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Abstract. In this study, we define [N”, ap],—summability and statistical (N”, @f) summability. We also
establish some inclusion relation and some related results for this new summability methods. Further we
apply Korovkin type approximation theorem through statistical (N”, af) summability and we apply the
classical Bernstein operator to construct an example in support of our result. Furthermore, we present a
rate of convergence which is uniform in Korovkin type theorem by statistical (N”, af) summability.

1. Introduction, Notations and Known Results

The study of the Korovkin-type approximation theory is a well-established area of research, which
concern with the problem of approximation a function f by means of a sequence A, of positive linear
operators. The concept of statistical convergence for sequence real numbers was defined by Fast [1] and
Steinhaus [2] independently in 1951. Statistical convergence has recently became an area of active research.
Currently, researchers in statistical convergence have devoted their effort to statistical approximation [4—
12]. It is well-known that every convergent sequence is statistically convergent but converse is not always
true. Also, statistically convergent sequence do not need to be bounded. So, this type convergence is quite
effective in the approximation theory. First we recall the following definitions:

Let K be a subset of IN, the set of natural numbers and K,, = {k <n : k € K}. The natural density of K
is defined by 6(K) = lim, %lKnl provided it exists, where |K,| denotes the cardinality of set K,,. A sequence
x = (xx) is called statistically convergent (st—convergent) to the number ¢, denoted by st —lim x = ¢, for each
€ >0, the set K. = {k € IN : |x; — £| > €} has natural density zero, that is

1
lim = [{k <7 : |xc— €] > €| = 0.

n—oo 11

The idea af—statistical convergence was introduced by Aktuglu in [20] as follows:
Let a(n) and f(n) be two sequences positive number which satisfy the following conditions:

(i) a and p are both non-decreasing,
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(ii) p(n) = a(n),

(iii) p(n) — a(n) — coasn — o

and let A denote the set of pairs («, ) satisfying (i)-(iii). For each pair (o,f) € A,0 <y <1land K c N, we
define 6*#(K, y) in the following way

ﬁ | ‘K N PP
0% (K y) = lim, (B(n) — a(n) + 1)

where Pﬁ’ﬁ in the closed interval [a(n), f(n)]. A sequence x = (x) is said to be af—statistically convergent of
order y to £ or SZﬁ— convergent, if

‘{k ePy il -2 e}'
a,p . — =li -
O ({k : i =l 2 €}, y) = lim B —a@m+1y ’

and denote st’, — limx = £ or xy — ¢ [SZﬁ]’ where S . denotes the set of all ap—statistically convergent of
order y. Recently, Karakaya and Karaisa [14] have introduced weighted af—statistical convergence of order
Y, [Naﬁ,s] and (Na,g,s) summability methods. They have examined some inclusion relation and proved
Korovkin type approximation theorems through weighted af—statistical convergence.

In this work, we introduce [N, af];—summability and statistical (N7, af) summability methods. Further
we establish some inclusion relation and some related results for this new summability methods. Further-
more, we prove Korovkin’s theorem through statistical (¢f) summability order . The main motivation of
this paper is to define [N”, aff],—summability and statistical (N7, aff) summability methods, which include
statistical (C, 1) summability, statistical lacunary summabilitiy and statistical A—convergent. Korovkin’s the-
orem have applied only for y = 1 to statistical summabilitiy so far. But in this study we prove Korovkin’s
theorem for 0 < y < 1. So, our results obtained here for 0 < y < 1 are new and more comprehensive in
literature.

2. Statistical Summability Results

In this section, we introduce [N”, af],—summability and statistical (N”, af) summability methods. We
establish some inclusion relation and some related results for this new summability methods.

Definition 2.1. Given a sequence x = (x,) for which

, 1
) = G —am T Ty A

kep™?

(i) A sequence x = (xi) is said to be (af)—summable of order y to €, if z},(x) — € as n —> oo and we can write
as (N7, ap). Similarly, for y = 1 the sequence x = (xi) is said to be (ap)—summable to {, if z,(x) — € as
n— oo.

