X).

The manifold M is called a locally conformal Kaehler manifold (an l.c.K-manifold) if each point x in M has
an open neighborhood U with a positive differentiable function ρ : U→ R such that

1∗ = e−2ρ1 |U

is a Kaehlerian metric on U. Especially, if we can take U = M, then the manifold M is said to be globally
conformal Kaehler.

A Hermitian manifold whose metric is locally conformal to a Kaehler metric is called an l.c.K-manifold.
I. Vaisman gives its characterization as follows [6] :
A Hermitian manifold M is an l.c.K-manifold if and only if there exists on M a global closed 1-form α such
that

dΩ = 2α ∧Ω ,
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where α is called the Lee form.

A Hermitian manifold (M, g, J) is an l.c.K-manifold if and only if

∇k Ji j = −βi1kj + β j1ki − αi Jkj + α j Jki , (1)

where

β j = −αr Jr
j .

From (1), we obtain

∇k∇h Ji j − ∇h∇k Ji j = Pkr Jr
j1hi − Pkr Jr

i1hj − Phr Jr
j1ki + Phr Jr

i1kj

− Pkj Jhi + Pki Jhj + Phj Jki − Phi Jkj, (2)

where

Pi j = −∇iα j − αiα j +
‖α‖2

2
1i j. (3)

We note that Pri = Pir and ‖α‖ denotes the length of the Lee form.

Using the Ricci identity, in (2) we get [1]

−Rhkir Jr
j + Rhkjr Jr

i = Pkr Jr
j1hi − Pkr Jr

i1hj − Phr Jr
j1ki + Phr Jr

i1kj

− Pkj Jhi + Pki Jhj + Phj Jki − Phi Jkj (4)

and then

Rhkrs Jr
j J

s
i = Rhkji + Pki1hj − Pkj1hi + Phj1ki − Phi1kj

+ Pkr Jr
i Jhj − Pkr Jr

j Jhi + Phr Jr
j Jki − Phr Jr

i Jkj. (5)

Moreover, we have

Rir Jr
j + R jr Jr

i = 2(n − 1)(P jr Jr
i + Pir Jr

j). (6)

If the tensor Pi j is hybrid, i.e. Pir Jr
j + P jr Jr

i = 0, using (6) , the Ricci tensor is hybrid. The converse statement
is also true.

In an almost Hermitian manifold (M, g, J), the tensor

(HR)i jhk =
1

16

{
3[Ri jhk + Rrshk Jr

i Js
j + Ri jrs Jr

h Js
k + Rrspq Jr

i Js
j J

p
h Jq

k]

− Rihrs Jr
k Js

j − Rrsk j Jr
i Js

h − Rikrs Jr
j J

s
h − Rrsjh Jr

i Js
k

+ Rrhsj Jr
i Js

k + Rirks Jr
h Js

j + Rrk js Jr
i Js

h + Rirsh Jr
k Js

j

}
(7)

is called the holomorphic curvature tensor of Kaehler type [3].

2. Locally conformal Kaehler space form

An l.c.K-manifold M(J, 1, α) is called an l.c.K-space form if it has a constant holomorphic sectional curva-
ture. Let M(c) be an l.c.K-space form with constant holomorphic sectional curvature c, then the Riemannian
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curvature tensor Ri jhk with respect to 1i j can be expressed in the form [4]

Ri jhk =
c
4

[1ik1 jh − 1ih1 jk + Jik J jh − jih J jk − 2Ji j Jhk]

+
1
8

{
1ik(7P jh − Prs Jr

j J
s
h) − 1ih(7P jk − Prs Jr

j J
s
k)

+ 1 jh(7Pik − Prs Jr
i Js

k) − 1 jk(7Pih − Prs Jr
i Js

h)
+ Jik(P jr Jr

h − Phr Jr
j) − Jih(P jr Jr

k − Pkr Jr
j)

+ J jh(Pir Jr
k − Pkr Jr

i ) − J jk(Pir Jr
h − Phr Jr

i )

− 2Ji j(Phr Jr
k − Pkr Jr

h) − 2Jhk(Pir Jr
j − P jr Jr

i )
}
. (8)

Contracting (8) with 1ik, we have

4R jh = {2(n + 1)c + 3P}1 jh + (7n − 10)P jh − (n + 2)Prs Jr
j J

s
h (9)

and the scalar field P is given by

P = Pi j1
i j = −∇rα

r + (n − 1)‖α‖2 . (10)

Contracting (9) with 1 jh , the scalar curvature has the form

κ = n(n + 1)c + 3(n − 1)P . (11)

Theorem 2.1. If the tensor field Pi j is proportional to 1i j and the scalar field P is constant, then a real 2n-dimensional
l.c.K-space form M(c) is Einstein.

Proof . If the tensor Pi j is proportional to 1i j and P is constant, then Pi j is written by

Pi j =
P
2n
1i j . (12)

Substituting the above equation into (9) , we obtain

4R jh =
{
2(n + 1)c +

6(n − 1)
n

P
}
1 jh , (13)

which means that the l.c.K-space form is Einstein.

