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Abstract. In [32, 33], the fuzzy stability problems for the Cauchy additive functional equation and the
Jensen additive functional equation in fuzzy Banach spaces have been investigated.

Using the fixed point method, we prove the Hyers-Ulam stability of the following additive-quadratic-
cubic-quartic functional equation

flx+2y) + flx—2y) =4f(x +y) +4f(x —y) - 6f(x) + fQRy) + f(-2y) — 4f(y) — 4f(-Y) (1

in fuzzy Banach spaces.

1. Introduction and Preliminaries

Katsaras [27] defined a fuzzy norm on a vector space to construct a fuzzy vector topological structure
on the space. Some mathematicians have defined fuzzy norms on a vector space from various points of
view [19, 29, 45]. In particular, Bag and Samanta [3], following Cheng and Mordeson [10], gave an idea of
fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and Michalek type [28].
They established a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated
some properties of fuzzy normed spaces [4].

We use the definition of fuzzy normed spaces given in [3, 32, 33] to investigate a fuzzy version of the
generalized Hyers-Ulam stability for the functional equation (0.1) in the fuzzy normed vector space setting.

Definition 1.1. [3, 32-34] Let X be a real vector space. A function N : X X R — [0, 1] is called a fuzzy norm on X
ifforallx,y € Xandalls,t € R,

(N1) N(x,t) =0 for t < 0;

(N2) x =0ifand only if N(x,t) = 1 forall t > 0;
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(N3) N(ex, t) = N(x, i) if ¢ £ 0;

(Ng) N(x + y,s + t) > min{N(x,s), N(y, 1)},

(N5) N(x, -) is a non-decreasing function of R and lim; . N(x,t) = 1;
(Ne) for x # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [32, 35].

Definition 1.2. [3, 32-34] Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is said to be convergent
or converge if there exists an x € X such that lim,,_,. N(x, — x,t) = 1 for all t > 0. In this case, x is called the limit
of the sequence {x,} and we denote it by N-limy,_,c X, = X.

Definition 1.3. [3, 32, 33] Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is called Cauchy if for
each ¢ > 0and each t > 0 there exists an ng € IN such that for all n > ng and all p > 0, we have N(x,1p —xn, t) > 1—e¢.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector
space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is continuous at a
point xg € X if for each sequence {x,} converging to xj in X, then the sequence {f(x,)} converges to f(xo). If
f:X — Yis continuous at each x € X, then f : X — Y is said to be continuous on X (see [4]).

The stability problem of functional equations originated from a question of Ulam [42] concerning the
stability of group homomorphisms. Hyers [22] gave a first affirmative partial answer to the question of
Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Th.M.
Rassias [39] for linear mappings by considering an unbounded Cauchy difference. A generalization of the
Th.M. Rassias theorem was obtained by Gavruta [21] by replacing the unbounded Cauchy difference by a
general control function in the spirit of Th.M. Rassias” approach.

The functional equation

fx+y) + flx—y) =2f(x) + 2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic functional equation is
said to be a quadratic mapping. A generalized Hyers-Ulam stability problem for the quadratic functional
equation was proved by Skof [41] for mappings f : X — Y, where X is a normed space and Y is a Banach
space. Cholewa [11] noticed that the theorem of Skof is still true if the relevant domain X is replaced by
an Abelian group. Czerwik [12] proved the Hyers-Ulam stability of the quadratic functional equation.
The stability problems of several functional equations have been extensively investigated by a number of
authors and there are many interesting results concerning this problem (see [1, 5, 6, 18, 23, 26, 40, 43, 44]).
In [25], Jun and Kim considered the following cubic functional equation

f@x+y)+ fQx—y) = 2f(x +y) + 2f(x — y) + 12f(x). )

It is easy to show that the function f(x) = x? satisfies the functional equation (2), which is called a cubic
functional equation and every solution of the cubic functional equation is said to be a cubic mapping.
In [30], Lee et al. considered the following quartic functional equation

f@x+y)+ fQx—y) =4f(x +y) +4f(x — y) + 24 (x) = 6f(y). )

It is easy to show that the function f(x) = x* satisfies the functional equation (3), which is called a quartic
functional equation and every solution of the quartic functional equation is said to be a quartic mapping.

