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On Wijsman Ideal Convergent Set of Sequences
Defined by an Orlicz Function

Hafize Giimiis®

?Necmettin Erbakan University Faculty of Eregli Education Department of Math., Eregli, Konya, Turkey

Abstract. In this study, our main topics are Wijsman ideal convergence and Orlicz function. We define
Wijsman ideal convergent set of sequences defined by an Orlicz function where I is an ideal of the subset
of positive integers IN. We also obtain some inclusion theorems.

1. Preliminaries and Notation

Statistical convergence of sequences of points was introduced by Steinhaus [21] and Fast [7] and later
Schoenberg reintroduced this concept and he established some basic properties of statistical convergence
and also studied the concept as a summability method [20]. The last twenty years this concept has been
applied in various areas.

Let K be a subset of the set of all natural numbers IN and K,, = |k < n : k € K| where the vertical
bars indicate the number of elements in the enclosed set. The natural density of K is defined by 6(K) :=
lim, e 1 {k < 11 : k € K}. Now we recall some definitions and results on statistical convergence.

Definition 1.1. (Fast, [7]) A number sequence x = (xx) is said to be statistically convergent to the number L if for
every € > 0,
.1
Iim —{k<n:|x—-L|>¢}=0.
n—oo 1
In this case we write st — lim x; = L. Statistical convergence is a natural generalization of ordinary convergence. If
lim x; = L, then st — lim x; = L. The converse does not hold in general.

J —convergence is an important notion in our area and that is based on the notion of an ideal of the subset
of positive integers. Kostyrko et al. [14] introduced the notion of 7—convergence in a metric space in 2000.
Esi and Hazarika ([5], [6]), Hazarika and Savas [9], Savas ([17],[18],[19]), Kisi et al. ([12],[13]) and many
others dealt with 7 —convergence and Orlicz function. Now we state the definitions of ideal and filter.

Definition 1.2. A non-empty family of sets I C 2N is called an ideal if and only if 0 € I, for each A, B € T we have
AUB € I and for each A € T and each B C A we have B € 1.
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An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if {n} € I for eachn € IN .

Definition 1.3. A non-empty family of sets ¥ C 2N is a filter in N if and only if 0 ¢ F, for each A, B € F we have
ANBeF and for each A € F and each B2 A we have B € F.

If T is a non-trivial ideal in IN (i.e., N ¢ 1), then the family of sets
F()=McN:JAeT:M=N\ A
is a filter in IN.

Definition 1.4. Let 1 be a non-trivial ideal of subsets in IN. A sequence {x,},c is said to be T—convergent to L if
and only if for each € > 0 the set

A(e)=neN:|x,—L| > ¢}
belongs to I. This is denoted by I — lim,,_, x,=L.
Now we have some easy but important examples about 7 —convergence.

Example 1.5. Take for I class the 1 ¢ of all finite subsets of IN. Then I ; is an admissible ideal and I j —convergence
coincides with the usual convergence.

Example 1.6. Denote by 14 the class of all A C IN which has natural density zero. Then 14 is an admissible ideal
and 1 g-convergence coincides with the statistical convergence.

Recently, Das, Savas and Ghosal [3] introduced new notions, namely 7 —statistical convergence and
I —lacunary statistical convergence.
Now we will carry these definitions to set of sequences and we obtain Wijsman 7 —convergence.

Let (X, p) be a metric space. For any point x € X and any non-empty subset A of X, we define the
distance from x to A by

d(x,A) = ;2/{ p(x, A).

Definition 1.7. (Baronti and Papini, [2])Let (X,d) be a metric space. For any non-empty closed subsets A, A € X
for all k € IN we say that the sequence {Ay} is Wijsman convergent to A if

I}l_)r?o d(x, Ay) = d(x, A)

for each x € X. In this case we write W — limy_,o, Ar = A.

As an example, consider the following sequence of circles in (x, y)-plane:
Ar={xy): ¥+ yz + 2kx = 0}.

As k — oo the sequence is Wijsman convergent to y-axis A = {(x,y) : x = 0}.

Definition 1.8. (Baronti and Papini, [2]) Let (X, d) be a metric space. For any non-empty closed subset Ay of X for
all k € IN we say that the sequence {Ay} is bounded if

sup d(x, Agx) < o
k

for each x € X. In this case we write {Ai} € Leo.
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Definition 1.9. (Baronti and Papini, [2]) Let (X, d) be a metric space. For any non-empty closed subsets A, A € X
for all k € IN we say that the sequence {Ay} is Wijsman Cesdro summable to A if

n

lim % d(x, Ay) = d(x, A)
k=1

for each x € X and we say that {Ax} is Wijsman strongly Cesdro summable to A if
lim % Y ld(x, Ay - dx, A)l = 0
k=1

foreach x € X.

