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Abstract. The aim of this paper is to establish a new version of Ostrowski’s type integral inequality.
The results are obtained by using a new type of kernel with five sections. Applications to a composite
quadrature rule and to Cumulative Distributive Functions are considered.

1. Introduction
In 1938, Ostrowski [10] established the following interesting integral inequality.

Theorem 1.1. Let f: [a,b] — R be continuous on [a, b] and differentiable on (a, b) , whose derivative f' : (a,b) — R
is bounded on (a,b),i.e

If

= sup |f’(t)| < o0
tela,b]

then

f,oo’ (1)

b _ atb 2
£ - 5 [ s s[}f(xb_; ]l(b—a)l

This inequality has powerful applications in numerical integration, probability and optimization theory,
statistics, and integral operator theory.

The integral inequality that establishes a connection between the integral of the product of two functions
and the product of the integrals is known in literature as Griiss inequality [9], which is given below.

Theorem 1.2. Let f, g: [a,b] — R be integrable functions such that ¢ < f(x) < @ and y < g(x) < T, for some
constants @, @, y, I and x € [a,b]. Then
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In [5], Guessab and Schmeisser proved the following Ostrowski’s inequality:
< M|t —s|. Then for all x € [a ’”b] we

Let f: [a,b] — R satisfy the Lipschitz condition i.e,

have
fO)+fla+b-x) s
> f (Hdt| < | = + 2 = (b —a)M. (2)
In (2), the point x = 3"”’ yields the following trapezoid type inequality.

f(3u+b)+f u+3b
2

Some generalization of ostrowski type inequalities are also done in [12]-[17]. In [3], Dragomir proved
the inequalities for mappings of bounded variation. In [2], Barnett et. al proved some Ostrowski and
generalized trapezoid inequality. Dragomir [4] and Liu [6] established some companions of ostrowski type
integral inequalities. Alomari [1] proved the following inequality:

Let f: [4,b] — R be a differentiable mapping on (a,b). If f* € L'[a,b] and y < f'(t) < T, forall t € [a,b],
then the inequality

b
b-—
[errar x)_biaff(t)dt <

(b-a)(T-y).

|-

2

Recently Liu [7], used a 3-step kernel to prove some ostrowski type inequalities. He has demonstrated
improvement in approximation errors. More recently Qayyum et. al [18]-[21] proved some ostrowski type
inequalities for L; norm, Lo, norm and L, norm.

In all the references mentioned, authors proved their results by using kernels with two or three sections.
In this paper we introduce a new kernel which has five sections that further generalize various results.
By using this special type of kernel, one can obtain different type of useful and interesting results. We
will derive our inequalities using Griiss inequality, Cauchy inequality and Diaz-Metcalf inequality. Finally,
some obtained inequalities will then be applied for quadrature formula and for cumulative distributive
function.

2. Main Results
Before we state and prove our main theorem, we need to prove the following lemma.

Lemma 2.1. Let us define the kernel P(x, t) as:

t—a te (a, %],
F— 3u2—b’ te (tH—x X]
P(x,ty={ t- 4L, te(x,a+b-x], 3)

t— 2 te(a+b—x 22X,
t_b/ te ([%H/b]/
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forall x € [a, ‘ib] , the following identity holds:

b
blij(x,t)f’(t)dt:}I[f(x Ffla+b—x +f(”+x) f(‘”zb ")} ff(t)dt )

Proof. From (3), using integration by parts, we get required identity (4). O

We now give our main theorem.

2.1. When f’€L'[a,b]:

2.1.1. Case.1(a):
Theorem 2.2. Let f : [a,b] —» R be differentiable on (a,b). If f’ € L' [a,bland y < f'(t) < T, forall t € [a,b],

then the inequality

}L[f(x)+f(a+b—x)+f(a;x)+f(a+2b x)] ff(t)dt

holds for all x € [a b

1
<b-0T-7) 6

Proof. As we know that forall f € [g,b] and x € [a atb ] we have

_311+b

<P(x,t)<x—a.