Let X be a set. A functiond : X X X — [0, 00] is called a generalized metric on X if d satisfies

(1) d(x,y) = 0if and only if x = y;

(2)d(x,y) =d(y,x) forallx,y € X;

(3)d(x,z) <d(x,y)+d(y,z) forallx,y,z € X.

We recall a fundamental result in fixed point theory.
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Theorem 1.4. [7, 14] Let (X, d) be a complete generalized metric space and let | : X — X be a strictly contractive
mapping with Lipschitz constant L < 1. Then for each given element x € X, either

d(]"x, ]n+1x) = o0

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J"*x) < oo, Vi > no;
(2) the sequence {]"x} converges to a fixed point y* of J;
(3) v is the unique fixed point of | in the set Y = {y € X | d(J™x, y) < oo},
@) d(y, v") < Lpd(y, Jy) forall y € Y.

In 1996, G. Isac and Th.M. Rassias [24] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using fixed point
methods, the stability problems of several functional equations have been extensively investigated by a
number of authors (see [8, 9, 35-38]).

The theory of probabilistic normed spaces(briefly, PN-spaces) is important as a generalization of deter-
ministic result of linear normed spaces and also in the study of random operator equations. The PN-spaces
may also provide us the appropriate tools to study the geometry of nuclear physics and have important
application in quantum particle physics particularly in string theory and ¢ where studied by El. Naschie
[15]. The Hyers-Ulam stability of different functional equations in random normed spaces, PN-spaces and
fuzzy normed spaces has been recently studied in [31]-[34].

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of the additive-
quadratic-cubic-quartic functional equation (1) in fuzzy Banach spaces for an odd case. In Section 3, we
prove the Hyers-Ulam stability of the additive-quadratic-cubic-quartic functional equation (1) in fuzzy
Banach spaces for an even case.

Throughout this paper, assume that X is a vector space and that (Y, N) is a fuzzy Banach space.

2. Hyers-Ulam Stability of the Functional Equation (1): an Odd Case

One can easily show that an odd mapping f : X — Y satisfies (1) if and only if the odd mapping mapping
f: X — Yis an additive-cubic mapping, i.e.,

fle+2y) + f(x=2y) = 4f(x + y) + 4f(x — y) = 6f(x).

It was shown in [17, Lemma 2.2] that g(x) := f(2x) — 2f(x) and h(x) := f(2x) — 8f(x) are cubic and additive,
respectively, and that f(x) = % g(x) — %h(x).

One can easily show that an even mapping f : X — Y satisfies (1) if and only if the even mapping
f : X = Yis a quadratic-quartic mapping, i.e.,

flo+2y) + f(x = 2y) = 4f(x + y) + 4f (x = y) = 6/(x) + 2 (2y) = 8f(y)-

It was shown in [16, Lemma 2.1] that g(x) := f(2x)—4f(x) and h(x) := f(2x)—16f(x) are quartic and quadratic,
respectively, and that f(x) = £g(x) — $h(x).
For a given mapping f : X — Y, we define

Df(x,y): = flx+2y)+ f(x—2y)—4f(x+y) - 4f(x—y) +6f(x)
- fQy) - f(-2y) +4f(y) +4f(-y)
forall x,y € X.

Using the fixed point method, we prove the Hyers-Ulam stability of the functional equation Df(x,y) = 0
in fuzzy Banach spaces: an odd case.
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Theorem 2.1. Let ¢ : X? — [0, o) be a function such that there exists an L < 1 with

L
plx,y) < g(P(Zx, 2y)

forallx,y € X. Let f : X = Y be an odd mapping satisfying

t
N(Df(x,y),t) = [

forallx,y € Xandall t > 0. Then

o X\ (X
C = N-lim 8" (£ (57 - 2f (57
exists for each x € X and defines a cubic mapping C : X — Y such that

(8 — 8L)t

N (F@x) =2f(x) = C D 2 T H Bl 0 + 9%, 9)

forall x € X and all t > 0.