In 2012, Nuray and Rhoades presented Wijsman statistical convergence for set of sequences. After this
definition, Ulusu and Nuray presented the concept of Wijsman lacunary statistical convergence in 2012.

Definition 1.10. (Nuray and Rhoades, [16]) Let (X, d) be a metric space. For any non-empty closed subsets A, Ay C
X for all k € N we say that the sequence {Ax} is Wijsman statistically convergent to A if for € > 0 and for each x € X
we have

lim %l{k < ld(x, Ay) — d(x, A)| > €)| = 0.

In this case we write st — limw Ay = A or Ay — A(WS) where WS denotes the set of Wijsman statistically
convergent sequences.

Definition 1.11. (Kisi and Nuray, [12]) Let (X, d) be a metric space and I C 2N be a non-trivial ideal in N. For any
non-empty closed subsets A, Ay C X for all k € IN we say that the sequence {Ax} is Wijsman I —convergent to A, if
for each € > 0 and for each x € X the set,

Alx,e)={keN:|d(x, Ay —d(x,A)| > ¢}

belongs to 1. In this case we write I'w —lim Ay = A or Ay — A(T'w) where I is the set of Wijsman I —convergent
sequerces.

As an example, consider the following sequence. Let X = R? and {A;} be a sequence as follows:

A= (x,y)e]Rz:x2+y2—2ky:0} if, k # n?
(x,y)e]RZ:y:—l} if, k = n?

and
A:{(x,y)e]R2:y:0}.

The sequence {Ax} is not Wijsman convergent to the set A. But if we take 7 = 7, then {A} is Wijsman
J —convergent to set A, where 7 is the ideal of sets which have zero density.

Definition 1.12. (Kisi and Nuray, [13]) Let (X,d) be a metric space and I C 2N be a non-trivial ideal in N. For
any non-empty closed subsets A, Ax C X for all k € IN we say that the sequence {Ay} is Wijsman I —statistically
convergent to A or S (I'w)-convergent to A if for each € > 0, for each x € X and 6 > 0 we have,

{n eN: %Hk <n:ld AL — d(x, A)| = €)] = 5} e
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In this case, we write Ay — A (S (Zw)). The class of all Wijsman 7 —statistically convergent sequences will
be denoted by S (I'w).

By alacunary sequence we mean an increasing integer sequence 6 = {k,} such thatky = Oand i, = k,—k,—1 —
o0 as r — oo. Throughout this paper the intervals determined by 0 will be denoted by I, = (k.—1, k], and

ratio k]:—il will be abbreviated by g;.

Definition 1.13. (Ulusu and Nuray, [22]) Let (X, p) be a metric space and O = {k,} be a lacunary sequence. For any
non-empty closed subsets A, Ax € X for all k € IN we say that the sequence {Ax} is Wijsman lacunary statistically
convergent to A if {d(x, Ax)} is lacunary statistically convergent to d(x, A); i.e., for € > 0 and for each x € X we have

1

p {k €I, : ld(x, Ay) — d(x, A)| > €}| = 0.

lim
r
In this case we write Sg — limy = A or Ay — A(WSp).

Recall that an Orlicz function is a function M : [0, c0) — [0, o) which is continuous, non decreasing and
convex with M (0) = 0, M(x) > 0 for x > 0 and M (x) — oo as x — co. An Orlicz function M satisfies the
As-condition if there exits a constant K > 0 such that M 2u) < KM (u) for all u > 0. Note thatif 0 < A < 1,
then M (Ax) < AM (x) for all x > 0.

If convexity of Orlicz function M is replaced by M(x + y) = M(x) + M(y) then this function is called Modulus
function, which was presented and discussed by Maddox [15].

2. Main Results

Definition 2.1. Let (X, d) be a metric space and 6 be a lacunary sequence. A set of sequence {Ax} is said to be Wijsman
strongly I —lacunary convergent to A if for each € > 0 and for each x € X we have,

{r eN: hl Z ld(x, Ay) — d(x, A)| > e} el

r kel,

. . I-
In this case we write Ay WiRe] A.

Definition 2.2. Let (X, d) be a metric space and 0 be a lacunary sequence. A set of sequence {Ax} is said to be Wijsman
T —-lacunary statistically convergent to A if for each € > 0, for each x € X and 6 > 0 we have,

{r eN: hl| kel :ldx,A) - d(x, A) > ¢} | > 5} el

.
. . T-Ws
In this case, we write A, ~ — " A.

Definition 2.3. Let (X, d) be a metric space and M be an Orlicz function. For any non-empty closed subsets A, Ay € X
for all k € IN we say that the sequence {Ax} is Wijsman strongly Cesdro summable to A with respect to an Orlicz
function (Wijsman sense), if for each x € X we have,

n
lim % M (d (x, Ay) — d (x, A)]) = 0.
n—00

k=1

This is denoted by {Ax} WICLI() A.



