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On Some Properties of Non-Symmetric Connections

Svetislav M. Min¢ié?

TFaculty of Sciance and Mathematics, University of Nis, Serbia

Abstract. On an N-dimensional manifold with non-symmetric connection L, four kinds of covariant

derivative (1.1) are defined, and four curvature tensors are obtained. In the present paper specially the 3"
and the 4" kind of covariant derivative are studied, particularly their application on 6-symbols.

1. Introduction

Consider N-dimensional manifold My with local coordinates x'(i = 1,...,N). If we introduce non-
symmetric affine connection L;.k on My, one obtains a space Ly as a structure Ly = (My, L}k).

Because of non-symmetry, it is possible to define four kinds of covariant derivative. For example, for a
tensor t; we have

i io4P _qP i
tﬂm = t].,m + met]. L].mtp, (1.1)
1 mp mj
% f,,'; mj
4 jm
where = iti From here we obtain more Ricci-type identities. For example
m = G typ ‘ be
i _ 4 _pi 4P _pP 4 _ P i
tjlmn tjlnm - prmntj Ifjmntp Tmntjlp, (1.2)
i _ 4 _pi 4P _pP o4 Py
t]lmn tjlnm - Izzpmntj 1§jmntp + Tmnt]lp/ (1.3)
i i _pi P _pP i
tj]\my: t]lnlm - l§pmntj 1§]‘mntp/ (1.4)
i _ 4 _pi 4P _pP i Py
tjimn tjlnm - prmntj Izijmntp + Tmnt]lp’ (1.5)
i _ 4 _pi P _pP i _ P i
tjlmn tjnin - gpmntj lf,-mntp Tmnt]lp’ (1.6)
i i _pi 4P P
tjlmln tjlnlm - §pmntj + 1§jnmtpf (1.7)
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where

i _ri i
T = L = Ly

]fj-mn = L?’m,n _Lj‘n,m +L§'JmL;m _L?nL;’m’

R = Linjn=Lojn L L =L} Ly, (1.8)
1§]m = L]m -L! im +L’;.’mL;p —L’;jL;m +LZ,nT; i

Ifj'mn = L?’m,n _Lilj,m +L§'7mLfW _LZjL;’m +LﬁmT;’]"

2. The case when 6-symbols are not under covariant derivatives

2.1

2.2

In the case of the 1% and the 2" kind of derivative, we have 5§.|m = 0, based on which, in the case of total
0

contraction with respect of contra- and covariant indices the partial derivative of invariant quantity is
obtained. It is not so, if we use the 3™ and the 4! kind of derivative and we will study this matter in
detail. Here we will engage specially in the 3" kind, because for the 4" kind the matter is similar. The
obtained structure will be denoted as (Ly;, |).

3

First of all, for vectors u, v; on the base of (1.1) is

i — gl i — gl —— N= 7.
ulm = ulm’ ulm = ulm’ vzim = Uzimr Vilm = Vijm- (21)
3 1 4 2 4 1

For the 3" kind of derivative the Leibniz rule is valid, because, for example, for a vector 1 and a
covector v; we have:

i _ (i i P i i i P
(u v]-);m o (U'0)m +Ly, 0" 0; — Lm].u Op = (uly, + Ly )0j + 1! (0 — Lmjvp)
R
= U, 0j + Ui
1 2
and, based on (2.1):
i B
(u v]-)gm = U, 0j+u v]Lm. (2.2)
3
Analogously it is generally, e.g.
ij _ ij
(@00 = &y, 01+ @ Vtj, (2.3)
3
where a is some tensor of the type (2,1), v-a covector.

As we will see in the following exposition, 6-symbol can not be introduced under the sign of derivative
| without of influence to the result. So, we have e. g.
3

i (1] — si(y) j — sife,/ j ‘ 4
67].(u]vi)lm = 6;(u|mvi + u]v,-y,,) = 6’]. [(u,m + meu”)vi + w (Vi — Lmivp)]
” 3
- (4 i irp
= (W) + meu”vj —u Lm].vp,
from where, after exchanging some mute indices,

6Z(uivj)lm = (W0) i + T, /0. 2.4)
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On the other hand, starting from (1.1) and puting j = i, we obtain
(”ivi)gm = (uivi),m + L;’Jﬂlu 0 — Lfniuivp