Proof. Letting x = y in (4), we get

N (fBy) —4fQy) +5f(y), 1) =

forally € Xand all t > 0.
Replacing x by 2y in (4), we get

N (f(4y) - 4fBy) +6/(2y) —4f(y), 1) 2

forally € Xand all t > 0.
By (6) and (7),
N (f(4y) =10/ (2y) + 16f(y), 4t +1)
> min {N (4(f(By) - 4f2y) +5/(1)), 4t),

N (f(4y) —4fBy) + 6f(2y) — 4f(y), 1)}
t

>
t+ oy, y)+ o2y, y)

t
t+o(y,y)

t
t+¢Qy,y)

forall y € X and all t > 0. Letting y := 5 and g(x) := f(2x) — 2f(x) for all x € X, we get

N(g(x) "y (%)51?) >
trp(33) (v 3)
forallx € Xand all f > 0.
Consider the set
S={g: X->Y)}
and introduce the generalized metric on S:
t

d(g,h) = influ € R, : N(g(x) — h(x), ut) > Vx € X, Vt > 0},

T+ (x,x) + o(2x,x)”

1836

(6)

where, as usual, inf ¢ = +o0. It is easy to show that (S, d) is complete. (See the proof of [31, Lemma 2.1].)

Now we consider the linear mapping | : S — S such that

Jg(x) = 89(%)
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forall x € X.
Let g,h € S be given such that d(g, h) = €. Then

t
t+ @(x, x) + @(2x, x)

N(g(x) — h(x), et) >

forall x € X and all t > 0. Hence

N(Jg(x) — Jh(x), Let)

I
Z
o

Lt Lt
8 8

% + (p(%, %) + (p(x, %) %t + I§((P(x/x) +(2x, %))
t

\%
\%

t+@(x, %) + @(2x, x)
forall x € X and all t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that

d(Jg, Jh) < Ld(g, h)

forall g, h € S.
It follows from (9) that
t

x\ 5L
N(g(x) B Sg(i)’ gt) z t+ @(x, x) + p(2x, x)
forallx € Xand all t > 0. So d(g, Jg) < 3.

By Theorem 1.4, there exists a mapping C : X — Y satisfying the following:
(1) Cis a fixed point of |, i.e.,

(i9=éq” (10)

forall x € X. Sinceg: X — Yisodd, C: X — Y is an odd mapping. The mapping C is a unique fixed point
of ] in the set

M={geS:d(f,g) < oo}
This implies that C is a unique mapping satisfying (10) such that there exists a u € (0, o) satisfying

t

N(gto) = C@,pt) 2 s

forallx e Xand all t > 0O;
(2)d(J"g,C) — 0 as n — oo. This implies the equality

N- lim S”g(zin) = C(x)

n—oo

forall x € X;
(3)d(g,C) < ﬁd(g, Jg), which implies the inequality

5L
d(g, C) < m

This implies that the inequality (5) holds.
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By (4),
N (Do (35 37)8'0) 2
t+(P<2n/ 271)
forallx,y € X, allt > 0and alln € N. So

t

n x Yy 3"
N(8 Dg(Z_”'Z_”)'t)Z =+ Ep(y)

871

forall x,y € X, all t > 0 and all n € N. Since lim, 00 ——7— +L”<P( i =1forallx,ye Xandallt >0,
8"

N (DC(x,y),t) =1
forall x,y € X and all t > 0. Thus the mapping C : X — Y is cubic, as desired. [
Corollary 2.2. Let 6 > 0 and let p be a real number with p > 3. Let X be a normed vector space with norm || - ||. Let
f: X — Y be an odd mapping satisfying

t

F+ OURIP + ) an

N(Df(x, y),t) 2

forallx,y € Xandall t > 0. Then

. x x
= N-fm (7 (55) -2 (33)
exists for each x € X and defines a cubic mapping C : X — Y such that

(2 - 8)t
(2r —8)t + 5(3 + 2°)0|lx|lP

N (f(2x) = 2f(x) = C(x), ) =
forallx € Xand all t > 0.
Proof. The proof follows from Theorem 2.1 by taking
@, y) = Ollxll” + llyl")
for all x, y € X. Then we can choose L = 2377 and we get the desired result. [
Theorem 2.3. Let ¢ : X? — [0, o) be a function such that there exists an L < 1 with
xy
<8Lp|=, =
Plx,y) <8 @(2, 2)
forallx,y € X. Let f : X = Y be an odd mapping satisfying (4). Then
: 1 n n
Cx) = N- lim o (f(2'x) - 2f(2"))

exists for each x € X and defines a cubic mapping C : X — Y such that

(8 — 8L)t

(8 = 8L)t + 5¢(x, x) + 5p(2x, x) (12)

N (f(2x) = 2f(x) - C(x),t) 2

forallx € Xand all t > 0.
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Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the linear mapping J : S — S such that