H. Giimiig / Filomat 30:13 (2016), 3501-3509 3505

Definition 2.4. Let (X, d) be a metric space, I C 2N be an admissible ideal in N and M be an Orlicz function. For
any non-empty closed subsets A, Ay C X for all k € IN we say that the sequence {Ay} is strongly Cesdro summable to
A (Wijsman sense) with respect to an Orlicz function and ideal if for each € > 0 and for each x € X we have,

{n eN: %iM(ld(x,Ak) —d(x,A)) = e} el.
k=1

I-WIC1](M)
i

This is denoted by {Ax} A.

Definition 2.5. Let (X, d) be a metric space, I C 2N be an admissible ideal in IN and M be an Orlicz function. For
any non-empty closed subsets A, Ay C X for all k € IN we say that the sequence {Ay} is T —statistically convergent to
A with respect to an Orlicz function (Wijsman sense) , if for each €,6 > 0 and for each x € X we have,

{n eN: %{kSn:M(ld(x,Ak)—d(x,A)l) > ) > 5} eT.

ST w)M)
ﬁ

This is denoted by {A} A.

Definition 2.6. Let (X, d) be a metric space and 0 be a lacunary sequence. A set of sequence {Ax} is said to be Wijsman
strongly I —lacunary convergent to A with respect to an Orlicz function if for each € > 0 and for each x € X we have,

{re]N: hlZM(ld(x,Ak)—d(x,A)l) > s} el

r kel,

(Z-WINpl(M))
ﬁ

In this case we write Ay A.

Theorem 2.7. Let (X, p) be a metric space, I C 2N be an admissible ideal in IN and M be an Orlicz function.
A, Ar € X, for all k € IN, are non empty closed subsets. Then we have

i) {4 B A= (a0 " 4
(ii) If M satisfies A, condition and {A} ) A for all {Ax} € Loo (M) then we have {Ay) TWIGIM A;

(ifi) If M satisfies Ay condition, then we have
I-WI[G]IM)NLe(M) = S(Iw)N Lo (M)
where Lo, (M) = {Ar : M (d (x,Ar)) € Loo, x € X}.

T-WICi](M)
H

Proof. (i) Suppose that {A} A. Let ¢ > 0 be given. Then we can write

Y M@ A - d(x,A))

1 n
=YX M(d(x, A —d(x,A)) = =
n k=1 n k=1
|d(x,Ax)—d(x,A)|>e
> A% fk<n:|d(x,Ay) —d(x,A) > ¢}l

Consequently, for any 0 > 0 we have

{n eIN: %l{k <n:ld(x,A) —d(x,A) > ¢} > Mé(g)}

c {n eN: % T M(d (x, A) — d (x, A)| = 6)} er.
k=1
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Hence {A;} 5 A,
S(Iw)

(i) Suppose that M is bounded and {Ay} — A. Since M is bounded there exists a real number K > 0
such that sup, M (t) < K. Moreover, for any ¢ > 0 we can write

1 n 1 n n
- kgl M(d (x, A) —d (x, A)) = - kg‘l M(d (x, Ap) —d (x, A)]) + k;l M(ld (x, Ax) — d (x, A)])
B ldx, A —d(x, Az I, A0 —d(x,A)|<e

IA

% tk<n:|d(x,Ax) —d(x,A) = e}l + M(e).

Now for any 6 > 0 we get

{ne]N ZM(Id(xAk) d(xA)|)>6} {ne]N |{k§n:|d(x,Ak)—d(x,A)|28}Z%}EI.

I7
Hence {Ay) WIS,

(iii) The proof of this part follows from parts (i) and (ii). O

Theorem 2.8. Let (X, p) be a metric space, I C 2N be an admissible ideal in N, 0 = (k,) be a lacunary sequence and
M be an Orlicz function. For any non-empty closed subsets Ay, By C X for all k € IN such that d (x, Ax) > 0 and
d (x, Bx) > 0 for x € X we have,

No](M) I- ng

(i) (a) A A= A
(b) I —WI[Ngl(M)C I —WSy;

A;

I-WINo](M)
%

(ii) If M satisfies A, condition and {Ay) TS0 4 for all {Ax} € Lo (M) then we have {Ay} A;

(iii) If M satisfies A, condition then I — WSg N Lo (M) = I — W[Ng] (M) N Lo (M) .

