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Abstract. In this paper, the existence and multiplicity of periodic orbits are obtained for first-order general
periodic boundary value problem

x'(t) +a(t)x(t) = f(t,x), te€[0,T],
x(0) = ax(T),

where a : [0,T] — [0,+o) and f : [0,T] Xx R* — R are continuous functions, « > 0 and T > 0 with

ae b "% = 1 The proofs are carried out by the use of topological degree theory. We also prove some

nonexistence theorems. Our results extend and improve some recent work in the literature.

1. Introduction

The existence of solutions for first-order periodic boundary value problems has been considered by
several authors; see [2]-[3], [5]-[7], [9]-[13] and references therein. Some theorems and methods of non-
linear functional analysis have been applied to research on this problem, such as the method of Mawhin
coincidence degree theory [2], [6], [9], [12], the upper and lower solutions method and monotone iterative
technique [11], [13] and fixed point theorems of cone mapping [3], [5], [7], [10]. In this paper, we consider
the first order general periodic boundary value problem (GPBVP)

{ x'(t) +a(t)x(t) = f(t,x(t)), te][0,T], 11)
x(0) = ax(T), )

wherea : [0,T] — [0, +c0) and f : [0, T] X R* — R are continuous functions, « > 0 and T > 0 with

e b 7 1 (1.2)
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The GPBVP (1.1) was first considered by Zima [12]. For the special case of GPBVP (1.1) in which @ = 1
and a(t) = 0 on [0, T], Peng [7] studied the existence of positve solutions of the first order periodic boundary
value problem, Peng’s approach is to rewrite the original PBVP as an equivalent one, so that the fixed
point theorem [1] can be applied, and by Leggett-Williams multiple fixed point theorem [4] and fixed point
theorem of cone expansion and compression [1], Liu [3] established some multiplicity results for periodic
boundary value problem.

In [12], the existence of positive solutions of the GPBVP (1.1) was studied. By using Leggett-Williams
norm-type theorem for coincidence due to O’Regan and Zima [6], it was established the existence of at least
one positive solution under some conditions.

Inspired by the above work, the aim of this paper is to consider the existence, multiplicity and nonex-
istence of positive solutions for the GPBVP (1.1). The main ingredient is an existence result for semilinear
equations in cones due to Zhang and Wang [14].

2. An Abstract Existence Result

For the convenience of the readers, we present here the necessary definitions and an order-type existence
theorem due to Zhang and Wang.

Definition 2.1.Let X be a Banach space. A nonempty convex closed set K C X is said to be a cone provided that
(i) ax € K forany x € K and any a > 0 and

(ii) x, —x € K implies x = 0.

Note that every cone K C X induces an ordering in X given by

x<yey—-xek

Definition 2.2. Let X and Y be Banach spaces, D a linear subspace of X, {X,} € D, and {Y,,} C Y sequences of

oriented finite dimensional subspaces such that Q,y — y in Y for every y and dist(x, X,,) — 0 for every x € D
where Q, 1 Y = Y, and P, : X — X, are sequences of continuous linear projections. The projection scheme
I' = {X,, Yy, Py, Qu} is then said to be admissible for maps from D C X to Y.

Definition 2.3. Amap T : D € X — Y is called approximation-proper (abbreviated A-proper) at a point y € Y with
respect to I, if T, = QuT|pnx, is continuous for each n € IN and whenever {xn; : xn, € DN Xy} is bounded with
Tyxn; — y, then there exists a subsequence {x,, } such that x,, — x € D, and Tx = y. T is said to be A-proper on a
set Q) if it is A-proper at all points of Q).
Let X and Y be Banach spaces, K be a cone in X, then K; = (L + J"'P)(domL N K) is a cone in Y. Consider
the semilinear equation
Lx = Nx, (2.1)

where L : domL C X — Y is a linear mapping, O C X is open, and N : QN K C X — Y is a bounded
nonlinear mapping such that L — AN : QNK C X — Y is A-proper for each A € [0, 1] with respect to a
suitable approximation scheme. We will assume that L : dom L € X — Y is a Fredholm operator of index
zero, that is, Im L is closed and dim Ker L = codim Im L < co. As a consequence of this property X and Y
may be expressed as direct sums; X = Xo P X1, Y = Yo P Y; with continuous linear projections P : X —
Ker L = Xpand Q : Y — Y. The restriction of L to dom L N Xj, denoted L, is a bijection onto Im L = Y
with continuous inverse Ll‘1 : Yy » dom L N X;. Since Xy and Y, have the same finite dimension, there
exists a continuous bijection | : Yy — Xj.