Applying Griiss-Inequality [9] to the mappings P(x,.) and f’(.), we obtain

b
blTafP(x,t)f’(t)dt— = )fP(x t)dt— ff (Hdt| < E(b—a)(F—y), (6)
forall x € [a ”+b] It is a straightforward exercise to show that
b
%f (x, t)dt = (7)
and
b
1 s - 1O = f@)
i | £ron= ©

Hence using (6)-(8), we get our required result (5). 0O

Our obtained result (5), further generalizes the results given in [1]-[3], and [7]. To emphasize the
importance of the above obtained result (5), we will now discuss some corollaries.
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Corollary 2.3. Let f is defined as in Theorem 2.2, and, additionally, if f (x) = f (a + b — x), then we have

%[Zf(x) f( ;x)+f(a+2b x)] ff(t)dt

forall x € [a, ‘ib] For instance; choose x = a, we have

b
3 b
f(a)+f()_biuff(t)dt

< b-a)(T-y),

1
< (b= (T -y)

4

and choose x = 2, we have
b
a+b 3a+b a+3b 1 1
() () ()| o [ o) < o0,
Corollary 2.4. If we substitute x = a, in (5), we get
b
f@+f®) 1 1
O L [roa < L o-a@-y. o)

+

Corollary 2.5. If we substitute x = 2, in (5), we get

o) 2o 52t fro

3a+b

SE(b_”)(F_V)- (10)

Corollary 2.6. If we substitute x = *=, in (5), we get

zLr(%”)w(“z%)+f<”;b>+f(“;b)]—biaW

Corollary 2.7. If we substitute x = ,in (5), we get

}I[f(c%%)+f(3a;b)+f(5a;3b)+f(3a+5b)] ff(t)dt

By using (3), we can prove another interesting theorem.

1
<= 0-a)(T-y). (11)

<—6<b—a>(r—y)- (12)

2.1.2. Case.1(b):
Theorem 2.8. Let f : I ¢ R — R be a differentiable mapping on I°, the interior of the interval I, and let a,b € [ with

a<b Iff’ €L [ablandy < f'(t) <T forall x € [a,b], then the following inequality holds for all x € [ “”’].

[f(x @t x+f(a+x) f(a+2b x)] ff(t)dt

(13)

< 8(b1— > [36% +a (b - 112) + x (4x - 50)| (T + 7).
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Proof. Let

then

b

b b
C
biafP(x,t)f’(t)dt—mfP(x,t)dtz blTafP(x,t)[f’(t)—C]dt
b

[f(x)+f(a+b 0+ f(55)+ f(g+22b_x)]—biaff(t)dt

a

..l>|)_\

where

b

fP(x, t)dt = 0.

a

On the other hand, we have

b

1

a

<—max
tela,b]

c1f|P(x bl dt.

Since

max
tefa,b]

, I+y
(H-C|< 5

and

b
1 1 x —a\? a+b—2x\ 30+ b\
mfm(x,mdt:m[( . )—x(a+b)—(T) +(x_ . )]

From (14)-(16), we get (13). O

Corollary 2.9. If we substitute x = a, in (13), we get

b

SU@+ ]~ —ff(t)dt

a

1 p—
2(b—a)

Corollary 2.10. If we substitute x = %, in (13), we get

i[zf(a+b)+f(3a4+b)+f(az3b) _blTafbf(t)dt

< m[(b—a)2—4(a+b)2](r+y).

3605

(14)

(15)

(16)

(17)

(18)
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Sa+b

Corollary 2.11. If we substitute x = ,in (13), we get

A A o
< S(b )[(3a+b) @+b)](T+7y).

Corollary 2.12. Ifwe substitute x = 2, in (13), we get
i f(aZBb)+f(3a;-b)+f(5a-§3b)+f(3a+5b) ff(t)dt (20)
SWl_a)[(b—a)2+2(a+b)(a+3b)](l“+y).

By using (3), we can prove another interesting theorem.