= (U')  + T;mu”v,-

and we have

587

6§(ujv,-)|m = (uivi)\m = (uivi),m + T;mufv,-. (2.5)
3 3
Consider now the next example. With respect of (2.3) is
6fél(a1]v) (Skél( klmvl + a;(]vlgm) = (a;]m + L;,maf] + L;,ma;p -L. p)v] +a ](v], Lijv,,)
= (a?v]-),m + Tl a v] + T a U],
ie.
k0l (a/ o)y = @0 = @) + T, a0, + o) 26)
For a tensor t;., from (1.1) is
= 5i( R Y A I N
51(t1|m) Ot + Lot} =L t)) = £, + Lyt — L), = (t;)l’”’
from where, by corresponding exchanging of indices:
—4i i j
6l(t1|m) tzlm t;, + T;mtz (2.7)
Further, we have
5,6} @by = 5,37 @B) 5 5’5k(a{|mb’ - afbgdm)
= 8\08(a] by + Lyt — LV alby + b, o + L, Wal — 1" blal)
i ko 7i k ko pk k k
=a, by + Ly, a'bg — LV a b + b a. +mebz i— L beal
= (@b})m + T}, a b + Ty, b,
ie.
5i05@lb)n = @by = @B, + T, @by + bjaf) 2.8)
Generally, the following theorem, that we will prove by total induction, is valid.
Theorem 2.1. If5",...,5" are Kronecker 6-sumbols and a'a?, .. ]” " tensors of type (1.1), then
1 In 147 22
i in jl jn —_ i in
6].11 ...(Sjn(?i1 "'Zin)Lm = (1111.1 "'Lnlin)lm
2.9
=@ ...a") da . a" +ada® . a - +d . a ) 22
ST P ]m Vg " i 1. pi3is " i 11" i1yl



Svetislav M. Minci¢ / Filomat 29:3 (2015), 585-591 588

Proof. For n = 1,2 the equation (2.9) is valid on the base of (2.6,2.8). Suppose that it is valid also for n — 1
factors. With respect of Leibniz rule, for the left side in (2.9) is obtained

i] in jl ]rz 1 jrz—l jrx
6].1 “'61}, [(clzl.l e A 1)| a; coagalt
n—1n-1n nl
— i1 () ] Z2 in-1 i1 [ ] [ Zn i ]'1
=|(a'... a aa’...a ! +---+al... ...a + T
[(111 n—1in- 1)’” /m(l iniy """ i 10" 2111 25— 11)] i n—1in- 1(,,7n,m Juthy ln)
= (a'a” .. .a’.”)m+Tl @a2...a"™ +- - +ad" ... aladv)+a.. 1"'111],”1",”
11212 in’” 1ip02 " 11,,1 10,2 11 iy n—li 1nln Jam
n—

Exchanging in the last term i, — i, j, — j, we get the right side in (2.9).
2.3 Similarly to Theorem 2.1 it can be proved the next theorem.

Theorem 2.2. If 6;‘1, ey 6’] are 6-sumbols and t;'] tensor of type (n,n) then we have

i gip i, ]1]2 ]n _ iy _ gy ] Ji2.. iy jljj3--~j71 iliZ---in—lj
6;‘16]' 6 in b nf I T;m (tllz ot et tiliz...i,,,li) (2.10)
3

3. The case when 6-symbols are under covariant derivatives

3.1 Itis easy to see that 63,' =6 = 0. But, we have
1

Jlm

— St i sP p —
% 8y + Lp®, = L0 5, = 0+ T,
5§|m =T, 3.1)

In the same manner is

61 — Tl — 61

jlm mj — ]|m

(3.2)

The equation (3.1) is an important result in the structure (Ly, |), if 6-symbol is under derivative. For
3

example
(5§-uj)lm = 5 it + S {m ) T, + ulm,
ie.
(6§uj)£m = uim + T;muj (;) uim + T;muj, (3.3)
but
6§u{m = 6ju{m = u’llm = ufm + L;mu’” (3.3)
3 1
In the same way
(5jvj)im = Vi + T v; =0t T v}, (34)

and also

Jooo o Siy o TP ,
6iv]im—6ingm—v,£m—vl,m L vp. (3.4)
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Let us consider some more cases when 5-symbols are under derivatives.

i

o) = 8 wo + 8o -
(6].u v,)l 6Jlmu v; + 6](u vl);m s ij

wo; + W'vp) m + T}muj v;,

(6;ujvi)|m = (U'v}) y + ZT;-mMjUi (3.5
3
Further, we have
i< p — (8P Py ST iP5 =
(6p61’u Uq)ém = (6p” )iméi Ug + 610” (61’ 0’7);’” (33.4)
= (ufm + L;Jmup + T;Jmup)vi + ui(vi,m - Lfnivp + T?qu) -

= W'v)m+ T;,mu”v,- + T;,mu”vi + T?mulvq,

(tt), + Tyt J0; + ul(vigm +T] vy)
3

and after exchanging some mute indices
(6;6?upvq)gm = (uivi),m + 3T§.mujvi. (3.6)

It is interesting to compare (3.5,6) with (2.4). Analogically to the case (2.7), we have

i osi 4l igJ _ i 4 o 4 i 4f
(6]1'1)1,,1 - 6]lmti + 6]tzlm (3_1)7(2.7) ijti + ti,m + ijti’
(6l]t1])£m = t;,m + ZT;:mtl]». (37)

Let us examine the case that corresponds to (2.8).