1
Jo(x) := g9(2)
forall x € X.
Let g, h € S be given such that d(g, h) = €. Then

t

Nl =h@), et) 2 S T o0

forall x € X and all t > 0. Hence

N(Jg(x) = Jh(x), Let)

N(%g(Zx) - éh (2x),Let)

N (g (2x) — h(2x),8Let)
8Lt S 8Lt
8Lt + @ (2x,2x) + p(4x,2x) — 8Lt + 8L(¢p(x, x) + ¢(2x, x))
t
t+ px,x) + @(2x, x)

forall x € X and all t > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g,h)

forallg,h € S.
It follows from (9) that

1 5 t
N(!](x) - gg(Zx), gt) = t+ (p(x, x) + ('0(23(, X)

forallx € Xandallt > 0. So d(yg, Jg) < g.
By Theorem 1.4, there exists a mapping C : X — Y satisfying the following:
(1) Cis a fixed point of J, i.e.,
C(2x) = 8C(x) (13)

forallx € X. Since g: X — Yisodd, C: X — Yis an odd mapping. The mapping C is a unique fixed point
of | in the set
M={geS:d(f,g) <)}
This implies that C is a unique mapping satisfying (13) such that there exists a u € (0, o) satisfying
t
t+ @(x,x) + @(2x, x)

N(g(x) — C(x), ut) 2

forallx e Xand all t > 0;
(2)d(J"g,C) — 0 as n — oo. This implies the equality

N- lim Sl—ng(Z”x) = C(x)

forall x € X;
(3)d(g,C) < ﬁd(g, Jg), which implies the inequality

5
L0—=.
d9,C) < g—¢1
This implies that the inequality (12) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [
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Corollary 2.4. Let O > 0 and let p be a real number with 0 < p < 3. Let X be a normed vector space with norm || - ||.
Let f : X — Y be an odd mapping satisfying (11). Then

— : 1 1 n
C(x) = N- lim (f(2"'x) - 2f(2"v))
exists for each x € X and defines a cubic mapping C : X — Y such that
8 —2°)t
N (f@) - 2f(1) - C), 1) 2 G-2)

(8 = 2P)t + 5(3 + 27)0||x|]P
forall x € Xand all t > 0.

Proof. The proof follows from Theorem 2.3 by taking
P, y) = Ol + llyl")
for all x, y € X. Then we can choose L = 2/-3 and we get the desired result. [J

Theorem 2.5. Let ¢ : X? — [0, o) be a function such that there exists an L < 1 with

L
P, y) < ¢ (2%,2y)
forallx,y € X. Let f : X — Y be an odd mapping satisfying (4). Then
I X\ o (X
A(x) :=N-lim 2 (f (2”—1) 8f (2ﬂ ))

exists for each x € X and defines an additive mapping A : X — Y such that
(2-2L)t

N(f20 =809 = AW D 2 G515 T o 0 T 9 T) (14)
forall x € Xand all t > 0.
Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Letting y := 7 and h(x) := f(2x) — 8f(x) for all x € X in (8), we get
N (h(x) YA (;) ) 5t) > d (15)

t+(p(§,§)+(p(x,§)
forallx € Xand all ¢t > 0.
Now we consider the linear mapping J : S — S such that

Th(x) == 2h (’2-‘)

forall x € X.
Let g,h € S be given such that d(g, h) = €. Then

t
t+ @(x, x) + @(2x, x)

N(g(x) — h(x), et) >

for all x € X and all t > 0. Hence

N(Jg(x) - Jh(x), Let)

I
Z
N

Lt Lt
2 2

% + (p(%, %) + (p(x, %) % + %((p(x,x) +(2x, %))
t

\%
\%

t+ px, x) + @(2x, x)
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forall x € X and all t > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that

d(Jg, Jh) < Ld(g, h)

forallg,h € S.
It follows from (15) that

N(h(x) -2 (g)’ %t) = t+ o(x, x)t+ »(2x, x)

forall x e Xand all t > 0. So d(h, Jh) < %
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) Ais a fixed point of J, i.e.,

‘49:%“” (16)

forall x € X. Since h : X — Yisodd, A : X — Y is an odd mapping. The mapping A is a unique fixed point
of ] in the set
M= (g €S:d(f,g) < ool.