(ii) A sequence x = (xi) is said to be statistical (af)—summable to € or briefly statistically (N7, af) summable
of order y to € if for every € > 0 the set Ke(af) = {k € N : |z;;(x) — €| > €} has natural density zero, i.e.,
O(Ke(ap)) = 0. In this case we write 67 (af) — limx = £. That is

1 y
lim — [k <n:1z)(x) — 2 €l = 0.
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This definition includes the following special cases:

(i) Let A, be a none-decreasing sequence of positive numbers tending to co such that A, <A, +1,A; = 1.
If we take y = 1, a(n) = n — A, + 1 and B(n) = n then statistical (N7, @f) summability is reduced to
statistical A—convergent, and [N”, af], is reduced to strongly A,— convergence [18].

(ii) If we take y = 1, a(n) = 1 and p(n) = n for all n then statistical (N7, af) summability is reduced to
statistical (C, 1) summability introduced in [16, 17] .

(iii) Recall that a lacunary sequence 8 = {k,} is an increasing integer sequence such that ky = 0 and
hy := k, — ky—1. If we take y = 1, a(r) = k.—1 + 1 and B(r) = k,; then P*#(r) = [k,—1 + 1,k,]. But because
of [k,-1 + 1,k ] NIN = (k,—1, k] N IN, we have statistical (N7, af) summability is reduced to statistical
lacunary summability introduced in [19].

(iv) If we take a(r) = k,—1 + 1 and B(r) = k;; then [N”, ap]; is reduced to Ng(p) [3].
Definition 2.2. A sequence x = (x;) is said to [N”, apl;—summable to £, (0 < g < o), if

. 1
;}1_1& BoD = atm) + 17 Z lxg = €7 — 0 as n —> 0.
13

Py’
We denote it by x, — ([N”,apl,. Similarly, for y = 1 the sequence x = (x) is said to be [N, af],— summable to €.

Theorem 2.3. Let 0 < y < 6 < 1. Then, we get [N?,apl, C [N®, apl, and the inclusion is strict for some y, O such
that y < 6.

Proof. Letx = (xx) € [N, af]; and y, 0 be given such that 0 < y < 6 < 1. Then, we have

! 1
a1y L0 Gormag e Ly

epf

which gives [N”,af], € [N 0, apl;. Now, we show that this inclusion is strict. Let us consider the sequence
r = (1) define by,

r= () = { 1, Bn)— Bn)—a(m)+1+1<p(n),

0, otherwise.

It is clear that

1 er_0|q< pn) —a(m) +1 1
(Bo) —a(m + 17 &4, 7 (g —aG) + 17 () = alm) + 1

Pﬁ'p

Since
get

W — O0asn —> oofor1/2 <y <1,sowehaver=(ry) € [N, ap];. On the other hand, we

VB —atm +1-1 _ 1 Y - o
(Bn) = alm) + 17~ (B(n) — a() + )7 &4 7

epf

nd VB(m)—a(n)+1-1
and = Gi—am+1)?
proof. O

—> o0 asn —> oo for 0 < O < 1/2 then, we have r = (ry) ¢ [N, af],;. This completes the
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Theorem 2.4. Let x = (x) is bounded. If (af)—statistical convergence of order y to € then it is statistical
(N7, ap)—summable to £ but not conversely.

Proof. Because of (aff)—statistical convergence of order y to £, Kag(€)/(B(k) — a(k) + 1)) — 0 as k — oo,
where Kyg(e) = {j € Pf’ﬁ :|xj— €] > €}. Then

B(k)
1 1
Y(x) =€ = P P — = f
|z, (x) — £ (Bk) — a(k) + 1) j;ﬂ X ‘(ﬁ(k) —a(k) + 1) j;{)(xj )
< ! Z (xi—0)| < ;(sup Ix; — £)Kap(e) — O
~ (Bl — alk) + 1) [t ! T (k) —al)+ 1y

as k — oo, this means that zi’ (x) — € as k — oo. This implies that x is (N7, af)—summable to ¢. Therefore,
x is statistical (N7, af)—summable to £. O

For converse, let a(n) = 1, ¥ = 1 and f(n) = n and the sequence y = (y,) define as

| 1, ifniseven 1)
Y=\ -1, ifnisodd.