1 1

(6;5;{ﬂgbi)gm _ [(6;01])(6;%5{)]'"1 = (6;aj)lM6;<b;( + 6;05(6?b2);mm
5 @+ 2T a0 + (0, + 2T, )

= (@bf) n +2T', albf +2T* alb,

(6;6;‘afb§()gm = (@bf) n +2T", (albf + blaf), (38)

which we can compare with (2.8).
The next theorem is related to the some general case when 0-symbols are under derivative |.
3

Theorem 3.1. Covariant derivative of the 3 kind (]) for 6-symbol is given with (3.1), i. e. it is expressed by
3

the torsion. Generally is

(616%...0"alal...al") = @a?...a"),, + 2T |ala?...a" +a"ala?...a" +---+a... a "a (3.9)
n nin nin nin . nin —1n=
o2 Jn1h k2 [} 3 11102 [P jm 1t 212 1 111 21313 [} 14 n—1in-1 1

Proof. Based on (3.7,8), the equation (3.9) is valid for n = 1,2 and the proof can be realized by total
induction. O
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4. Conditions for vanishing the term with torsion

We saw that by application of the 3" and the 4" kind of covariant derivative on total contraction in
(Ln, |) it appears the term containing the torsion. The task is to consider the question when that term vanish,
3

i. e. one obtains partial derivative of scalar quantity.
Let us start from (2.4), that is

5§(iji)£m = (uivi)im = (U0 + Ty, 0/0; (4.1)
and examine when will be
T;mufvi =0 (4.2)

Here we have the addition in relation to i, j, and m determines the number of equations. Because in
Ly i,jm=1,2,...,N,wehavein (4.2) N equations with

N
ool

unknowns having in mind that wrt j, m it exists an antisymmetry. As the rank of this system is ¥ < N, it can
be determined mostly N unknowns T;m, the rest Ni (I;] )-r>=N (I;’ ) — N can be taken arbitrary, i. e. they do
not have to be zero. So, itbe T # 0 and in the same time (4.2) will be satisfied.

Example 4.1. For N = 2 the equation (4.2) gives
T;luzvl + Tgluzvz =0, T%lulvl + T%zulvz =0,
which is reduces to one equation

1 2 2 1 V1
T, +T 120, =0 & Ti, = T21v—2,

where T} is arbitrary. Therefore, T # 0. Here S = 2,1 = 1.
Example 4.2. For N = 3 from (4.2) for m = 1,2, 3 we get
1,2 1.3 22 2 .3 3.2 33
Ty utvy + Tyuw'oy + Tyuva + T 00 + T utvs + Ty u'vs = 0
Tlu'vr + Topulor + Thu'vy + Toyu’o, + To,u'vs + Touvy = 0 (4.3)
Thulvl + T;3u201 + T%ulvz + T§3u2vz + Tf3u103 + TgBuzvg =0

To obtain the rank of this system, we have for its matrix

-, —udny 0 —1%v, 0 —u?vs  —ulvs 0

M =|uln 0 —wdv;  ulv, 0 —udv, ulvs 0 —uv;
0 wloy  ulm 0 ulo,  ulv, 0 ulvs  u?v; |

wo, w0 vdv, wve 0 wPus wdvs 0

~ 0 uv vy 0 ulvy v, 0 ulvy ulus

0 0 0 0 0 0 0 0 0

So, reduced system is

2l 3. 7l 2. 2 3. 2 2 3 3., 73 _
wo Ty, + wo Ty + u v Ty, + w0 T, + w'osTy, + u’vsTy, =0
1., gl 2. gl 1, 72 2. g2 1., 73 2 72 (44)
Wil +u o1 Ty +u 0Ty + 10215 + 03T, + u™v3T5 =0

The rank of the system (4.3) is r = 2, and from (4.4) we can find two unknowns, e. . T\,, T},, while the rest 7

quantities T;.m can be taken arbitrary, that is they can be # 0 and then T # 0 and in (2.4) (U0} = (U'0;) -
3
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5. Commentary

Two connections are used in the works of many authors. In the work of T. Otsuki [1] and others
two connections are used: 'T'-for contravariant, and ”’T for covariant indices. These connections are not
obligatory to be symmetric and are related by so named Otsuki relation ([1], eq. (3.13))

e
P+ TP /TPl = 0, (5.1)

where P is a tensor field of the type (1.1) (det P;. # 0). In Otsuki space so called basic differentiation is
defined e. g. as follows

P L P
t;\m - t;f’" + r;’mtj = I-‘jmt;’ (52)

and we have

61'

Jim

=T, T, 63)
Obviously, in our case is

L, =T

jm’

L:ﬂ] — I"i‘ (54)

jm
and we have

/Li. — Li‘ — 1—-11
jm jm jm "Li< _ Li )
nri 71—/ T m mj’
ij = Lm]. = ij } ] ]

which corresponds to (5.1).
By a choice of a connection covariant derivative is defined. Here we see that the contrary is valid: by
choice of covariant derivative (|, |) the connection is defined. As we have proved in [7], eq.(2.14), in the

34
structure (Ly, |, |) the induced connection of a submanifold is symmetric.
34

This paper is initiated on the base of personal communication with Irena Hinterleitner and I thank her.
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