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Some Properties of ET-Projective Tensors Obtained
from Weyl Projective Tensor

Mića S. Stankovića, Milan Lj. Zlatanovića, Nenad O. Vesića
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Abstract. Vanishing of linearly independent curvature tensors of a non-symmetric affine connection space
as functions of vanished curvature tensor of the associated space of this one are analyzed in the first part
of this paper. Projective curvature tensors of a non-symmetric affine connection space are expressed as
functions of the affine connection coefficients and Weyl projective tensor of the corresponding associated
affine connection space in the second part of this paper.

1. Introduction

Many authors have been interested in non-symmetric affine connection spaces theory research. Einstein
was the first one who used non-symmetric affine connection spaces in his research area (see [2–4]). In
the Unified Field Theory (UFT) instead of Riemannian space, he involves non-symmetric affine connection
coefficients Γi

jk which are independent of metric tensor 1i j.
While at Riemannian space connection coefficients are expressed in terms of 1i j, functional connections

of these quantities are determined with the following equations in Einstein’s works about UFT:

1 i j
+−

;m ≡ 1i j,m − Γ
p
im1pj − Γ

p
mj1ip = 0. (1)

After Einstein, a lot of authors have developed theory of non-symmetric affine connection spaces. Some
of them are M. Prvanović [17], R. S. Mishra [15], S. M. Minčić [7–14], Lj. S. Velimirović [1, 13] and many
others.

Definition 1.1. An N-dimensional manifoldM endowed with affine connection coefficients Li
jk = Li

jk(x), x ∈ M, is
an N-dimensional affine connection space.

Affine connection coefficients Li
jk of this space satisfy the following equation

Li′
j′k′ = xi′

i x j
j′x

k
k′L

i
jk + xi′

i xi
j′k′ , (2)
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(Nenad O. Vesić)
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where e.g. xi′
i =

∂xi′

∂xi .

Based on eventually non-symmetry of affine connection coefficients Li
jk by indices j and k, the symmetric

part and the non-symmetric one (a half of a torsion tensor Ti
jk) of these connection coefficients respectively

are defined as

Li
jk =

1
2

(
Li

jk + Li
k j

)
and Li

jk
∨

=
1
2

(
Li

jk − Li
k j

)
=

1
2

Ti
jk. (3)

It is evident it holds the equality

Li
jk = Li

jk + Li
jk
∨

= Li
jk +

1
2

Ti
jk. (4)

Definition 1.2. An N-dimensional space AN with Ti
jk = 0 is an affine connection space without torsion and a

space GAN where it exist indices i0, j0, k0 such that Ti0
j0k0
, 0 is an affine connection space with torsion.

Remark 1.3. An affine connection space AN without torsion is a symmetric affine connection space. An affine
connection space GAN with torsion is a non-symmetric affine connection space.

1.1. Affine connection space without torsion
An affine connection on an N-dimensional manifold M is a mapping ∇ which maps any pair (X,Y) of

vector fields to a vector field F = ∇XY such that (see [6])

∇X(Y + Z) = ∇XY + ∇XZ;
∇X( f Y) = f∇XZ + (X f )Y;
∇ f X+1YZ = f∇XZ + 1∇YZ,

(5)

for any vector fields X,Y,Z and any differentiable functions f , 1 on M.

Remark 1.4. In our case, operator ∇ is partial derivative operator.

Let AN be an N-dimensional space, and let ` : [a, b] → AN be a curve on it. A vector field along ` is
a function that assigns to each point of ` a tangent vector to the space at that point. That is, a vector field
along ` is a smooth function v : [a, b]→ RN with the property that v(t) ∈ T`(t)AN for any t ∈ [a, b].

Let ` be a curve on an affine connection spaceAN. We say that a vector field X is parallel along a curve
` if X satisfies the condition

∇tX
de f
= ∇λX = 0, (6)

for any t, where λ = λ(t) =
.
`(t).

The definition below is the definition of parallel transport.

Definition 1.5. [6] Let x0 = `(t0) and x1 = `(t1) be points on the given curve ` = `(t). A vector X1 from the tangent
space Tx1AN in x1 is a result of the parallel transport along ` from the point x0 to the point x1 if along `, there exists
a parallel vector field X(t) for which X(t0) = X0 and X(t1) = X1.