This implies that A is a unique mapping satisfying (16) such that there exists a p € (0, o) satisfying

t
t+ @(x, x) + @(2x, x)

N(h(x) — A(x), ut) >

forallx € Xand all t > 0;
(2)d(J"h, A) — 0 as n — oco. This implies the equality

N- lim 2°h (21) - A()

n—oo

forallx € X;
B3)dh,A) < ﬁd(h, Jh), which implies the inequality

5L
< .
A< 350

This implies that the inequality (14) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [

Corollary 2.6. Let 6 > 0 and let p be a real number with p > 1. Let X be a normed vector space with norm || - ||. Let
f: X — Y be an odd mapping satisfying (11). Then

- X\ o X
AR) = N-lim 2 (f(Z"—l) Sf(zn ))
exists for each x € X and defines an additive mapping A : X — Y such that

@ - 2)t
(27 —2)t +5(3 + 20)0xIP

N (f(2x) - 8f(x) - A(x), 1) =

forallx € Xand all t > 0.

Proof. The proof follows from Theorem 2.5 by taking

P, y) = O(IxII” + [lyll)

for all x, y € X. Then we can choose L = 217 and we get the desired result. O
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Theorem 2.7. Let ¢ : X? — [0, o) be a function such that there exists an L < 1 with
Xy
<2 -, =
¢mw_LdTJ
forallx,y € X. Let f : X = Y be an odd mapping satisfying (4). Then
— : 1 +1
AmFNﬁQEU@”@—W@m

exists for each x € X and defines an additive mapping A : X — Y such that
(2-2L)

- - >
N(f20) =800 AW, N 2 s e (17)
forallx € Xand all t > 0.
Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the linear mapping J : S — S such that
1
Jh(x) == Eh(Zx)
forall x € X.
Let g, h € S be given such that d(g, h) = €. Then
t
- >
Ng() =), et) 2 t+ @(x, x) + p(2x, x)
for all x € X and all ¢ > 0. Hence
NUge) - JhCo, Let) = N(39(20) - h(20), Let)
= N(g(2x)-h(2x),2Let)
2Lt S 2Lt
2Lt + @ (2x,2x) + @(4x,2x) — 2Lt + 2L(p(x, x) + @(2x, x))
t
T+ o(x, x) + (2%, X)
forall x € X and all t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)
forallg,h € S.
It follows from (15) that
1 5 t
- = —t|>
N (h(x) 2h(2x), Zt) T+ p(x,x) + @(2x, x)
forallx € Xand all £ > 0. So d(h, Jh) < %
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following;:
(1) Ais a fixed point of ], i.e.,
A (2x) = 2A(x) (18)

forall x € X. Since h : X — Yisodd, A : X — Y is an odd mapping. The mapping A is a unique fixed point
of ] in the set
M={geS:d(f,g) <}
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This implies that A is a unique mapping satisfying (18) such that there exists a 1 € (0, o) satisfying

t
t+ px,x) + @(2x, x)

N((x) — A(x), ut) >

forallx € Xand allt > 0;
(2)d(J"h, A) — 0 as n — oco. This implies the equality

N- lim zl—nh(z"x) = A(x)

forallx € X;
B3)d(h,A) < ﬁd(h, Jh), which implies the inequality
5
< —.
dh,4) < 2-2L

This implies that the inequality (17) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [J

Corollary 2.8. Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be a normed vector space with norm || - ||.
Let f : X — Y be an odd mapping satisfying (11). Then

— 3 1 n+1 n
Ax) = N-ggz—n(f(z *1x) - 8£(2"x))
exists for each x € X and defines an additive mapping A : X — Y such that

@ - 2n)t
2 =27t + 5(3 + 2)0|[x[IP

N (f(2x) = 8f(x) = A(), 1) =
forallx € X and all t > 0.
Proof. The proof follows from Theorem 2.7 by taking
P, y) == O(IxlI” + [lyll)

for all x, y € X. Then we can choose L = 2/~! and we get the desired result. [J

3. Hyers-Ulam Stability of the Functional Equation (1): an Even Case

Using the fixed point method, we prove the Hyers-Ulam stability of the functional equation Df(x,y) = 0
in fuzzy Banach spaces: an even case.