Concerning equation (2.1), by [14, Theorem 2.5], we have the following existence result which will be
used later.

Lemma 2.1[14]. IfL : domL — Y is Fredholm of index zero, and let L — AN be A-proper for A € [0,1]. Assume
that N is bounded and P + JON + L7*(I — Q)N maps K to K. Suppose Oy and ), are two bounded open sets in X
such that 0 € Qq and Q; € Q,, Q, N KN domlL # 0. If one of the following two conditions is satisfied:

(C1) Nx # Lx, for any x € 90 N Kand Nx £ Lx, for any x € 9 N K,
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(C2) Nx £ Lx, for any x € Q1 N Kand Nx # Lx, for any x € 00, N K,
then equation (2.1) has at least one solution x € KN (CQy \ (7).

For convenience we adopt the notation, let

¢
— jg a(s)ds — dS .
) =e R0 fo o6 telo,T]

From (1.2) we get ¢(T) = a. We also define

P(s)
G(t,)—@{lw(j)m' 0<s<t<T,
P(t) Tl 0<t<s<T,
and .
G(t, 7)dt
Ht,s) = % L Glts) - h . 0 0(s), ts € [0, T].
o) [, p(v)dt |y e(0)dr
Set
T
L {fo p)ds 1
EE I G eeton ap(DH(E s)

3. Existence and Multiplicity

In this section we use Lemma 2.1 to establish the existence and multiplicity of periodic orbits to the
GPBVP (1.1).
Consider the Banach spaces
X=Y=C[0,T]

with the sup norm
llxll = max |x(£)].
te[0,T]

LetK={xe X:x(t) >0, t € [0, T]}, then K is a cone of X. We can write GPBVP (1.1) as an abstract equation

Lx = Nx, x e domLNK,

where
L:domL — Z, x —» x" +a(-)x, domL = {x € X : ¥’ € C[0, T], x(0) = ax(T)},
and
N:XNK->Y, x— f(,x()).
We note that

KerL = {x € domL : x(t) = m, ceR, for any t € [0, T]},

T
ImL = {y eY: fo @(s)y(s)ds = O},
dim KerL = codim ImL = 1.

Thus L is linear and Fredholm of index zero. We define

1 T
P.XeX,xemfo x(s)ds

and "
Jy ¢©)y(s)ds

QY- Yy —F
fO(p(s)ds
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For ImQ define

Iy = g5 € 0,TL

Clearly, | is an isomorphism from ImQ to KerL. We see that, as in [4], we can obtain the inverse operator
LIl :ImL — domL N KerP of L|gomrnkerp : domL N KerP — ImL as (LI1 yt) = fol G(t,s)y(s)ds.

Next we state our first result:

Theorem 3.1. Assume that there exist two positive numbers 0 < a < b such that
(H1) f(t,b) <0, foranyte0,T],
(Ha2) f(t,x) >0, forany (¢,x) € [0, T] x [0,a],
(H3) f(t,x) = —xx, for any (t,x) € [0, T] x [0, ],
(Hy4) H(t,s) 20 fort,s € [0, T]. Then the GPBVP(1.1) has at least one periodic orbit x* € domL N K satisfying
<kl <b.