The following definition is the one of a geodesic line.
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Definition 1.6. [6] A curve ` in spaceAN is geodesic when its tangent vector field remains in tangent distribution
of ` during parallel transport along the curve.

Special diffeomorphisms are of interest for research in symmetric affine connection spaces and non-
symmetric ones.

Definition 1.7. [6] LetAN andAN be symmetric affine connection spaces. A diffeomorphism f : AN → AN is said
to be a geodesic mapping ofAN ontoAN if any geodesic curve inAN it maps onto a geodesic curve inAN.

An invariant geometrical object under a geodesic mapping f : AN → AN is a Weyl projective tensor

Wi
jmn = Ri

jmn + 1
N+1 R[mn] + N

N2−1δ
i
[mR jn] + 1

N2−1δ
i
[mRn] j, (7)

where by [·, ·] it is denoted an anti-symmetrization without division. A symmetrization without division is
going to be denoted by (·, ·). A magnitude

Ri
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
pn − Lp

jnLi
pm, (8)

is Riemann-Christoffel curvature tensor and Rmn = Rp
mnp is Ricci tensor.

Definition 1.8. [6] An N-dimensional affine connection space AN with vanished Riemann-Christoffel curvature
tensor Ri

jmn is a flat space.

Definition 1.9. [6] An N-dimensional affine connection space AN with vanished Ricci tensor Rmn is a Ricci-flat
space.

Definition 1.10. An N-dimensional affine connection space AN with vanished Weyl projective tensor is a projec-
tively flat space.

It is easy to conclude that a flat space M is a projectively flat one. On the contrary, Ricci-flat projective
flat space M is a flat space.

1.2. Affine connection space with torsion

S. Minčić and M. Stanković tried to generalize Weyl projective tensor in non-symmetric case. They did
not succeed in that. For this reason, they have started research into equitorsion mappings.

Definition 1.11. [8, 18] A mapping f : GAN → GAN is equitorsion (ET)-mapping if the torsion tensors of the
spaces GAN and GAN are equal.

Definition 1.12. A spaceAN is an associated space to a spaceGAN if symmetric part Li
jk of connection coefficients

in space GAN are used for connection coefficients in the spaceAN.

Using non-symmetry of connection, S. Minčić (see [10]) involved four types of covariant differentiation
of tensors. Let Xi1i2...iA

j1 j2... jB
be a tensor in a non-symmetric affine connection space GAN with affine connection

coefficients Li
jk. Covariant derivatives of this tensor are:

Xi1i2...iA
j1 j2... jB |

1
2
3
4

k = Xi1i2...iA
j1 j2... jB,k

+

A∑
α=1

Liα
pm
mp
pm
mp

Xi1...iα−1piα+1...iA
j1 j2... jB

−

B∑
α=1

Lp
jαm
mjα
mjα
jαm

Xi1...iA
j1... jα−1pjα+1... jB (9)
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In the corresponding Ricci type identities, there are four curvature tensors [11]:

R
1

i
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
pn − Lp

jnLi
pm,

R
2

i
jmn = Li

mj,n − Li
nj,m + Lp

mjL
i
np − Lp

njL
i
mp,

R
3

i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
pm + Lp

nm

(
Li

pj − Li
jp

)
,

R
4

i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
pm + Lp

mn(Li
pj − Li

jp).

(10)

In these Ricci type identities appear fifteen magnitudes A
θ

i
jmn which are not tensors:

A
1

i
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
np − Lp

jnLi
mp, A

9
i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
pn − Lp

njL
i
pm,

A
2

i
jmn = Li

jm,n − Li
jn,m + Lp

mjL
i
pn − Lp

njL
i
pm, A

10
i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

jnLi
pm,

A
3

i
jmn = Li

mj,n − Li
nj,m + Lp

mjL
i
pn − Lp

njL
i
pm, A

11
i
jmn = Li

mj,n − Li
jn,m + Lp

mjL
i
np − Lp

njL
i
mp,

A
4

i
jmn = Li

mj,n − Li
nj,m + Lp

jmLi
np − Lp

jnLi
mp, A

12
i
jmn = Li

mj,n − Li
jn,m + Lp

mjL
i
pn − Lp

njL
i
mp,

A
5

i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
pn − Lp

njL
i
mp, A

13
i
jmn = Li

mj,n − Li
nj,m + Lp

mjL
i
np − Lp

njL
i
pm,

A
6

i
jmn = Li

jm,n − Li
nj,m + Lp

mjL
i
np − Lp

jnLi
pm, A

14
i
jmn = Li

mj,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
mp,

A
7

i
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
pn − Lp

jnLi
mp, A

15
i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
pm,

A
8

i
jmn = Li

jm,n − Li
jn,m + Lp

mjL
i
pn − Lp

jnLi
pm.