2.1.3. Case.1(c):
Theorem 2.13. Let f : [a,b] — R be a differentiable mapping in (a,b). If f’ € L'[a,b] and y < f'(x) < T, then we
have

TN

[f(x ffla+b—x +f(”+x) f(“zb x)} ff(t)dt <Q.(5-7) 1)

and

[ﬂx+f@+b x+fﬁ+x)_d”+% xﬂ j}UMt<Q«r—9, (22)

forall x € [g; %], where

f(b)—f()

Q= g}?ﬁ |P(x,t)|,S = —— ff ®,T = tsgt;IZ]f ®).
Proof. As we know that
b b b
ﬁ [P(x, nf'(t)yd © _1{1)2 a P(x, t)dt.uj‘f’(t)dt (23)
1 a+x a+2b—x
=Z[f(x)+f(a+b—x)+f( - )+f(T)]
We denote
1 b ) b b
Ry (x) = lfP(x LB f(Hdt - ij(x,t)dt.lff (t)dt. (24)

If C € R is an arbitrary constant, then we have

b
P(x, t) — blTa f P(x,s)ds‘ dt. (25)

a

b
R == [ (-0




A. Qayyum et al. / Filomat 30:13 (2016), 3601-3614

Since

b

/

a

b
P(x,t) — 1 fP(x s)dt‘ dt =

a

Furthermore, we have

R, (x)| < Lmax |P(x,t) —

T £ () - C|dt

and

n}ax [P(x, )| =
t

We also have [11]

b
—)/|dt=(S—7/)(b—a).

f/(t)-T|dt=T-S)(b-a).

By using (7), (8), (23), (26), (27) and (28), we get (21) and (22). O

2.2. Case.2: When f’ € L?[a, b]

3607

(26)

(27)

(28)

Theorem 2.14. Let f : [a,b] — R be an absolutely continuous mapping in (a,b) with f’ € L?[a, b]. Then, we have

[f(x ffla+b—x +f(”+x) f(a+22b_x)]—biafbf(t)dt

(z(f ) [48

forall x € [a, ‘ib], where

(130> + 467 + 13a (b - 3x) — 21bx + 30x2)]2

2 b) - f (@)
o= - LI

Proof. Let R, (x) is defined as in (24). Then from (23), we get

2 (b-a).

b

R, (x) = jz[f(x ffla+b—x +f(a+x)+f(a+22b_x)]—biaff(t)dt

a

If we choose

b
1 :
:b_aff (s)ds

(29)
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in (25) and using the cauchy inequality, we get

b
Rl < o f

b

P(x,t) — blTafP(x,s)ds dt

a

A

b
£ -5 [ 1o

b b 2 % b 1
2
< f[f ()——ff (S)dsJ (P(x, t)—ﬁl’(x,s)ds) dt‘
< o035 (136 + 48 + 130 0 - 30) - 210w + 30x2)]; b-a)? .

The sharpness of the constant & in (29) can be obtained for x = a or x = %2 which is already proven in
[6]. O

Corollary 2.15. If we substitute x = a, in (29), we get

f(a)+f(b) (f) @+ b7
ff Dt < \ 5 [ > ] (30)
Corollary 2.16. If we substitute x = %2, in (29), we get
a+b 3a+b a+3b 1 a(f’)
[Zf( ) f( I )+f( ) ff(t)dt i (40a? - 2ab + 1?) 30-a" (31)

3ﬂ+h

Corollary 2.17. If we substitute x =

le[f(Bai-b)+f(a-;317)+f(7ag-b)+f(a-;7b)]_biaj‘f(t)dt

Corollary 2.18. Ifwe substitute x = 2 in (29), we get

}I[f(LZJ?T%)+f(3a;b)+f(5a;3b)+f(3a+5b)] ff(t)dt

We can state ostrowski inequality in an other way also:

,in (29), we get

1 [5G-a)a(f)
S‘é‘/T' (32)

1[40~ Z)o(f ) 3

2.3. Case.3: When " € L?[a, ]
Theorem 2.19. Let f : [a,b] — R be a twice continuously differentiable mapping in (a, b) with " € L?[a,b]. Then

[f(x flath- x+f(a+x) f(a+2b x)] ff(t)dt

(34)