Proof. First, since L' is compact by Arzela-Ascoli theorem. Hence, by (4) of Lemma 2 in [8], the mapping
L — AN is A-proper for each A € [0, 1].
By conditions (H3), (Hs) we get for any x € K

(P+JON+L> 1(I Q)N)x(t)

(8)ds + ———F—— (s, x(s))(s)d
(t)be)f He qo(t)f @(S)dsf fsxs Pl

) so<t>¢<T>f Xe)do + f H(t,5)f(s, x(s))ds
,fo(a¢1(T) KH(tIS))x(S)

> 0.

Thus (P + JON + LIl(I - Q)N)(K) Cc K.
Let
Qr={xeX:|xll<a}, Qo ={xe X:|x|| <b}.

Clearly, ()1 and €, are bounded and open sets and
Be ) C 51 c Q.
We now show that
Nx # Lx, foranyx € dQ; NK. (3.2)

In fact, if there is x; € dQ, N K such that
Nxi > Lx;.

Then
x1(H) +a(t)x (t) < f(t,x1(t), t € [0, T].

Lett; € [0, T] be such that x;(t;) = b. Clearly, the function x; attains a maximum on [0, T] at ¢ = t;. Therefore
x1(t1) = 0. As a consequence,
0 < ba(t) < f(t,b),

which is contraction to (H;). Therefore (3.2) holds.
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On the other hand, we claim that
Nx £ Lx, foranyx € 901 NK. (3.3)
In fact, if not, there exists x, € dQ; N K, such that Nx, < Lx,, and therefore
x5 (1) + a(t)xa(t) > f(t, x2(1)).

Multiplying the last inequality by eh s yields

(eh Oy (B) 2 eh O F(t, xa(1)). (3-4)

For any x, € dQ; N K, we have [[x;|| = 4, then 0 < x,(t) < a for t € [0, T]. Integrating (3.4) from 0 to T and
using the boundary conditions and condition (H,), we have

0

axy(T) = x2(0)

[ e £t eyt
0,

VvV v

which is a contradiction. As a result, (3.3) is verified.
Thus all the hypotheses of Lemma 2.1 have been verified, so the conclusion of Theorem 3.1 follow from
Lemma 2.1. O

Remark 3.1. In [12], the following condition is required:
(H") there exist a € (0,b/a),top € [0,T],p > 0,m € (0,1), and continuous functions g : [0,T] — [0,0), h :
(0,a] — [0, o) such that f(t,x) > g(t)h(x) for any t € [0, T] and x € (0,4], h(x)/x* is non-increasing on (0,4]
with .
mT

G(tg,s)g(s)ds > 1 — ————.
J, ctmautons =1 - s

Obviously, our condition (H;) is much weaker and less strict compared with (H*). Moreover, (H,) is
easier to check than (H"). So our result generalizes and improves [10, Theorem 3.1].

h@) s
a

We shall use the following assumptions:
(Hs) there are positive solutions mjy, m; such that my < H(t,s) < m; for t,s € [0, T],
(He) f(t,x) > —xx, foranyt € [0,T], x > 0, where « satisfies

O<K<THQO(—IP(T)'

We now construct a particular closed convex set Kin X, defined by
K={xeX:x(t)20, x(t) > ollxll, t € [0, T]},
where o = % Thus 0 < 0 < 1. Itis easy to see that Kis a cone in X. Now we show
(P+JQN + LTI - QN)(K) c K.
Forany x € K. It follows from conditions (Hs) — (Hp) that, by using the same method to get (3.1), we can get
(P+JON + LY (I - QN)x(t) > 0.
We claim that

(Px + JQN)x(t) + L7 (I - Q)Nx(t) > oll(P + JQN)x + L7 (I — Q)Nx|l.
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By conditions (H;) — (H2), we have
(Px + ]QN)x(t) +L7 1(I Q)Nx(t)

B (P(t)w(T) f x(s)ds + f H(t, ) £(5, x(5))ds
fo T[W - HSRe)s fo H(t (5, x(5) + vl

1 T
I) [W — kH(t, s)]x(s)ds + mz‘fo [f(s,x(s)) + kx(x)]ds.

From the last inequality, we have from conditions (H1) — (H>)
(Px + JON)x(t) + L71(I - Q)Nx(t)