(11)

Derived curvature tensors of this space are:

∼

R
1

i
jmn = 1

2 (A
1

+ A
3

)i
jmn = 1

2 (A
2

+ A
4

)i
jmn,

∼

R
2

i
jmn = 1

2 (A
7

+ A
13

)i
jmn = 1

2 (A
9

+ A
11

)i
jmn,

∼

R
3

i
jmn = 1

2 (A
8

+ A
14

)i
jmn = 1

2 (A
10

+ A
12

)i
jmn,

∼

R
4

i
jmn = 1

6 (R
3

+ A
11

+ A
13

)i
j[mn] = 1

6 (R
3

+ A
12

+ A
14

)i
j[mn],

∼

R
5

i
jmn = (A

1
− A

7
)i

jmn − A
13

i
jnm = −A

7
i
jmn − (A

11
+ A

15
)i

jnm,
∼

R
6

i
jmn = (A

2
− A

8
)i

jmn − A
14

i
jnm = −A

8
i
jmn − (A

12
+ A

15
)i

jnm,
∼

R
7

i
jmn = (A

3
+ A

7
)i

jmn + A
13

i
jnm = A

9
i
jmn + (A

13
− A

15
)i

jnm,
∼

R
8

i
jmn = (A

4
+ A

8
)i

jmn + A
14

i
jnm = A

10
i
jmn + (A

14
− A

15
)i

jnm.

(12)

Curvature tensors (10, 12) are generalizations of a curvature tensor Ri
jmn (8) of a symmetric affine

connection space AN. After non-symmetric affine connection coefficients Li
jk symmetrization, all of these

curvature tensors become equal to Ri
jmn (curvature tensor of the associated space).

S. Minčić proved in the set {R
1

i
jmn, . . . ,R4

i
jmn,

∼

R
1

i
jmn, . . . ,

∼

R
8

i
jmn} of four curvature tensors and eight derived

ones of a non-symmetric affine connection space GAN it exist five linearly independent tensors in [12]. We
are going to use the following ones (see [18]) in further research:

K
1

i
jmn = R

1
i
jmn, K

2
i
jmn =

∼

R
1

i
jmn, K

3
i
jmn = R

3
i
jmn, K

4
i
jmn =

∼

R
3

i
jmn, K

5
i
jmn =

1
4

(3
∼

R
4

i
jmn + R

1
i
jmn). (13)
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Definition 1.13. Space with K
r

i
jmn = 0, r ∈ {1, 2, . . . , 5}, is the r-th flat space. A space which is the r-th flat one, for

all r = 1, . . . , 5, is flat space.

1.3. Invariants of ET-mappings

In a non-symmetric affine connection space GAN exist five linearly independent invariants under ET-
mappings caused from linearly independent curvature tensors and the corresponding torsion ones. These
invariants are

E
1

i
jmn = K

1
i
jmn + 1

N+1δ
i
jK1 [mn] + N

N2−1δ
i
[mK

1
jn] + 1

N2−1δ
i
[mK

1
n] j

+
1

(N + 1)2(N − 1)
Lp

mp

(
(N − 1) δi

jT
q
qn + δi

nTq
jq

)
+

1
(N + 1)2(N − 1)

Lp
np

(
− (N − 1) δi

jT
q
qm − δ

i
mTq

jq

)
+

1
(N + 1)2(N − 1)

Lp
jp

(
Nδi

[mTq
qn] +

(
N2
− 1

)
Ti

nm

)
+

2
(N + 1)2 Lq

pq

(
−(N − 1)δi

jT
p
mn + δi

mTp
jn − δ

i
nTp

jm

)
;

E
2

i
jmn = K

2
i
jmn + 1

N+1δ
i
jK2 [mn] + N

N2−1δ
i
[mK

2
jn] + 1

N2−1δ
i
[mK

2
n] j ;

