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Abstract. In this paper, we established Hermite-Hadamard-Fejer type inequalities for s—convex functions

in the second sense via fractional integrals. The some results presented here would provide extansions of
those given in earlier works.

1. Introduction

The following inequality is well known in the literature as the Hermite-Hadamard integral inequality[10]:

b b
(15t [ ream < FOIE

where f : I ¢ R — Ris a convex function on the interval I of real numbers and a.b € I witha < b. A function
f:1a,b] C R — Ris said to be convex if whenever x, y € [4,b] and ¢ € [0, 1] the following inequality holds

flx+ =Dy <tf () +A=1f(y).

In [9], Fejér gave a generalization of the inequalities (1) as the following;:

If f : [a,b] = Ris a convex function, and g : [4,b] — R is nonnegative, integrable and symmetric about
a+b
&2, then
2 7

b)
(a+b)f9x)dx<ff(x)g(x f(”)+f( fg(x)dx @)

If g = 1, then we are talking about the Hermite-Hadamard inequalities.More about those inequalities
can be found in a number of papers and monographies (for example, see [7]-[19]).

In [11], Hudzik and Maligrada considered among others the class of functions which are s-convex in
the second sense.
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Definition 1.1. A function f : [0, 00) — R is said to be s-convex in the second sense if

FAx+A =Ny <Af)+Q-A) f(y).
forall x,y € [0, 00), A € [0, 1] and for some fixed s € (0,1].

It can be easily seen that s = 1, s-convexity reduces to ordinary convexity of functions defined on [0, c0).
In [7], Dragomir and Fitzpatrick proved Hadamard’s inequality which holds for s-convex functions in
the second sense.

Theorem 1.2. Suppose that f : [0, 00) — [0, 00) is an s-convex functions in the second sense, where s € (0,1), and
leta,bel0,00),a<b.If feLla,b],then the following inequalities hold:

b
e[ttt [ s 2210

We give some necessary definitions and mathematical preliminaries of fractional calculus theory which
are used throught this paper.

Definition 1.3. Let f € L[a,b]. The Riemann — Liouville integrals |3, f and J,_f of order a > 0 with a > 0 are
defined by integrals hold:

1 X _
g+f(x):mfa (- f(t)dt, x>a

and
b
12 f(x) = ﬁ f (t—x)"F(t)dt, x<b

respectively where T (a) = fooo e”'udu. Hereis J), f(x) = J)_f(x) = f (x)

In the case of @ = 1, the fractional integral reduces to the classical integral. The recent results and the
properties concerning this operator can be found ([1]-[6])

In [15], Sarikaya et.al. represented Hermite-Hadamard’s inequalities in fractional integral forms as
follows.

Theorem 1.4. Let f : [a,b] — R be positive function with 0 < a < band f € L[a,b]. If f is a convex function on
[a,b], than the following inequalities for fractional integrals hold

f(a+b)<F(a+1) f(a)+ f(b)
2 |7 2(b-a)" 2

[ f ® + 1 f @] < 3)

with a > 0.
In [12], Iscan gave the following Hermite-Hadamard-Fejer integral inequalities via fractional integrals:

Theorem 1.5. Let f : [a,b] — R be convex function witha < band f € L[a,b]. If g : [a,b] — R is nonnegative,
integrable and symmetric to (a + b) /2, then the following inequalities for fractional integrals hold

f@O+f®) .
GRS

f (%b) Jeg @ + i g @] < [J5, (f9) ©) + Ji (F9) @)] < 5.90) + ¢ g@)

with a > 0.
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Set et al. established some inequalities connected with the left-hand side of the inequality (2) used the
following lemma.

Lemma 1.6. [19] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and let g : [a,b] — R. If
f',g € Lla,b), then the following identity for fractional integrals holds:

a+b\[., " a
A5 [y 9@+ ey 90 = [y (0@ + oy, G 0] = 15 f KOF O @

where

ft(s —a)* tg(s)ds, te [a ””’]
k(=1 °

b .
—[@-9""g()ds, te[uLb]

t
Set et al. proved the following three theorems.

Theorem 1.7. [19] Let f : I — R be a differentiable mapping on I°and f’ € L[a,b] witha <band g : [a,b] — Riis
[a,b], then the following inequality for fractional integrals holds:

a+b

‘f iy 9@+ ey 0 0] = [y, 0@ + ), G0 ]‘ ©

(b—a)™! “-‘7||[a,b],oc ,
24T (o + 1) (a + 1) [lf @]+

£ )]

with a > 0.