1 T
j(; [W — kH(t, s)]x(s)ds +f H(t,s)[f(s,x(s)) + xx(x)]ds

> fo (p(t;/)(T) KH(t, s)]x(s)ds + m1f [f(s, x(s)) + xx(x)]ds
= f [(p(t)l,b — kH(t, s)]x(s)ds + ?Tj; [f(s,x(s))+1<x(x)]ds]
> 0o L [W — kH(t, s)]x(s)ds + my f(; [f(s,x(s)) + Kx(x)]ds]

> ofl(P+JON)x + Ll‘l(l — Q)Nx|.

Therefore, (P + JQN)x + L;'(I - Q)Nx € K.

Theorem 3.2. Under assumptions (Hs)—(Hs), if moreover there exist constants a, b and c, such that 0 < a < ob <c
and

(H1)" f(t,a) <0, Vtel[0,T]

(HZ)/ f(t/ x) > 0/ v (t/ x) € [0/ T] X [Gb/ b]/

(H3)/ f(t, C) < Or Vte [0/ T]/
then the GPBVP (1.1) has at least two periodic orbits x*, x™ € K with

a<|x’|l <b<|Ix"| <ec.

Proof. We construct the sets Q, = {x € X : ||x|| < a}, Qp = {x € X : |Ix|| < b} and Q, = {x € X : ||x]| < ¢} in order
to apply Lemma 2.1.

Let x € K with |[x]| = b, we have ob = ol|x|| < x(f) < b. It follows from (H)" that, by using the similar
method to get (3.3), we can get

Nx £ Lx, forany x € 9Q, N K. (3.6)

It follows from (H;) and (H3)’ that, by using the same method to get (3.2), we can get
Nx # Lx, foranyx € dQ, N K (3.7)

Nx # Lx, forany x € dQ, N K. (3.8)

Now, (3.6), (3.7) and the first part of Lemma 2.1 guarantee that there exists x* € Kn (Q,\Q,) such that

Lx* = Nx*. By (3.7), (3.8) and the second part of Lemma 2.1 guarantee that there exists x™ € KN (Q\)
such that Lx* = Nx*. Thusa < ||[x*|| < b < ||x"|| <c. O
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Theorem 3.3. Under assumptions (Hs)—(Hs), if moreover there exist constantsa, band c, suchthat0 <a < b < oc <c
and

(Hy)” f(t,x)>0, VY (t,x) €[0,T] x[0,4],

(Hy)” f(t,b)<0,Vtel0,T],

(Ha)” f(t,x) >0, ¥ (t,x) € [0, T] X [oc,c], B
then the GPBVP (1.1) has at least two periodic orbits x*, x™ € K with

a<||X|l<b<|x7| <ec.

Proof. We omit the details because they are much similar to that in the proof of Theorem 3.2. [

4. Nonexistence Results and Example

First, we give some sufficient conditions for the nonexistence of positive solutions.

Theorem 4.1. If
t,x
inf min fit,x)
x>0 te[0,T] X

then the GPBVP (1.1) has no positive solution.

>0, (4.1)

Proof. Assume, to the contrary, that x(t) is a positive solution of the GPBVP (1.1). Then x € K, x(t) > 0 for
0<t<T,and
X' +a)x(t) = f(t,x), 0<t<T. (4.2)

Multiply (4.2) by ¢(t) to obtain
ptxX (1) + p(Bat)x(t) = (pt)x(1) = () f(t,x), 0<t<T. (4.3)
From assumption (4.1), there exists e > 0 such that
F(t, x(H) > ex(t), t € [0, T]. (4.4)

Integrating Eq. (4.3) form 0 to T and using (4.4) and boundary conditions we get

T T
Ozfo (p(t)f(t,x)dtZGL @(t)x(t)dt.

Since fOT @)x(t)dt > 0, we have reached a contradiction. Therefore the GPBVP (1.1) has no positive
solution. [

In a similar fashion, we can prove the next theorem.