E
3

i
jmn = K

3
i
jmn + 1

N+1δ
i
jK3 [mn] + N

N2−1δ
i
[mK

3
jn] + 1

N2−1δ
i
[mK

3
n] j

+
1

(N + 1)2(N − 1)
Lp

mp

(
(N − 1) δi

jT
q
qn − δ

i
nTq

jq + (N2
− 1)Ti

jn

)
+

1
(N + 1)2(N − 1)

Lp
np

(
− (N − 1) δi

jT
q
qm + δi

mTq
jq + (N2

− 1)Ti
jm

)
−

1
(N + 1)2(N − 1)

Lp
jpδ

i
[mTq

qn]

+
1

(N + 1)2 Lq
pq

(
−(N − 1)δi

jT
p
mn −Nδi

mTp
jn − δ

i
nTp

jm

)
;

E
4

i
jmn = K

4
i
jmn + 1

N+1δ
i
jK4 [mn] + N

N2−1δ
i
[mK

4
jn] + 1

N2−1δ
i
[mK

4
n] j ;

E
5

i
jmn = K

5
i
jmn + 1

N+1δ
i
jK5 [mn] + N

N2−1δ
i
[mK

5
jn] + 1

N2−1δ
i
[mK

5
n] j .

(14)

Theorem 1.14. [18] The magnitudes E
2

i
jmn,E4

i
jmn,E5

i
jmn are ET-projective tensors, and the other ones E

1
i
jmn,E3

i
jmn are

ET-projective parameters.

Definition 1.15. A non-symmetric affine connection space GAN with E
r

i
jmn = 0, r ∈ {1, 2, . . . , 5}, is the r-th pro-

jectively flat space. A space which is the r-th projectively flat one, for all r = 1, . . . , 5, is projectively flat
space.

2. Flatness and projective flatness of affine connection spaces with torsion

Moffat’s results [16] are equations of motion of test particles and linear weak field approximation in Ricci
and Minkowski flat spaces. Corollary of these results are galaxy rotational velocity curves and effective
gravitational constant at infinity.

In this research, Moffat used flat and Ricci-flat spaces. We are going to connect flatness and projective
flatness of non-symmetric affine connection spaces.
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Firstly, we consider whether the r-th flat space is the r-th projectively flat one, r = 1, 2, . . . , 5, or not. If
it is not the case, we are going to analyze what is a necessary and sufficient condition which the r-th flat
space have to satisfy to be the r-th projectively flat one.

Next what we analyze in this paper is an expression of ET- projective tensors E
r

i
jmn, r = 1, . . . , 5, (14), of a

space GAN as linear functions of the Weyl projective tensor Wi
jmn of the associated spaceAN.

The first question is whether flat non-symmetric affine connection spaces are the projectively flat ones or
not. In the following theorems the r-th flat and the r-th projective flat non-symmetric spaces, r = 1, 2, . . . , 5,
are connected.

Before we prove theorems which present connection of the r-th flatness and the r-th projective flatness
of a space GAN, we have to prove the following propositions.

Proposition 2.1. Connection coefficients Li
jk satisfy the equation

Lp
jmLi

np + Lp
mjL

i
pn = 2Lp

jmLi
np +

1
2

Tp
jmTi

np. (15)

Proof. Based on the equation (4), the equalities

Lp
jmLi

np + Lp
mjL

i
pn = (Lp

jm +
1
2

Tp
jm)(Li

np +
1
2

Ti
np) + (Lp

mj +
1
2

Tp
mj)(L

i
pn +

1
2

Ti
pn)

= Lp
jmLi

np +
1
2

Lp
jmTi

np +
1
2

Tp
jmLi

np +
1
4

Tp
jmLi

np + Lp
mjL

i
pn +

1
2

Lp
mjT

i
pn +

1
2

Tp
mjL

i
np +

1
4

Tp
mjT

i
pn

= 2Lp
jmLi

np +
1
2

Tp
mjT

i
pn,

are valid. �

Proposition 2.2. The equalities
∼

R
1

i
jmn = Ri

jmn +
1
4

Tp
jmTi

np −
1
4

Tp
jnTi

mp and
∼

R
3

i
jmn = Ri

jmn +
1
4

Tp
jmTi

np −
1
4

Tp
jnTi

pm (16)

hold, where Ri
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
pn − Lp

jnLi
pm.

