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On Locally Conformal Kaehler Space Forms
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Abstract. The notion of a locally conformal Kaehler manifold (an l.c. K-manifold) in a Hermitian manifold
has been introduced by I. Vaisman in 1976. In [2], K. Matsumoto introduced some results with the tensor P;;
is hybrid. In this work, we give a generalisation about the results of an l.c. K-space form with the tensor P;; is
not hybrid. Moreover, the Sato’s form of the holomorphic curvature tensor in almost Hermitian manifolds
and l.c.K-manifolds are presented.

1. Preliminaries

Let (M, g, ]) be a real 2n-dimensional Hermitian manifold with the structure (], g) , where J is the almost
complex structure and g is the Hermitian metric. Then

P=-Hd 9UXJY) = 9(X,Y)
for any vector fields X and Y tangent to M. The fundamental 2-form Q is defined by
QX Y) = g(X,Y) = -Q(Y, X).

The manifold M is called a locally conformal Kaehler manifold (an l.c.K-manifold) if each point x in M has
an open neighborhood U with a positive differentiable function p : U — R such that

g =e*gly

is a Kaehlerian metric on U. Especially, if we can take U = M, then the manifold M is said to be globally
conformal Kaehler.

A Hermitian manifold whose metric is locally conformal to a Kaehler metric is called an .c.K-manifold.
I. Vaisman gives its characterization as follows [6] :
A Hermitian manifold M is an l.c.K-manifold if and only if there exists on M a global closed 1-form a such
that

dQ=2aNQ,
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where a is called the Lee form.

A Hermitian manifold (M, g, ]) is an L.c. K-manifold if and only if

Vilij = =Bigkj + Bigxi — ilkj + @jJki , 1)
where
ﬁ] = _ar];'

From (1), we obtain

ViVilij = ViVilii = Pie]igni = PreJignj — P39k + PieJ; gk

= Pyjlni + Prilnj + Pnjlki — Philkj, )
where
llrl
Pl']' = —Vioz]- — aia; + —2 9ij- (3)

We note that P,; = P;, and [|a]| denotes the length of the Lee form.
Using the Ricci identity, in (2) we get [1]

—Rukir]; + Rije]; = PreJigni = PieJignj = Pirli i + PiJ; 9
= PyjJni + Prilnj + Pnjlxi — Prilkj (4)

and then

Ruers]7J; = Rikji + Priglnj = Prjgni + Pnjgxi — Prigkj
+  PuliJnj = PiJiJni + Pr]iJii = PuefJij- ()

Moreover, we have
Rir]]r‘ + Rjr]: =2(n- 1)(Pjr],‘r + Pir]]r')' (6)

If the tensor P;; is hybrid, i.e. P; ]; + PjJ7 = 0, using (6) , the Ricci tensor is hybrid. The converse statement
is also true.

In an almost Hermitian manifold (M, g, J), the tensor

1
HR)ijue = E{S[Rijhk + Resi]i T + Rijs I3 )3 + Rrqu]f]?]Z]Z]
- Rihrs]}i]; - Rrskj],‘r]; - Rikrs];jz - Rrsjh];]]i
+ Rrhsj];]}i + Rz’rks]}i]? + RrkjsI;]Z + Rirsh]]i]?} (7)

is called the holomorphic curvature tensor of Kaehler type [3].

2. Locally conformal Kaehler space form

An l.c.K-manifold M(J, g, @) is called an l.c.K-space form if it has a constant holomorphic sectional curva-
ture. Let M(c) be an 1.c. K-space form with constant holomorphic sectional curvature ¢, then the Riemannian
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curvature tensor R;jx with respect to g;; can be expressed in the form [4]

C .
Rijnk Z[!]ikgjh = gingjx + il in — jimd ik — 2]ijInc]

g Ps = PaTT T = 7Py~ P )

gin(7Pix = PysJiT3) — gix(7Pin — PrsJi]})

Jw(Pje]y, = Pue]}) = Jin(Pjr]y = Pre]})

Iin(Pir]i = PrrJ}) = Ti(Pir]}, — PrrJ})

— 2Jii(Pul}, = Pie]}) = 2Ju(Pi]; = PieJ)} - ®)

+ o+ + o+

Contracting (8) with gik, we have

4Rjn = {2(n + 1)c + 3Plgju + (7n = 10)Pj, — (n + 2)Pis ]3], )
and the scalar field P is given by

P="Pjg’ = -V,a" + (n—1lal? . (10)
Contracting (9) with g/, the scalar curvature has the form

k=nn+1)c+3n-1)>P. (11)

Theorem 2.1. If the tensor field P;j is proportional to g;; and the scalar field P is constant, then a real 2n-dimensional
L.c.K-space form M(c) is Einstein.