Indeed, y is not (af)—statistical convergence. On the other hand y is statistical (N7, af)—summable to 0.

Theorem 2.5. Let y, 0 be real numbers such that 0 <y < 0 <1and 0 < g < co. Then, we have
[N7,ap], C Sgﬁ.

Proof. Assume that x = (xx) € [N”, af]; summable to £ and for € > 0, we get

Y b e Y -+ Y -0

kep®? kep? kep?
|xx—C1=€e lxp—Ll<e
> Y -tz lke Py m—-az2 e}‘ e, @)
kep™*
|x—C|=€

Using (2), we obtain

: 1 wp
(B(n) — a(n) + 1) k;;ﬁ e = €17 > G —am <1y ’{k eP) x— €] > €}| el
1

(B(m) — () + 17 e P37 b - 1> eff

which means that x = (x) € Szﬁ. O

The following statements are obtained in Theorem 2.5.

Corollary 2.6. Let y be real number such that 0 <y < 1and 0 < q < co. Then we have [N”,af]; C SZﬁ and
N7, aBl; © Sap.

Theorem 2.7. If x = (xx) is bounded and (af)—statistical convergence of order y to € then xy — {[N”, af];.



A. Karaisa / Filomat 30:13 (2016), 3483-3491 3487

Proof. Assume that x = (x;) is bounded and (af)—statistical convergence of y to £. Then for € > 0, we get
6a'ﬁ(Kaﬁ(e),)/) = 0. Since x = (xx) is bounded, there exists M > 0 such that |x; — £| < M for k € IN. We obtain
that

1
[xp — €17 = Ry(n) + Rao(n)
(ﬂ@—mm+nV£% ‘ R
where

1

R0 = ey L WO
keKeos(E)

1

R() = Gty L el

kPt
keK ys(€)

If k ¢ Kup(€) then Ry(n) < €7. For k € Kyg(€) we get,
Kas(e MK, 5(e
Ro(n) < (sup |xx — £]) Kap N < Kap(€)l — 0, as n — oo,

(B(n) —a(n) +1)r = (B(n) — a(n) + 1)7
since 6“5(Kaﬁ(e), y) = 0. Therefore, xx — ¢[N”,af];. O

Theorem 2.8. Let (o, ) € A. If liminf, % > 1, then we have Sup C S, where S is denoted set of all statistically
convergent sequernce space.

Proof. Assume that lim inf B> 1. Then, there a exists 6 > 0 such that lim inf, aﬁglzl > 1+ 6, then obtain

nam)-1 =
that
Bn—am)+1 a(n)—1> 1 0
By By T 1460 146

For a given € > 0, we have
{k<Bm):|xx—4€ =€} df{am) <k<Bn):|x—L€ =€}.
Thus,
1
B(n)

B(n) —a(m) +1 1
B(n) p(n) —a(n) +1

0 1 N
1+0Bn)—am)+1 |{k€Pnﬁ e =4 26}'

{k <) : e — € > €}

[\

[{a(n) <k < B(n) : e — €] > €}

Since st — limx = ¢, we get st,g — limx = £. This step completes the proof. [

3. Application to Korovkin Type Approximation

In this section, we get an analogue of classical Korovkin theorem by using the concept of statistical
(N7, aB) summability.

Let C[a, D] be the linear space of all real-valued continuous functions f on [a,b] and let A be a linear
operator which maps C[a, b] into itself. We say A is positive operator, if for every non-negative f € C[a, b],
we have A(f,x) > 0 for x € [a, b]. It is well-known that C[g, b] is a Banach space with the norm given by

I f llctan= sup |f(x)l.

x€[a,b]
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The classical Korovkin approximation theorem states as follows (see [20, 21])

1}1_{1(}0 Il Au(f, x) = f(x) llciap= 0 © ’}1_{{}10 Il An(ei, x) = e llcrap= 0,

where e; = x',i € {0,1,2} and f € C[a, b].