Proof. From the equation (11), we obtain
∼

R
1

=
1
2

(A
1

+ A
3

)i
jmn=

1
2

(Li
jm,n − Li

jn,m + Lp
jmLi

np − Lp
jnLi

mp) +
1
2

(Li
mj,n − Li

nj,m + Lp
mjL

i
pn − Lp

njL
i
pm)

(3,15)
= Li

jm,n − Li
jn,m +

(
Lp

jmLi
np +

1
4

Tp
jmTi

np

)
−

(
Lp

jnLi
mp +

1
4

Tp
jnTi

mp

)
= Ri

jmn +
1
4

Tp
jmTi

np −
1
4

Tp
jnTi

mp,

∼

R
3

=
1
2

(A
10

+ A
12

)i
jmn=Li

jm,n − Li
nj,m +

(
Lp

jmLi
np +

1
4

Tp
jmTi

np

)
−

(
Lp

jnLi
pm +

1
4

Tp
jnTi

pm

)
= Ri

jmn +
1
4

Tp
jmTi

np −
1
4

Tp
jnTi

pm,

which proves this proposition. �

Curvature pseudotensors A
12

and A
14

satisfy the equation

1
2

(A
12

+ A
14

)i
jmn = Li

mj,n − Li
jn,m + Lp

mjL
i
pn +

1
4

Tp
mjT

i
pn − Lp

njL
i
mp. (17)

Let us consider the mentioned problems.
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Theorem 2.3. A first-flat space GAN is the first-projectively flat one if and only if it satisfies the condition

Lp
mp

(
(N − 1)δi

jT
q
qn + δi

nTq
jq

)
+ Lp

jp

(
Nδi

[mTq
qn] + (N2

− 1)Ti
nm

)
+ (N − 1)δi

mLq
pqTp

jn

=Lp
np

(
(N − 1)δi

jT
q
qm + δi

mTq
jq

)
+ (N − 1)Lq

pq

(
(N − 1)δi

jT
p
mn + δi

nTp
jm

)
.

(18)

Proof. For a first-flat space the equation K
1

i
jmn = 0 is valid, which implies K

1
mn = K

1

p
mnp = 0. Then, it holds

K
1

i
jmn +

1
N + 1

δi
jK[mn] +

N
N2 − 1

δi
[mK

r
jn] +

1
N2 − 1

δi
[mK

r
n] j = 0. (19)

From the equation (19) and the definition of E
1

i
jmn (14), we get

E
1

i
jmn =

1
(N + 1)2(N − 1)

Lp
mp

(
(N − 1) δi

jT
q
qn + δi

nTq
jq

)
+

1
(N + 1)2(N − 1)

Lp
np

(
− (N − 1) δi

jT
q
qm − δ

i
mTq

jq

)
+

1
(N + 1)2(N − 1)

Lp
jp

(
Nδi

[mTq
qn] +

(
N2
− 1

)
Ti

nm

)
+

N − 1
(N + 1)2(N − 1)

Lq
pq

(
−(N − 1)δi

jT
p
mn + δi

mTp
jn − δ

i
nTp

jm

)
which is equal zero if and only if the equality (18) is satisfied. �

Theorem 2.4. A second-flat space GAN is the second-projectively flat one.

Proof. For a second-flat space we have it holds K
2

i
jmn = 0, i.e.

K
2

mn = 0. (20)

The second equation in (14), immediately causes

E
2

i
jmn = K

2
i
jmn +

1
N + 1

δi
jK2 [mn] +

N
N2 − 1

δi
[mK

2
jn] +

1
N2 − 1

δi
[mK

2
n] j

(20)
= 0,

which proves this theorem. �

Theorem 2.5. A third-flat space GAN is the third-projectively flat one if and only if it satisfies the condition

Lp
mp

(
(N − 1)δi

jT
q
qn + (N2

− 1)Ti
jn

)
+ Lp

np

(
δi

mTq
jq + (N2

− 1)Ti
jm

)
= δi

nLp
mpTq

jq + (N − 1)δi
jL

p
npTq

qm + δi
[mTq

qn]L
p
jp

+ (N − 1)Lq
pq

(
(N − 1)δi

jT
p
mn + Nδi

mTp
jn + δi

nTp
jm

)
.