Theorem 1.8. [19] Let f : I — R be a differentiable mapping on I°and f’ € L[a, b] witha < band g : [a,b] = Riis

a+b

iy 90+ 0 0] = [y (0@ + sy G0) 0 <b]‘

t+1
(b-a) Hg ||[u,h],oo
204141/ (q + 1) (a + 2)Y1T (a + 1)

x{ ) o+

Theorem 1.9. [19] Let f : I — R be a differentiable mapping on I°and f’ € L[a,b] witha <band g: [a,b] — Riis

e

[+ @3] 0"}

with a > 0.

b

‘f it ]aa+b) g(a)+]au+b)+g(b):| []aa+b) (fg)(a)+](a+b)+ (fg)(b :” (7)
(b —a)**! ||gHoo [3 |q1/q + ( ) q)l/q]

20+142/q (qp + 1)VT (a + 1)

where 1/p+1/q =1.
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We recall the following function:
The incomplete Beta function defined by

B, (a,p) = j; ) 71 (1 - Hf T at,

In this paper, motivated by the recent results given in [11],[19], we establish Hermite-Hadamard-Fejer
type inequalities for s-convex functions in the second sense via fractional integral. An interesting feature
of our results is that they provide new estimates on these types of inequalities for fractional integrals.

2. Main Results
Now, by using the Lemma 1.6 we prove our main theorems.

Theorem 2.1. Let f : I C [0, 00) — Rbea differentiable mapping on I° and f* € L [a,blwitha < band g : [a,b] —» R
then the following inequality for fractional integrals

holds:
b
‘f ax ]am) g(ﬂ)+]“a+b)+!7(b)] []am-b)_ (fg)(a)+l(n+b)+ (fg)(b ” (8)
(0 =) {|gll,, 1 1
= T(oz+1)[ - {31/2(“”'5”)*m} £ @] +]f ®)]-

Proof. Since |f’|is s — convex on [a, b] for some fixed s € (0, 1], we know that for € [a, b]

—t  t-a\ b—t\ )+(t—u)s
b a b—a )| \b—-a b—a
From Lemma 1.6 we have

‘f Tty 90+ 9 O] = [y (0@ + sy )0 ]‘

ﬁ{ f # f (s—a)*' g(s)ds f ‘ ft (b—5)"""g(s)ds
)t

||9||[a
(b-ay oz) (f SR ds) (

0] dt}

+(”g—au)+b1l:(a) (f (b—s)™ 1d5) (b- +(t—ay |f @) dt
% ﬂzh(’*“”“[(b‘f) f @) £ ®)]dt

- T@+1) K) ?(Z;]HDf U (G +(t=ay|f O] at

. ||9||[a ngl)[ ash - b))fﬁb - dt]

o= T@+D

||9II[%,b],w [

b
f @) f (b—1)"dt +

-t —-a) dt]
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Mol s [

a)* st Bip(a+1,s+1)+

(b _ a)a+s+1 ]

(b—a)’T (a+1) 2045+ (o 5+ 1)
||g [n+h , (b _ a)a+s+1 et
+m f Ol e a)****1 By (a+1,s+1)]
3 (b _ a)a+s+1 ) .
= m{)lgﬂ[a,m]m (lf (cl)|Bl/2 (@+1,s+1)+ m)

ol 17

b-a)™! ||g||[ﬂ,b],oo

+|f ©)|Bi2(a+ 1,5+ 1))}

2ats+ (a +s+1)

IN

, b)]
B1/2(a+1,s+1)[ +m

F'a+1)
(b—a)*! ||.‘7||[a,b],oo 1 / ,
= r((x+1) {Bl/z(a+1,s+1)+m}[ " f (b)u

where

% U(+S U(+S ( )a+s+1
j; dt = f (- dt = 2a+stl (g 45+ 1) (a+s+1)

and

tl+

f (t—=a)* -ty dt= f(b—t) (t—aydt={O-a)"" " Bip(@+1,5+1).

Remark 2.2. In Theorem 7, if we choose s = 1, then (8) reduces inequality (5) of Theorem 4.