Theorem 3.1. Let ¢ : X> — [0, co) be a function such that there exists an L < 1 with

L
P, Y) < 729 (2%,2y)
forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and (4). Then

QW = N- 1im 16" (£ (57 ) -4/ 7

exists for each x € X and defines a quartic mapping Q : X — Y such that

(16 — 16L)t
(16 — 16L)t + 5L(¢(x, x) + ¢(2x, x))

N (f(2x) - 4f(x) - Q(x),t) 2

forallx € Xand all t > 0.

(19)
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Proof. Letting x = y in (4), we get

N(fBy) —6fQ2y) +15f(y),t) =

forally € Xandallt > 0.
Replacing x by 2y in (4), we get

N (f(4y) —4fBy) +4f(2y) +4f(y), 1) =
forally € X and all t > 0.
By (20) and (21),
N (f(4x) — 20f(2x) + 64f(x), 4t + £)
> min {N (4(f(3x) — 6/(2x) + 15f(x)), 4t),
N (f(4x) — 4f(3x) + 4f(2x) + 4f(x)), D)}
t

t
t+ oy, y)

t
t+ @2y, y)

>
Tt @(x,x) + ¢(2x, x)
forall x € X and all t > 0. Letting g(x) := f(2x) — 4f(x) for all x € X, we get

N(g(x) - 169(’2f),5t) > i ]

X

t+o(35)+o(x s
forall x € X and all ¢t > 0.

Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Now we consider the linear mapping J : S — S such that

= 193

forall x € X.
Let g,h € S be given such that d(g, h) = €. Then
t

N(g(X) - h(x)’ et) 2 t+ (p(x, x) + (p(Zx, JC)

forall x € X and all t > 0. Hence

N(g(x) - Jh(x), Let) N(16g(g) 16k (’zf),Lst)

¥o(3)-(3) 55

Lt Lt
6 16

1
>
Lig (’—2‘, f) + (p(x, ’—2‘) & + (o0, x) + (2%, X))
t
t+ @(x, x) + @(2x, x)
forall x € X and all t > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that

d(Jg, Jh) < Ld(g, h)

v

forallg,h € S.
It follows from (23) that

t
16 )Z t+ @(x, x) + p(2x, x)

- 10(3).

1844

(20)

(21)

(22)

(23)
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forallx € Xandallt > 0. Sod(yg, Jg) < %
By Theorem 1.4, there exists a mapping Q : X — Y satisfying the following:
(1) Qis a fixed point of |, i.e.,

af3)- 11—69(’” (24)

forall x € X. Sinceg: X — Yiseven, Q : X — Y is an even mapping. The mapping Q is a unique fixed
point of | in the set
M={geS:d(f,g) <oo}.

This implies that Q is a unique mapping satisfying (24) such that there exists a u € (0, o) satisfying

t
t+ @(x,x) + (2x, x)

N(g(x) — Q(x), ut) =

forallxe Xand allt > 0O;
(2)d(J"g, Q) — 0 as n — co. This implies the equality

. n i _
N-lim 16'g (5 ) = Q@)
forallx € X;

(3)d(g,Q) < ﬁd(g, Jg), which implies the inequality

5L

49, Q) < 7e— e

This implies that the inequality (19) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [

Corollary 3.2. Let 6 > 0 and let p be a real number with p > 4. Let X be a normed vector space with norm || - ||. Let
f : X = Y be an even mapping satisfying f(0) = 0 and (11). Then

. x x
Q0= N-fim 16 (1 (57) =473
exists for each x € X and defines a quartic mapping Q : X — Y such that

2 - 16)t
(27 —16)t + 53 + 27) |||

N (f(2x) = 4f(x) = Qx), ) =
forallx € Xand all t > 0.
Proof. The proof follows from Theorem 3.1 by taking

p(x,y) == O(|Ix|lP + [lyll")
for all x, y € X. Then we can choose L = 24P and we get the desired result. O

Theorem 3.3. Let ¢ : X2 — [0, c0) be a function such that there exists an L < 1 with

X
P(x, 1) < 16Lg0(§, %)

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and (4). Then

Q(x) := N- lim 12” (f (2mx) - 4f(2"x))
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exists for each x € X and defines a quartic mapping Q : X — Y such that

(16 — 16L)t
(16 — 16L)t + 5¢(x, x) + 5¢(2x, x)