Ns](M)

Proof. (i) a) Suppose that Ak A. Let ¢ > 0 be given. Then we can write

1
T kZ M(d(x, Ax) —d(x, A)l) = — X M(d(x, Ax) —d(x, A)) + W kZ M (|d(x, Ax) — d(x, A))
i sl (s A= A ' |d(x,Ak)—EdI(§,A>|<s

==

and so

hl Z M(|d(x,Ak) - d(x,A)l) A/Ih(‘(«) I{k
r kel, .

v

L - 1d(x, Ap) = d(x, A)| = ¢}].

Then for any 6 > 0

{r EIN: Likel,: 1dx, A — d(x, A) > e)] > — } {r €N~ Y M, A — d(x, A)| > 5)} el
hr M(é) r kel,

This proves the result.
b) In order to establish 7 — W [Ny] (M) € I — WSy is proper, for any given 6 we choose {Ax} as follows:

(A = K, ifkr_1<ksk,_1+[\/h_r] r=1,2,..
{0} , otherwise
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Then for any € > 0,

1 1 [[VA]]
ol € 1 £100x, A9 = A, A)| > el = -k € 1 £ 1dx, A9 - d(x, (0)] > e)] < 57

and for any 6 > 0,

{ 1 ' BRE
relN.h—|{keIr.|d(x,Ak)—d(x,A)|2£}|26}g reN:t 25,

Since the set on the right-hand side is a finite set and so belongs to 7, it follows that A RSy

On the other hand
1 1 [ VR ([ Vi] +1)
7 ;M|d<x,Ak> - dex, oDl = > :
Then
Vi | (| Vi | + 1
freN: - Diay Mides, A - d (0D > 5} = {ren: [ ]([hr [+1), %}

mm+1,m+2,..}

for some m € IN which belongs to F(J), since 1 is admissible. So A IO

{0}.

(i) Suppose that M is bounded and Ay "% A. Since M is bounded there exists a real number K > 0

such that sup, M (t) < K. Moreover, for any ¢ > 0,

n

L Y. M(ld(x, Ax) — d(x, A)l) 1 Y M(d(x,Ar) —d(x, A+ Y M(ld(x, Ax) — d(x, A)])
hy ke, h k=1 kel

(AR -d(x A)lze M) <

IA

Tk € Iy < l(x, A — d(x, A) 2 el + M(e).
Consequently, we get

{r eNN: hl Y M(d(x, Ay) — d(x, A)|) > e} C {r eNN: hll{k €l :|d(x, Ay) —d(x,A)| = €} > %} eT.

r kel,

This proves the result.
(iii) The proof of this part follows from parts (i) and (i) . O

Theorem 2.9. For any 0 = (k;) lacunary sequence and for any Orlicz function M, I—statistical convergence
implies I —lacunary statistical convergence for sequence of sets with respect to M if and only if liminf, g, > 1. If
liminf, g, = 1 then there exists a bounded sequence {Ay} which is I —statistically convergent but not I —lacunary
statistically convergent with respect to M.
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Proof. Suppose first that lim inf, g, > 1. Then there exists @ > 0 such that g, > 1 + a for sufficiently large 7,
which implies that

h, o

- > .
ke 1+«

. S(Iw)(M) . .
Since {Ax} "= A and for sufficiently large r, we have
Sl <k M(d0, A) —d@ A= O = ke L s Md@, A) - d(x, A) 2 o)
a 1
> =k €I, : M(ld(x, Ax) — d(x, A)| > &)}].

1+ah,
Then for any 6 > 0, we get

{r eN: hl ke T, : M(Id(x, Ay) — d(x, A)| > &)} > 5}

c {r eN: kl Ik < ke : M(d(x, Ar) — d(x, A)| = e)}| = (15+0fa)} el.

This proves the sufficiency.

Conversely, suppose thatlim inf, g, = 1. Hence we can select a subsequence {kr ].} of the lacunary sequence
6 = (k,) such that

K K
— <1+ 1 and -
kr/—l ] k

> j, where r; 2y, +2.
7};1

Now we define a sequence {Ax} as follows:

21 e
Ak:{x2+(y—1) =a ifiel,

{(0,0)} , otherwise.
Then
= T MG A0 - des (0,00) = K forj=12,. (KeRY)
T kEI,].
and
1
I’l_ kz M (ld(x/ Ak) - d(x/ {(Or 0)})') = 0, fOI' r# 1’]'.
T EIr/.

Then it is quite clear that {A;} does not belong to 7 — W [Ng] (M). Since {Ax} is bounded then we have
{Ax} I A. Next, let ky].,1 <n< krm—l Then, from Theorem 2.1 in [3], we can write

%WSH:Mﬂﬂ%AO—ﬂ%KQmm

<

S|

éMwmmrﬂmmwm

B ke .y + hy,

2
- k?’]‘—l ]

1 1
<=+-=-.
] ]

Hence {A;} is Wijsman J —statistically convergent with respect to M for any admissible ideal 7. [
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