(21)

Proof. Analogously as in the proof of the Theorem 2.1, we have it holds

E
3

i
jmn =

1
(N + 1)2(N − 1)

Lp
mp

(
(N − 1) δi

jT
q
qn − δ

i
nTq

jq + (N2
− 1)Ti

jn

)
+

1
(N + 1)2(N − 1)

Lp
np

(
− (N − 1) δi

jT
q
qm + δi

mTq
jq + (N2

− 1)Ti
jm

)
−

1
(N + 1)2(N − 1)

Lp
jpδ

i
[mTq

qn]

+
N − 1

(N + 1)2(N − 1)
Lq

pq

(
−(N − 1)δi

jT
p
mn −Nδi

mTp
jn − δ

i
nTp

jm

)
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which is equal zero if and only if it holds the equality (21). �

Following the procedures used into the last three proofs, it is easy to prove next two theorems.

Theorem 2.6. A fourth-flat space GAN is the fourth-projectively flat one.

Theorem 2.7. A fifth-flat space GAN is the fifth-projectively flat one.

Based on the theorems presented above, we directly conclude the following corollary is valid.

Corollary 2.8. A flat space GAN which satisfies the conditions (18) and (21) is a projectively flat one.

3. Functionally connected projective curvature tensors and parameters

Invariants of different geometrical mappings and their exact presentations are some of research subjects
which results are used in different applications (for example, see[5]). Expressions of projective curvature
tensors E

k
i
jmn, Eq. (14), of a non-symmetric affine connection space GAN as functions of Weyl projective

tensor Wi
jmn, Eq. (7), of the corresponding associated space AN are the main purposes of this part of our

research.

Theorem 3.1. A Weyl projective tensor Wi
jmn of an affine connection spaceAN and parameter E

1
i
jmn of the generalized

one GAN satisfy the equation

E
1

i
jmn = Wi

jmn +
1
4
Ṽ
1

i
jmn, (22)

where

Ṽ
1

i
jmn = 2Ti

j[m;n] + Tp
j[mTi

pn] −
4

N + 1
Lp

jpTi
mn

+
2

N + 1
δi

j

(
2Tp

mn;p − Tp
[mp;n] + Tp

mnTq
pq

)
+

4
(N + 1)2 δ

i
jL

p
[mpTq

qn]

+
1

N + 1

(
2δi

[mTp
jn];p + δi

[mTp
jn]T

q
pq − δ

i
[mTp

qn]T
q
jp

)
−

2
N2 − 1

(
Nδi

[mTp
jp;n] + δi

[mTp
qn]T

q
jp

)
+

4
(N + 1)2(N − 1)

(
Nδi

[mLp
jpTq

qn] − δ
i
[mLp

n]pTq
jq

)
.

Proof. The equality

E
1

i
jmn = K

1

i
jmn +

1
N + 1

δi
jK1 [mn] +

N
N2 − 1

δi
[mK

1
jn] +

1
N2 − 1

δi
[mK

1
n] j

+
1

(N + 1)2(N − 1)

(
Lp

mp

(
(N − 1) δi

jT
q
qn + δi

nTq
jq

)
+ Lp

np

(
− (N − 1) δi

jT
q
qm − δ

i
mTq

jq

))
+

1
(N + 1)2(N − 1)

Lp
jp

(
Nδi

[mTq
qn] +

(
N2
− 1

)
Ti

nm

)
+

1
(N + 1)2(N − 1)

Lq
pq

(
−(N − 1)2δi

jT
p
mn + (N − 1)δi

mTp
jn − (N − 1)δi

nTp
jm

)
holds.

After the transformation of the definition of K
1

i
jmn, we obtain the following equation holds:
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K
1

i
jmn = Ri

jmn +
1
2

Ti
jm;n −

1
2

Ti
jn;m +

1
4

Tp
jmTi

jn −
1
4

Tp
jnTi

pm

Based on the previous equation, we conclude Ricci tensor of the first type becomes

K
1

mn = Rmn +
1
2

Tp
mn;p −

1
2

Tp
mp;n +

1
4

Tp
mnTq

pq −
1
4

Tp
mqTq

qn

which induces the succeeding equation:

K
1

[mn] = R[mn] + Tp
mn;p −

1
2

Tp
mp;n +

1
2

Tp
np;m +

1
2

Tp
mnTq

pq.