Theorem 4.2. If sup tn;(?%(] £ (;’X) < 0, then the GPBVP (1.1) has no positive solution.
x>0 el

Remark 4.1. Itis to be noted that for T = 1,a = 1 and a(t) = 0 on [0, 1], the same conclusions of Theorems
3.1,3.2,4.1 and 4.2 hold for the periodic boundary value problem

X(t) = f(t,x), 0<t<1,
{ x(0) = x(1). (4.5)

Especially, for PBVP (4.5), our conclusions are also true and new.
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Example 4.1. Consider the following boundary value problem

() +x(t) = ft,x), 0<t<1,
{ 2(0) = ex(1). (4.6)
We choose a(t) = 1 and
3e(t+1) 1
0<x<=
_ ) e’ SXs g,
f(t,x) de(t+1) (2= 6x+5), x> %

312

A simple calculation shows that @ = ¢,k = 3, @(t) = e'and Y(t) =1 —e'. Thus f(t,x) > —xx, x >0, t €
[0,1]. If we choose a = }1, b = 3, then it is easy to verify that the BVP (4.6) satisfies Theorem 3.1 and hence it
has at least one periodic orbit x* on [0, 1] with }1 <|lx*|| < 3.

Acknowledgments. The project is supported financially by the National Natural Science Foundation
of China (No0.11501055, No. 11301001, No. 11461016, No. 11401166 and No. 11601109), the Natural
Science Foundation of the Jiangsu Higher Education Institutions of China (No. 15K]JB110001), the China
Postdoctoral Science Foundation funded project (NO. 2016M591697), the Natural Science Foundation of
Anhui Province of China (NO. 1508085MA09) and Hainan Natural Science Foundation (No. 113001).

References

(1]
(2]

(3]
[4]
[5]
[6]
[7]
(8]
[9]
[10]
[11]
[12]
[13]

[14]

D. Guo, V. Lakshmikantham, Nonlinear problems in abstract cones, Academic Press, New York, 1988.

R. E. Gaines, ]. Santanilla, A coincidence theorem in convex sets with applications to periodic solutions of ordinary differential
equations, Rocky Mountain J. Math. 12 (1982) 669-678.

Y. Liu, Multiple solutions of periodic boundary value problems for first order differential equations, Comput. Math. Appl. 54
(2007) 1-8.

R. W. Leggett, L. R. Williams, Multiple positive fixed points of nonlinear operators on ordered Banach spaces, Indiana Univ.
Math. J. 28 (1979) 673-688.

X. Lin, H. Wang, D. Jiang, Existence of single and multiple solutions for first order periodic boundary value problems, Acta Math.
Appl. Sinica 23 (2007) 289-302.

D. O’'Regan, M. Zima, Leggett-Williams norm-type theorems for coincidences, Arch. Math. 87 (2006) 233-244.

S. Peng, Positive solutions for first order periodic boundary value problem, Appl. Math. Comput. 158 (2004) 345-351.

W. V. Petryshyn, Using degree theory for densely defined A-proper maps in the solvability of semilinear equations with
unbounded and noninvertible linear part, Nonlinear Anal. 4 (1980) 259-281.

J. Santanilla, Some coincidence theorems in wedges, cones, and convex sets, ]. Math. Anal. Appl. 105 (1985) 357-371.

C. C. Tisdell, Existence of solutions to first-order periodic boundary value problems, J. Math. Anal. Appl. 323 (2006) 1325-1332.

A.S. Vatsala, D. Stutson, Generalized quasilinearization and first-order periodic boundary value problem, Appl. Math. Comput.
77 (1996) 113-129.

M. Zima, Positive solutions for first-order boundary value problems at resonance, Communications in Applied Analysis 13 (2009)
671-680.

W. Zhuang, Y. Chen, J. Chen, Remarks on the periodic boundary value problems for first-order differential equations, Comput.
Math. Appl. 37 (1999) 49-55.

E. Zhang, F. Wang, On existence theorems for semilinear equations and applications, Annales Polonici Mathematici 107 (2013)
123-131.