Theorem 2.3. Let f : I C [0,00) — R be a differentiable mapping on I° and f' € L[a,b] with a < b and let
g:[ab] (0,11, g > 1, then the following inequality
for fractional integrals holds:

a+b\[., a
‘f( Tty 90+ 0 0] = [y (0@ + s G0)0 ]‘

a 1
(b—a)" Hg”[u,b],oo
25 (a + 1) (a + 2)4 (a+s+9)""T(a+1)

X {((a +s+1)(@+3)|f (ﬂ)|q + q)l/’i
+< - +(a+s+1) f'(b))q)w}

Proof. Since
(b—t  t—a \' (b=t E=a\ 1o
i 2] <2 (2o
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d , it follows that

a+b a o
! ( : )1( " g<a>+1( 1Oy GO @+ I, 010

% 1-1/q a ¢ 1/q
< ( f )" g(s)ds dt) ( f f (s—a)* ' g(s)ds||f )] df]
1 1-1/q b b 1/q
r—( —5)* g (s)ds dt) ( b-9)""gE)ds||f O dt]
ob | Jt
ol sy R e e A e "
< T(a) [f ds dt] [fu fa (s—a)""ds dt]

1/g
a

f’ (a)l'i + (i’ _ a)a+s

q)dt]”q}

I9lleg 51 I U b ol I
+W(fﬂ;bft(b_5) dsdt) [fazbjt‘(b—s) ds

1 (b - a)**! 1-1/q ||g||[a,%],oo wb )
al (a) (2a+1 (a + 1)) W fa ((t —a)* (b

g

[ o] [ (7 wis [ or
"o U (o=

1 ( (b—a)“l )1—1/‘1

IA

1/q
f o) dt]

+B=-)(t-a)|f

Ta+ D\ 2 (@+1)
Hg“[a,ﬂ],oo b - a)a+s+1 . 1/q
* { (b - a)"" [(b 0 2a+s+l (¢ + 54+ 1) ]
Hg [222 b],00 (b _a)a+s+1 . ] 1/q
i (b —a)’l [Z‘HSH (a+s+ 1) fraf+ f )| ]

a+1
(b—a) Hg ||[u,b],oo
2@+ 1) M (@+s+9) T (@+1)

( ’

+ 'f’ (b)(q)l/q

IA

{(20“rs+1 (@+s+1)Bip(a@+1,s+1)

q)l/q}

b-a)*|g ||[a,b],°<> {( R

2 (@ + 1) (a + 2)Y4 (@+s5+9)" T (a+1)

+ (2!

) q)l/q

f/ (ﬂ)|q

q)l/q} ‘

Remark 2.4. In Theorem 8, if we choose s = 1, then (10) reduces inequality (6) of Theorem 5.

Theorem 2.5. Let f : I C [0,00) — IR be a differentiable mapping on I° and f’ € L[a,b] with a < b and let
g [a,b]
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for fractional integrals holds:

‘f )y 9@+ Ry 9 O] [y GO0 T, (fg)(b]‘
b-— a+1
: ( ﬂ) ||gH[a,b],oo (10)
2" (ap+ D) (@ + 2P s+ DYIT (@ + 1)
<|(F @ @ =)+ @) + (1 @ + |7 of (2 -1)) "]
where 71—] + % =1.
a+b a a _|7a o
(5 iy 0 @+ sy 9 0] = [y G0 @+ gy G000
wb b
< FLU f(s—a g@dsldt+ | | | s—a)* " g(s)ds ‘f’(t)|th]
P A\L/P a 1/q
< FL[ a)* g (s)ds dt] (ﬁ ’ dt)
b 1/q
_ a1 ’ q
o )( f(s 2)*"' g (s)ds dt] (ﬂ;bf(t)) dt]
% P A\/P ab 1/q b 1/q
- PL( (s—a)alg(s)ds dt) [U dt) +( . dt) ]
- (b-a)*! ”57 H[a,b],oo
T2 (ap+ D)@+ )P s+ DT (@ + 1)
<|(F @ 27 =)+ [ @) + (1 @ + | f (2 - 1)) "].
Here we use
a+b P +1
a— _ a— _ (b_a)ap
f f(s—a) 1g(s)a’s dt = s—a) 1g(s)ds dt—m
dt < Wﬂf @[ (27 -1)+
b
f 10"t < s [l @f + | @ (2 - 1)
O

Remark 2.6. In Theorem 9, if we choose s = 1, then (10) reduces inequality (7) of Theorem 6.
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