3488

Theorem 3.1. Let (Li) be a sequence of positive linear operator from Cla, b] in to Cla, b]. Then for all f € Cla, b]

N”(st) - }}1_{?0 I Le(f, %) = f(x) llcra,p;= 0
if and only if
N7(st) - lim | Li(eo, x) = €0 llctae1= 0,
N”(st) - ]}1_{?0 Il Lr(e1,x) — €1 llcap= 0,
N7 (st) - }}1_{2 Il Li(e2, x) — €2 llcap= 0.

Proof. Becauseofe; € Cla, b] for (i = 0,1,2), conditions (4)-(6) follow immediately from (3). Let the conditions
(4)-(6) hold and f € Cl[a, b]. By the continuity of f at x, it follows that for given ¢ > 0 there exists 6 such that

for all ¢
|f(x) = f(t)| < &, whenever V|t —x| <é.
Since f is bounded, we get
[f(x)| <M, —o0 < x,t < o0,
Hence
[f(x) = f(H) <2M, —oc0 < x,t < 00,
By using (7) and (8), we have
lf(x) - f(Hl < e+ 26—]\24@ —x), Y|t—x| < 0.
This implies that
—e - —(t —x)? < flx)-f(t)y < e+ —(t - x)%.

By using the positivity and linearity of {Li}, we get

L1, (- = 22 = 02) < L1 (F0) - £(5) < Ll ) (e + 20t = 0?)

where x is fixed and so f(x) is constant number. Therefore,
2

—eLi(1,x) — MLk((t x)2 x) < Li(f, x) = f(0)Le(1,x) < eLi(1,x) + 2ML,(((t —x)2 X).

On the other hand
Li(f, x) = f(x)

Li(f, x) — f(x)Le(1, x) + f(x)Li(1, %) — f(x)
[Li(f, %) = f0)Lk(1, x) = f()Le] + f(x)[Li(1, %) — 1].

By inequality (9) and (10), we obtain

Li(f, %) = f(x) < eLx(1, %) +2 Lk((f—x)2 x) + f(0) + fO)[Lk(1, x) - 1].

)

©)

(10)

(11)
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Now, we compute second moment
Li((t = x)?, %) Li(x? = 2xt + £2,x)
x*Li(1, %) — 2xLi(t, x) + Le(£?, x)
= [Le(t?, %) = 2] = 2x[Li(t, %) — x] + 22[Li(1, %) = 1].

Combing above equality with the relation (11), one can see that
2
L(f,0) = f) < eLp(L,2) + —{[Le(t, x) = x°] = 2x[Li(t, %) — 2] + *[Li(L, x) = 1]} + f(x)(Le(L, %) = 1)

= ¢[Ly(1,x)-1]+¢e+ %{[Lk(tz,x) -x*] - 2x[Li(t, x) — x] + x [Lk(l x)—1]}
+f()(Lk(1, x) = 1).

Because of ¢ is arbitrary, we obtain

2MV? Mb
| Li(f, x) = f(2) llcey < (5 +M+ ) Il Li(eo, x) = €0 llcpap) +—— 5 Il Li(e1, x) = e1 llcpa,p
+—7 I Li(ez, x) = €2 llegany
< R(Il Le(eo, x) — €0 llctap + Il Lier, x) = 1 llcpaey + Il Li(e2, %) = €2 llciap)
where R = max (8 + M+ 21?21’2, 45&217)

Finally, replacing Li(t, x) by Ti(t, x) = W L ept L(t,x) and for ¢ > 0, we can write

M: - {k € IN :|| Te(eo, %) — €0 llcpaey + Il Trler, x) — ex liciap) + Il Telea, ) — ez llcpapn> %}
M, = {k € IN :|| Ti(eo, x) — €o llcrap> BR}
My: = {k € IN:|| Ty(e1, x) — e1 llcpap= 3R}
Msy: = {k € N || Te(ez, x) — €2 llcja,pr= 3R}

Then, M c M; U My U Mj, so we have 6(M) < 6(M;) + 6(My) + 6(Ms). Thus, by conditions (4)-(6), we
obtain