144

< [4; (1311 +4b* + 13a (b — 3x) — 21bx + 30x )]2 (b—a)% |f

forallx € [a, “ﬂ]
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Proof. Let R, (x) be defined by (24). From ( 23),

[f(x ff@a+b-x +f(”+x) f(”+2b x)} ff(t)dt

R, (x) =

»Mr—*

If we choose C = f~ (‘”b) in (25) and use the Cauchy Inequality, we get

b
R, ()| < —f’f ®-f (“”)‘ P(x,t)—blTafp(x,s)ds it
1 2 b : ’ 1 2 :
< f(f - f" (“ )) dt\ f(P(x - =P, 9)is) d ‘ .

We can use the Diaz-Metcalf inequality [8] or [11], to get

f(f - f" (“b)) a0

We also have

/12

b

b
2
f (P(x, ) — blTaP(x,s)ds) dt f (P(x, )2 dt (35)

a

= 4l8 (b —a) (130 + 467 + 13a (b — 3x) — 21bx + 30x?).
Therefore, using the above relations, we obtain (34). [

Corollary 2.20. If we substitute x = a, in (34), we get

f(a)+f(b) ff Ot < (a+b) ]]% @ y 6
Corollary 2.21. Ifwe substitute x = %2, in (34), we get

() () () 2 ff(t)dt el I8 @)
Corollary 2.22. Ifwe substitute x = 322 in (34), we get

31[f(3azb)+f(aZ3b)+f(7ugb)+f(a+7b)] ff(f (38)

5a2 + 5b2 — 62ab

b_
<

8n

%4
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Corollary 2.23. Ifwe substitute x = 2, in (34), we get
b
1(.(a+3b 3a+b 5a + 3b 3a +5b 1
) 2 2 o
a
1 /41 21 £ 10
s—n,/g(b—a) £, -
3. An application to Composite Quadrature Rules
Letl, :a =x < x1 < X < ... < X1 < X, = b be a division of the interval [a,b],&; € [xi, xiz1]

(i=0,1,...,n—1); asequence of intermediate points 1; = x;41 —x; (i =0,1,....n — 1). We have the following
quadrature formula:

Theorem 3.1. Let f : I € R — R be a differentiable mapping on I°, the interior of the interval I, and let a,b € I with
a<b. Iff' €Lt [a,blandy < f'(t) < T forall x € [a, b], then we have the following quadrature formula:

b
| sat = a1+ res 1), (40)
where “
- ) ) it T

and remainder satisfies the estimation

n—1
R 0| < 5 =) Y i @)
i=0

forall & € [xi, xi41], where hj := xi41 — x5, (1=1,2,..n=1).

Proof. Apply (11) on the interval [x;, xi11], &i € [xi, xi1], where b :=x11 —x; (i =1,2,...n = 1), to get

Xit1

n-1
RO = [ Foi= 7Y ] £+ (203 () ¢ f(225) |.
X; i=0

Summing over i from 0 ton — 1, we get

Xit1

n—-1 n-1
L o T () e () s ()
i=0 X i=0

R(f,1,)

b n—1
ff(t)dt _ }Lzh’ [ f(3xi‘2xi+1) + f(xi+i-’€i+1) + f(7xi‘gxi+l) + f(xi+gxi+1) ] )
p i=0

From (11), it follows that

b n—-1
ff(t)dt _ }Izhi[ f(3xi‘2xi+1> +f(Xi+in+1) +f<7xi‘gxi+l) +f(xi+;xi+l) ]
- i=0

1
< Eh,‘(r—y).

which completes the proof. [

R(£, 1) =
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Theorem 3.2. Leth; = xj.1 —x; = h = ’% (i=0,1,..,n—1)and let f : [a,b] — R be an absolutely continuous
mapping in (a,b) with f' € L*[a, b]. Then we have

b
ff(x)dx = A(f/ In) + R(f/ In)/

and remainder satisfies the estimation

RE 10| < 3y o ()