N (f(2x) = 4f(x) - Q(), 1) = (25)

forall x € X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the linear mapping J : S — S such that
Jox) = 729 (29

for all x € X.
Let g,h € S be given such that d(g, h) = €. Then

t
t+ o(x, x) + @(2x, x)

N(g(x) — h(x), et) =

forall x € X and all t > 0. Hence

1 1
NOg() - Th), Let) = N(329(0) - 1-h (@), Let)
= N(g(2x) - h(2x),16Let)
16Lt S 16Lt
16Lt + ¢ (2x,2x) + p(4x,2x) — 16Lt + 16L(p(x, x) + @(2x, x))
t
t+ @(x, x) + (2x, x)

forall x € X and all t > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that

d(Jg, Jh) < Ld(g, h)

forallg,h € S.
It follows from (23) that

t
> t+ @(x, x) + (2x, x)

N (900 - 1000, 1)

forallx € Xandall t > 0. So d(yg, Jg) < 15—6.
By Theorem 1.4, there exists a mapping Q : X — Y satisfying the following;:
(1) Qis a fixed point of J, i.e.,
Q(2x) = 16Q(x) (26)

forall x € X. Since g : X — Yiseven, Q : X — Y is an even mapping. The mapping Q is a unique fixed
point of | in the set
M={geS:d(f,g) < oo}

This implies that Q is a unique mapping satisfying (26) such that there exists a u € (0, o) satisfying

t
t+ @(x, x) + p(2x, x)

N(g(x) - Q(x), ut) =

forallx € Xand all f > 0;
(2)d(J"g, Q) — 0as n — co. This implies the equality
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N-Tim <-0(2") = Q)

forall x € X;
(3)d(g,Q) < ﬁd(g, Jg), which implies the inequality

5
—.
49,9 < 1761
This implies that the inequality (25) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [J

Corollary 3.4. Let O > 0 and let p be a real number with 0 < p < 4. Let X be a normed vector space with norm || - ||.
Let f : X — Y be an even mapping satisfying f(0) = 0 and (11). Then

Q(x) := N- lim 11? (f(2"1x) - 4f(2"v))

exists for each x € X and defines a quartic mapping Q : X — Y such that

(16 — 2°)t
(16 — 2°)t + 53 + 2°)O|[x|P

N (f(2x) - 4f(x) - Q) £) 2
forall x € X and all t > 0.
Proof. The proof follows from Theorem 3.3 by taking

P, y) = Ollxll” + llyll")

for all x, y € X. Then we can choose L = 2/~* and we get the desired result. [J
Theorem 3.5. Let ¢ : X? — [0, o) be a function such that there exists an L < 1 with

P(x,y) < %@(29@ 2y)
forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and (4). Then

. x x
o= e 55 (2)
exists for each x € X and defines a quadratic mapping T : X — Y such that
(4 - 4Lyt

N (F@x) =16f(x) =T ) = G5 5ot 0 + 92, 9) @7
forall x € X and all t > 0.
Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Letting h(x) := f(2x) — 16f(x) for all x € X in (22), we get
N (h(x) _an (g) ) 5t) > ! (28)

t+o(3%)+o(x3)

forallx € Xand all t > 0.
Now we consider the linear mapping | : S — S such that

Th(x) = 4h (’2-‘)
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forall x € X.
Let g,h € S be given such that d(g, h) = €. Then

t
t+ @(x,x) + @(2x, x)

N(g(x) — h(x), et) >

for all x € X and all t > 0. Hence

N(g() - Jheo), Let) = N (4

Il
—_—
[
—_— S
NI =R
SN —
|
=
—_
N =
SN—
|
o
-
SN—

Lt Lt
4 4

Uip(35)+e(3r) F+ierx+erx)
t

\%
\%

t+ @(x, x) + p(2x, x)
forall x € X and all t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that

d(Jg,Jh) < Ld(g, h)

forallg,h € S.
It follows from (28) that

N(h(x) — 4 (g)' %t) z t+ p(x, x)t+ ©(2x,x)

forallx € Xand all £ > 0. So d(h, Jh) < %.
By Theorem 1.4, there exists a mapping T : X — Y satisfying the following:
(1) T is a fixed point of |, i.e.,

7(3)-= };T(x) (29)

forallx € X. Sinceh : X = Yiseven, T : X — Y is an even mapping. The mapping T is a unique fixed
point of | in the set

M={geS:d(f,g) < oo}
This implies that T is a unique mapping satisfying (29) such that there exists a y € (0, o) satisfying

t
t+ @(x, x) + (2x, x)

N(h(x) - T(x), ut) >

forallxe Xand allt > 0O;
(2) d(J"h, T) — 0 as n — oo. This implies the equality

N- lim 4"} (21) - T()
forallx € X;

B3)dh,T) < ﬁd(h, Jh), which implies the inequality

5L
< —-.
dlh, ) < 4 —4L

This implies that the inequality (27) holds.