N”(st) - }}1_{?0 I Le(f, x) = f(x) llca,p;= 0
which completes the proof. [

We remark that our Theorem 3.1 is stronger than that of classical Korovkin approximation theorem as
well as Theorem of Gadjiev and Orhan [15]. For this purpose, we get the following example:

Example 3.2. Considering the sequence of Bernstein operators

Bu(f,x) = if(%)(:)xk(l -2 xe[0,1].
k=0

We define the sequence of linear operators as K, : C[0, 1] — C[0, 1] with K (f,x) = (1 + yu)Bu(f, x), where y = (y,)
is defined in (1). Then, B,(1,x) = 1, B,(t, x) = x and B, (t?,x) = x* + £% 2 and sequence (K,) satisfies the conditions
(4)-(6). Therefore, we get

N7(st) — lim || Ku(f, 2) = f(x) llctar1=
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On the other hand, we have K, (f,0) = (1 + y,) f(0), since B,(f,0) = f(0), thus we obtain
Il Kin(f, x) = f(x) lloo= [Ku(f,0) = £(O) = yul fO)I.

One can see that (K,) is not satisfy the classical Korovkin theorem as well as Theorem of Gadjiev and Orhan [15],
since y is statistical (N”, af)—summable to O but neither convergent nor statistical convergent.

4. Rate of Statistical Summability (N7, apf)

In this section, we estimate rate of statistical summability (N7, af) of a sequence of positive linear
operators defined C[a, b] into C[a, b]. Now, we give following definition:

Definition 4.1. Let (u,) be a positive non-increasing sequence. We say that the sequence x = (xi) is a statistical
summable (N7, ap) to € with the rate o(uy) if for every, € > 0

o1
Iim —
n—oo 1y,

fk<n:iz-a=elf=0.

At this point, we can write x; — £ = N (st) — o(uy).
As usual we have the following auxiliary result.

Lemma 4.2. Let (a,) and (b,) be two positive non-increasing sequences. Let x = (xx) and y = (yx) be two sequences
such that x; — L1 = N7(st) — o(a,) and yx — L1 = N7 (st) — o(b,). Then we have

(i) a(xe —L1) = N7(st) — o(ay) for any scalar a,
(ii) (xx — L1) = (yx — L) = N”(st) — o(cy),
(iii) (xx — L1)(yx — L2) = N7 (st) — o(anby),

where ¢, = max{a,, b,}.

Before proceeding further, let us give basic definition and notation on the concept of the modulus of
continuity. The modulus of continuity of f, w(f, ) is defined by

w(f,0) = lsu‘p(S [f(x) = f(y)l.
xj,(yé%t;b]

It is well-known that for a function f € Cla, b],
lir(r)1+ w(f,0)=0

forany 0 >0

10 f < o) “5 2 1), (B

Theorem 4.3. Let (Li) be sequence of positive linear operator from Cla, b] into Cla, b]. Assume that
@ I L1, %) = x llciap= N7 (st) = o(un),
®)  w(f,gx) = N'(st) = o(vy) where y = VLd(t =22, 2]

Then for all f € Cla,b], we get
Il Li(f, %) = £(x) llcpa, 1= N7 (st) — 0(zn)

where z,, = max{u,, v,}.
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Proof. Let f € C[a,b] and x € [a, b]. From (10) and (12), we can write
ILk(f, ) = fOO)l < L(1f()) = fO)lx) + | f (o)l Li(L, %) — 1

314ugw+pﬂmﬁ&ﬂﬂmm@@—n
Y,
< MG%§L+L4w“&+VWWMLﬂ_H
< (B + e (= 25) o, 8) + F@ILL0) ~ 1

= u@@ﬂﬁ®+%u«hmﬁﬂw@®+quML@—u
By choosing /i, = 0, we obtain
| Le(f, x) = f(2) llcpa,p)

IA

Il f llcapll Le(L, x) = x llcpap +20(f, Yi) + w(f, Yi) 1| Le(1, x) = X lcpa
H{|l Le(1, x) = x llcpa,p) +@(f, Yx) + o(f, Yr) | Li(1, ) = X llcpa e}

where H = max{2, || f llcjapj}. From Definition 4.1, conditions (2) and (b), we get the desired the result. [J

IA
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