Proof. Applying (31) to the interval [x;, x;1], then we get

o)) () o
< 4_\/;_; (403612 = 2xiXjy1 + xi2+1) [:fl(f (1)) dt - (f (xi+1)h— f (Xi))jz

fori=0,1,..,n—1.
Now summing over i from 0 to n — 1, using the triangle inequality and Cauchy inequality twice, we get

b

S 52) o (22 (252 - o

a

Vi & T 1) = f (%)) :
< 4—\/5 L (4095,.2 — 2XiXit1 +xf+1) Lf(f(t)f dt — (f (x 1)h f(x:) \
Vi 12 n e 2 t
34—\/5‘/5{“( z—m;‘(f(xm)—f(xi)) l
Vi GCEIOR
< 4—\/5 \/ﬁ[(40x12 — 2XiXiy1 + x12+1) (' f i - T
= 31 \/? (4Ox12 — 2XiXjp1 + xfﬂ) a(f’).

O

Theorem 3.3. Let h; = xjp1 —x; = h = &=2 (i=0,1,2,n—1)and let f : [a;b] = R be a twice continuously
differentiable mapping in (a, b) with f” € L2 [a, b]. Then we have

b
ff(x)dx = A(f, In) + R(f, 1),

where the remainder satisfies the estimation

41 (b —a)®
R(f, I <\ =%
| Y )|< 6 8mn> |

f//

9"
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Proof. Applying (39) to the interval [x;, xi41], we get
Xit1 Xit1 %
h X; + 3Xi41 ) (3.‘)6,' + Xit1 ) (Sxi + 3xi41 ) (3x1‘ + 5xi41 )] f 1 41 3 f . 2
- - Hdt| < —/—=h )" dt
e Ry e R E e Ry o < 20| [ ¢roral
fori=0,1,..,n—1.

Now summing over i from 0 to n — 1, using the triangle inequality and Cauchy inequality twice, we get

b

o o ) ) o
\/7 { f (F" () dt}

.1 o, 3lzf(f”(t)> 4
_ [1e-0
_\/2871143 |f

14

4. An Application to Cumulative Distribution Function

Let X be a random variable taking values in the finite interval [a, b] with the probability density function
f:[a,b] = [0,1] and cumulative distributive function

Fx)=Pr(X<x) = fxf(t)dt. (43)

b
zxm=Pquby=j}mnm=1. (44)

Theorem 4.1. With the assumptions of Theorem 2.2, we have the following inequality which holds

_E(b—a)(r—y)/ (45)

1 a+x a+2b-x b—-EX)
L[(@+Fm+b m+F( )+F( - ﬂ o

forall x € [a, ”lb] Where E (X) is the expectation of X.

Proof. In the proof of Theorem 2.2, let f = F and using the fact that

b b
mm:j}ﬁm=bimeﬁ

Further details are left to the interested readers. [
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Theorem 4.2. With the assumptions of Theorem 2.8, we have the following inequality which holds

(46)

1 a+x a+2b—x b-E(X)
‘Z[F(x)+F(a+b—x)+F( : )+F( )}—

2 b-a
)2

o1 (x—a)2_x(a+b)_ a+b—2x2+x_3a+b
“200-a) |\ 2 4 4

Proof. Applying (43) and (44) on (13) and using the same conditions that we used in Theorem 4.1, we get

the required inequality. [

T+y),

forall x € [a, ‘%b], where E (X) is the expectation of X.

Corollary 4.3. Under the assumptions of Theorem 4.1, if we put x = a in (45), then we get

> - <—=@0-a)-y).

‘F(a)+F(b) B b—E(X)' 1
16

Corollary 4.4. Under the assumptions of Theorem 4.1, if we put x = %2 in (45), then we get

_ZF(a+b)+F(3a+b)+F(a+3b)]_b—E(X) - 11—6(b—a)(1"—7/).

1
4 2 4 4 b—a |

Corollary 4.5. Under the assumptions of Theorem 4.1, if we put x = 32 in (45), then we get

1. (3a+0b a+3b 7a+Db a+7b\| b-EX)| 1
Z_P( 1 )+F( 4 )+F( 3 )+F( S )—— b —a ‘sﬁ(b—a)(l“—y).
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