Proof . If the tensor P;; is proportional to g;; and P is constant, then P;; is written by

P
Pz']' = %‘%] . (12)

Substituting the above equation into (9) , we obtain

6(n—1)

4Rj, = {2(n + 1)c + Plgjn , (13)
which means that the l.c.K-space form is Einstein.

Corollary 2.2. A real 2n-dimensional Einstein l.c.K-space form M(c) is a complex space form if P = 0.

Theorem 2.3. Let M(c) be an l.c.K-space form. If k is constant and ||ct|| is non-zero constant, then
((VV,a0)a” + 2(Va)llalP)Y ~ (Vi )'B = 0. (14)
Proof . Let M(c) be an 1.c.K-space form with constant holomorphic sectional curvature c. If we assume that
the scalar curvature « is constant, then by virtue of (11), P is constant. Under this assumption, differentiating
(9), we get
WiRj = (Tn=10)ViPy — (n+ 2)[(ViP)}J; + (Ve/DPro]j
+ (WPwT| (15)

Substituting (3) into (15), using the Ricci identity and the equality V;a; = V;a; , we have
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AViRj —ViRy) = (Tn— 10)[12; 1+ (Vjaw)ar = (Vian)ay,
+ UVl - (7 lal)gi]
— 1+ D[P, = (VPR + (VP
+ (VUPsSs+ (V)P = (ViT)Prs];
- (Vi)Psl] (16)
Contracting (16) with g/ and taking into account 2V,R} = Vik [7], we obtain
(7n =10)[Rla, + (Vi) — (n +2)] = (V;Pe) 50"
+ (VDPilig" + (Vi)Ps]ig" = (ViTpPss]ig"

(Vil)PJig™"] = 0, (17)
where
Vk]]r. = —Bi0, + B gk — ajf + 'y - (18)
Now contracting (9) with g" and transvecting with a,, we get
ART o, = {2(n + 1)c + 3P}ay + 6(n — 2)Pga” . (19)

From (10) , we have
3Pay = =3(V,a")ay + 3(n — 1)|lelPeve (20)

and transvecting (3) with a" , we obtain
h 1 2 1. 0
Paa” = =5 Villall” = Sllall"ax - (21)

Substituting (19) , (20) and (21) into (17) , and transvecting with ¥, we find (14).

3. Sato’s form of the holomorphic curvature tensor

The curvature tensor of an almost Hermitian manifold of constant holomorphic sectional curvature c is
given by [5]
c
RX,Y,Z,W) 1 [9(X, W)g(Y, Z) — 9(X, Z)g(Y, W)

+ JX, W)Y, Z) - J(X, 2)](Y, W)
- 2JXNJ(Z,W)]

= e PHCX Y, Z W) - GZ WX V)

~ 6[GUX, Y, JZ,JW) + GUZ, JW,JX, JV)]
+ 13[G(X,Z Y, W)+ G(Y, W, X, Z)

- G(X/ VV/ Y/ Z) - G(Y, Z/ X/ W)]

= 3IGUX,JZ,JY,JW) + G(Y, W, JX, ]Z)

= GUX,JWJY,JZ) = GUY,JZ,JX,JW)]

+ 4GXJY,Z,JW) + GUX, Y, ]Z, W)

+ 26X, JZ,Y,JW) + G(X, Z,]Y, W)

- G(X,JW,Y,JZ) - GUX, W], D)1}, (22)
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where
G(X,Y,Z, W) =R(X,Y,Z, W) = R(X, Y, JZ, JW).

Substituting the above equality into (22) , using (7) and the Bianchi identity we obtain
(HR)(X, Y, Z, W) = 5{13[-R(X, Y, Z, W) + RUX, ]Y,Z, W]} @3)

The tensor (23) is said to be the Sato’s form of the holomorphic curvature tensor.
Now substituting (5) into (23) , we get

13
(HR)ijux = ﬂ[ijghi = Prignj + Prigkj — Pnjgxi
+  PoJilni = PeJiInj + Pl Jej = PreJia]- (24)
Hence we get

Theorem 3.1. The Sato’s form of the holomorphic curvature tensor of an l.c.K-manifold has the form (24).
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