Further,

N
N2 − 1

δi
[mK

1
jn] +

1
N2 − 1

δi
[mK

1
n] j =

N
N2 − 1

δi
[mR jn] +

1
N2 − 1

δi
[mRn] j

+
N

N2 − 1
δi

m

(1
2

Tp
jn;p −

1
2

Tp
jp;n +

1
4

Tp
jnTq

Tpq −
1
4

Tp
jqTq

pn

)
+

1
N2 − 1

δi
m

(1
2

Tp
nj;p −

1
2

Tp
np; j +

1
4

Tp
njT

q
pq −

1
4

Tp
nqTq

pj

)
−

N
N2 − 1

δi
n

(1
2

Tp
jm;p −

1
2

Tp
jp;m +

1
4

Tp
jmTq

pq −
1
4

Tp
jqTq

pm

)
−

1
N2 − 1

δi
n

(1
2

Tp
mj;p −

1
2

Tp
mp; j +

1
4

Tp
mjT

q
pq −

1
4

Tp
mqTq

pj

)
=

N
N2 − 1

δi
[mR jn] +

1
N2 − 1

δi
[mRn] j +

1
N + 1

δi
[mδ

r
n]

(1
2

Tp
jr;p +

1
4

Tp
jrT

q
pq

)
−

1
4(N + 1)

δi
[mTp

jqTq
pn] −

N
2(N2 − 1)

δi
[mTp

jp;n] −
1

2(N2 − 1)
δi

[mTp
n]p; j.

Because of that, it holds

E
1

i
jmn = Wi

jmn +
1
4
Ṽ
1

i
jmn,

which proves this theorem. �

Theorem 3.2. A Weyl projective tensor Wi
jmn of an affine connection spaceAN and parameter E

2
i
jmn of the generalized

one GAN satisfy the equation

E
2

i
jmn = Wi

jmn +
1
4
Ṽ
2

i
jmn, (23)

where

Ṽ
2

i
jmn = −Tp

j[mTi
pn] −

2
N + 1

δi
jT

p
mnTq

pq −
1

N + 1
δi

[mTp
jn]T

q
pq +

1
N − 1

δi
[mTq

pn]T
p
jq.
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Proof. Let we start with E
2

i
jmn. It holds

E
2

i
jmn = K

2
i
jmn +

1
N + 1

δi
jK2 [mn] +

N
N2 − 1

δi
[mK

2
jn] +

1
N + 1

δi
[mK

2
n] j. (24)

Directly from the equations (10, 13), we have it is valid the following equation:

K
2

i
jmn = Ri

jmn −
1
4

Tp
jmTi

pn +
1
4

Tp
jnTi

pm.

This equation gives us

K
2

mn = Rmn −
1
4

Tp
mnTq

pq +
1
4

Tp
mqTq

pn and K
2

[mn] = R[mn] −
1
2

Tp
mnTq

pq.

After submission of these results in (24), we obtain it is valid

E
2

i
jmn = Ri

jmn +
1

N + 1
δi

jR[mn] +
N

N2 − 1
δi

[mR jn] +
1

N2 − 1
δi

[mRn] j

−
1
4

Tp
jmTi

pn +
1
4

Tp
jnTi

pm −
1

2(N + 1)
δi

jT
p
mnTq

pq −
1

4(N + 1)
δi

mTp
jnTq

pq

+
1

4(N + 1)
δi

nTp
jmTq

pq +
1

4(N − 1)
δi

mTp
jqTq

pn −
1

4(N − 1)
δi

nTp
jqTq

pm,

which proves this theorem. �

Theorem 3.3. A Weyl projective tensor Wi
jmn of an affine connection spaceAN and parameter E

3
i
jmn of the generalized

one GAN satisfy the equation

E
3

i
jmn = Wi

jmn +
1
4
Ṽ
3

i
jmn, (25)

where

Ṽ
3

i
jmn = 2Ti

j(m;n) − Tp
j[mTi

pn] − 2Tp
mnTi

pj +
4

N + 1
Lp

(mpTi
jn)