Corollary 2.2. A real 2n-dimensional Einstein l.c.K-space form M(c) is a complex space form if P = 0.

Theorem 2.3. Let M(c) be an l.c.K-space form. If κ is constant and ‖α‖ is non-zero constant, then{
(∇ j∇rαs)αr + 2(∇ jαs)‖α‖2

}
Jsj
− (∇ jαr)βrβ j = 0. (14)

Proof . Let M(c) be an l.c.K-space form with constant holomorphic sectional curvature c. If we assume that
the scalar curvature κ is constant, then by virtue of (11), P is constant. Under this assumption, differentiating
(9), we get

4∇kR jh = (7n − 10)∇kP jh − (n + 2)
[
(∇kPrs)Jr

j J
s
h + (∇k Jr

j)Prs Js
h

+ (∇k Js
h)Prs Jr

j

]
. (15)

Substituting (3) into (15), using the Ricci identity and the equality ∇ jαi = ∇iα j , we have
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4(∇kR jh − ∇ jRkh) = (7n − 10)
[
Rr

k jhαr + (∇ jαh)αk − (∇kαh)α j

+
1
2
{(∇k‖α‖

2)1 jh − (∇ j‖α‖
2)1kh}

]
− (n + 2)

[
(∇kPrs)Jr

j J
s
h − (∇ jPrs)Jr

k Js
h + (∇k Jr

j)Prs Js
h

+ (∇k Js
h)Prs Jr

j + (∇k Js
h)Prs Jr

j − (∇ j Jr
k)Prs Js

h

− (∇ j Js
h)Prs Jr

k

]
. (16)

Contracting (16) with 1 jh and taking into account 2∇rRr
k = ∇kκ [7], we obtain

(7n −10)
[
Rr

kαr + (∇ jα
j)αk − (n + 2)

[
− (∇ jPrs)Jr

k Js
h1

jh

+ (∇k Jr
j)Prs Js

h1
jh + (∇k Js

h)Prs Jr
j1

jh
− (∇ j Jr

k)Prs Js
h1

jh

− (∇ j Js
h)Prs Jr

k1
jh
]

= 0, (17)

where

∇k Jr
j = −β jδ

r
k + βr1kj − α j Jr

k + αr Jkj . (18)

Now contracting (9) with 1hr and transvecting with αr, we get

4Rr
kαr = {2(n + 1)c + 3P}αk + 6(n − 2)Pkhα

h . (19)

From (10) , we have

3Pαk = −3(∇rα
r)αk + 3(n − 1)‖α‖2αk (20)

and transvecting (3) with αh , we obtain

Pkhα
h = −

1
2
∇k‖α‖

2
−

1
2
‖α‖2αk . (21)

Substituting (19) , (20) and (21) into (17) , and transvecting with βk, we find (14).

3. Sato’s form of the holomorphic curvature tensor

The curvature tensor of an almost Hermitian manifold of constant holomorphic sectional curvature c is
given by [5]

R(X,Y,Z,W) =
c
4

[1(X,W)1(Y,Z) − 1(X,Z)1(Y,W)

+ J(X,W)J(Y,Z) − J(X,Z)J(Y,W)
− 2J(X,Y)J(Z,W)]

=
1

96

{
26[G(X,Y,Z,W) − G(Z,W,X,Y)]

− 6[G(JX, JY, JZ, JW) + G(JZ, JW, JX, JY)]
+ 13[G(X,Z,Y,W) + G(Y,W,X,Z)
− G(X,W,Y,Z) − G(Y,Z,X,W)]
− 3[G(JX, JZ, JY, JW) + G(JY, JW, JX, JZ)
− G(JX, JW, JY, JZ) − G(JY, JZ, JX, JW)]
+ 4[G(X, JY,Z, JW) + G(JX,Y, JZ,W)]
+ 2[G(X, JZ,Y, JW) + G(JX,Z, JY,W)

− G(X, JW,Y, JZ) − G(JX,W, JY,Z)]
}
, (22)
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where

G(X,Y,Z,W) = R(X,Y,Z,W) − R(X,Y, JZ, JW).

Substituting the above equality into (22) , using (7) and the Bianchi identity we obtain

(HR)(X,Y,Z,W) =
1
24

{
13[−R(X,Y,Z,W) + R(JX, JY,Z,W)]

}
. (23)

The tensor (23) is said to be the Sato’s form of the holomorphic curvature tensor.
Now substituting (5) into (23) , we get

(HR)i jhk =
13
24

[Pkj1hi − Pki1hj + Phi1kj − Phj1ki

+ Pkr Jr
j Jhi − Pkr Jr

i Jhj + Phr Jr
i Jkj − Phr Jr

j Jki]. (24)

Hence we get

Theorem 3.1. The Sato’s form of the holomorphic curvature tensor of an l.c.K-manifold has the form (24).
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