The rest of the proof is similar to the proof of Theorem 2.1. [
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Corollary 3.6. Let 6 > 0 and let p be a real number with p > 2. Let X be a normed vector space with norm || - ||. Let

f X = Y be an even mapping satisfying f(0) = 0 and (11). Then

T(x) := N- lim 4" (f(zjc—l ) B 16f(2£”))

exists for each x € X and defines a quadratic mapping T : X — Y such that

F — 4)t
(2 — &)t +5(3 + 2)0||x|)P

N (f(2x) —16f(x) — T(x),t) >
forall x € Xandall t > 0.

Proof. The proof follows from Theorem 3.5 by taking
P, y) == O(lIxIP + llyll”)
for all x, y € X. Then we can choose L = 227 and we get the desired result. [J
Theorem 3.7. Let ¢ : X> — [0, co) be a function such that there exists an L < 1 with
Xy
<4lp|=, =
(P(x/y)— (p(z’z)

forallx,y € X. Let f : X — Y be an even mapping satisfying f(0) = 0 and (4). Then

T(x) := N- lim % (f(2"x) - 16f(2"x)

exists for each x € X and defines a quadratic mapping T : X — Y such that

(4—4L)t
(4 —4L)t + 5¢(x, x) + 5p(2x, x)

N (f(2x) - 16f(x) — T(x), 1) 2

forall x € Xand all t > 0.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the linear mapping J : S — S such that

Jh(x) := }Lh(Zx)
forall x € X.

Let g, h € S be given such that d(g, h) = €. Then

t

N(g(X) - h(x)’ St) 2 t+ (P(x, x) + (p(2x, X)

forall x €e X and all t > 0. Hence

N(Jg(x) — Jh(x), Let)

N(}Lg(Zx) - }Ih (2x),Lst)

N (g(2x) — h(2x),4Let)
4Lt 4Lt

4Lt + ¢ (2x, 2x) + @(4x, 2x) z 4Lt + 4L(p(x, x) + p(2x, x))
t
t+ px, x) + @(2x, x)

(30)
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forall x € X and all t > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)

forallg,h € S.
It follows from (28) that

1 5 f
N(h(X) - Zh(zx)’ Zt) 2 t+p(x, x) + (2, x)

forallx € Xand all t > 0. So d(h, Jh) < %.
By Theorem 1.4, there exists a mapping T : X — Y satisfying the following:
(1) T is a fixed point of J, i.e.,

T (2x) = AT (%) 31)

forallx € X. Sinceh : X = Yiseven, T : X — Y is an even mapping. The mapping T is a unique fixed
point of | in the set
M=1{geS:d(f,g) < oo

This implies that T is a unique mapping satisfying (31) such that there exists a u € (0, c0) satisfying

t

N(h(x) — T(x), ut) > t+ @(x, X) + (2%, x)

forallx e Xand all t > 0;
(2) d(J"h,T) — 0 as n — oo. This implies the equality

N- lim lh(2”x) =T(x)
n—oo 41

forallx € X;
®)dh,T) < ﬁd(h, Jh), which implies the inequality

5
d(h,T) < ;=5

This implies that the inequality (30) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [J

Corollary 3.8. Let O > 0 and let p be a real number with 0 < p < 2. Let X be a normed vector space with norm || - ||.
Let f : X — Y be an even mapping satisfying f(0) = 0 and (11). Then T(x) := N-lim, e % (f (2”+1x) - 16f(2”x))
exists for each x € X and defines a quadratic mapping T : X — Y such that

(4 -2t

N (f(2x) = 16f(x) - T(x), 1) 2 A= 21 + 50 + 2)0INF

forallx € Xand all t > 0.
Proof. The proof follows from Theorem 3.7 by taking
P(x, y) = O(IxllP +Iyll")

for all x, y € X. Then we can choose L = 2P-2 and we get the desired result. O
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