+
2

N + 1
δi

j

(
2Tp

mn;p + Tp
[mp;n] − Tp

mnTq
pq

)
+

4
(N + 1)2 δ

i
j

(
Lp

[mpTq
qn] − Lq

pqTp
mn

)
+

1
N + 1

(
2δi

[mTp
jn];p − δ

i
[mTp

jn]T
q
pq − δ

i
[mTp

n]qTq
pj

)
+

2
N2 − 1

(
Nδi

[mTp
jp;n] + δi

[mTp
n]p; j

)
+

4
(N + 1)2(N − 1)

(
δi

[mLp
n]pTq

jq + δi
[mLp

jpTq
n]q

)
−

4
(N + 1)2 Lq

pq

(
Nδi

mTp
jn + δi

nTp
jm

)
.

Proof. It holds

K
3

i
jmn = Ri

jmn +
1
2

Ti
jm;n +

1
2

Ti
jn;m −

1
4

Tp
jmTi

pn +
1
4

Tp
jnTi

pm −
1
2

Tp
mnTi

pj

Now, we get it is valid
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K
3

[mn] = R[mn] + Tp
mn;p +

1
2

Tp
mp;n −

1
2

Tp
np;m −

1
2

Tp
mnTq

pq.

Based on the previous equations, we obtain it holds

N
N2 − 1

δi
[mK

3
jn] +

1
N2 − 1

δi
[mK

3
n] j =

N
N2 − 1

δi
[mR jn] +

1
N2 − 1

δi
[mRn] j

+
1

N + 1
δi

m

(1
2

Tp
jn;p −

1
4

Tp
jnTq

pq +
1
4

Tp
jqTq

pn −
1
2

Tp
nqTq

pj

)
−

1
N + 1

δi
n

(1
2

Tp
jm;p −

1
4

Tp
jmTq

pq +
1
4

Tp
jqTq

pm −
1
2

Tp
mqTq

pj

)
+

1
2

( N
N2 − 1

δi
mTp

jp;n +
1

N2 − 1
δi

mTp
np; j −

N
N2 − 1

δi
nTp

jp;m −
1

N2 − 1
δi

nTp
mp; j

)
,

which combined with the definition of E
3

i
jmn, proves this theorem. �

We are proving the following two theorems with using of procedures similarly to the ones applied in
the last three proves.

Theorem 3.4. A Weyl projective tensor Wi
jmn of an affine connection spaceAN and parameter E

4
i
jmn of the generalized

one GAN satisfy the equation

E
4

i
jmn = Wi

jmn +
1
4
Ṽ
4

i
jmn, (26)

where

Ṽ
4

i
jmn = −Tp

j(mTi
pn) −

2
N + 1

δi
jT

p
mnTq

pq −
1

N + 1
δi

[mTp
jn]T

q
pq +

1
N − 1

δi
[mTp

qn]T
q
jp.

�

Theorem 3.5. A Weyl projective tensor Wi
jmn of an affine connection spaceAN and parameter E

5
i
jmn of the generalized

one GAN satisfy the equation

E
5

i
jmn = Wi

jmn +
1
8
Ṽ
5

i
jmn, (27)

where

Ṽ
5

i
jmn = −Tp

mnTi
pj −

1
N − 1

δi
[mTp

n]qTq
pj.

�

Corollary 3.6. Magnitudes V
r

i
jmn, r = 1, 3 defined in Theorems 3.1 and 3.3 are parameters. Other ones V

r
i
jmn, r =

2, 4, 5 are tensors.

Proof. Based on the equations (22-27), we have

E
r

i
jmn = Wi

jmn +
1
4
V
r

i
jmn, r = 1, . . . , 4, and E

5

i
jmn = Wi

jmn +
1
8
V
5

i
jmn.

The proof of this corollary holds directly from the Theorem 1.14 proved in [18], i.e. it holds directly
from the tensor characters of E

r
i
jmn and the facts that difference of tensor and parameter is parameter and

difference of two tensors is a tensor. �
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4. Conclusion

Flatness and projective flatness of spaces AN and GAN were analyzed in this paper. In the second
section it is proved that non-symmetric flat spaces GAN are projectively flat if they satisfy conditions (18)
and (21).

In the third section, ET-projective tensors in space GAN are presented as linear functions of Weyl
projective tensor in an associated spaceAN.
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Mathématique, 61 (75) (1997) 97–104.
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