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A Pair of Fractional Powers of Hankel-Clifford
Transformations of Arbitrary Order

A. Prasad?®, S. Kumar?®

*Department of Applied Mathematics, Indian School of Mines, Dhanbad, [harkhand-826004, India

Abstract. The main objective of this paper is to extend a pair of fractional powers of Hankel-Clifford
transformations to arbitrary values of v. Moreover, we obtain some interesting results for these extension.
To illustrate some problems are given.

1. Introduction

Prasad et al. [9] introduced a pair of fractional powers of @ (0 < o < 71) of Hankel-Clifford transformations
of order v > 0 depending on an arbitrary real parameter 1, which is a generalization of a pair of Hankel-

Clifford transformations [1, 6, 7]. In this work the fractional powers of first Hankel-Clifford transformation
is defined as:

08,1000 = fi0) = [ Ko, )
where,

Vo uCoulxy csc? a)erotayi o # nr,

Kik(xr y) = Cv,‘u(xy)]/#/ a= g/ 2)
o(x—y), o =nm,
i(v+1)(a—%)

wheren € Z, Vou = W, Coulx) = x7#2],(2+/x) and ], is the Bessel function of first kind of order v.

Analogously, the fractional powers of a (0 < a < ) of the second Hankel-Clifford transformation is
defined by:

(5, W) =75, (y) = fo K3 (x, y)g(0)dx =y~ (b, (x*9)(y), 3)
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where,

Vo uCou(xy csc? q)efrycotay -y =y,
Kg(x' y) = CV,y(xy)xH/ a= %r (4)
ox—y), a =nm,
where n and yy , as above.

The fractional powers of first and second Hankel-Clifford transformation are reduced to a pair of Hankel-
Clifford transformation [1, 7, 10] by choosing v = p and « = 7/2. The first and the second Hankel-Clifford
(or fractional Hankel-Clifford) transformations are adjoint of each other.

For p = 0 and a = /2, the transformations defined in (1) and (3) coincide and is denoted by #, and for
@ € LY(I), it is defined by

(h)(y) = Pu(y) = fo L@@z, 0<y < oo,

which is adjoint of itself. Hence h, is known as Hankel-Clifford transformation.
The inverse of (1) and (3) respectively are defined as follows:

Fe) = (0, )7 )0 = fo K (v, ) £y, (Ddy (5)
and g0 = (08,)7,,)00 = [ K978, ©)

where Ki*(y,x) and K3*(y, x) are same as K[*(y,x) and K;“(y, x) respectively. Throughout this paper we
denote complex conjugate by “+". We note that (/72 )! = i"/* and (k2 )" = h}/?

Lv,u Lv,u 2,v,u 2v,u’
We shall need the following operational formulas [7],
DiCux) = (=1)Cusr(), )
DY Cun()] = 2#Cu(x), Y7 €Ny, (8)

where Cy(x) = x#2],(2Vx).
We have the following differential and integral operators [9]:

ixcota 2t Wiy cota d
Rippa = € X 2 Dx" 7 e , D,= Y 9)
S _ ix cota %D % —ix cota 10
Lvpa = XX T DT e , (10)
Al,v,y,a = S 1,v,,u,le1,v,lu,a

. p-v _(p+v) .
— ezxcotax 5 Dxxv+1Dxx 7 e ixcota

e

= xD% +[(1 — u) — 2ixcota] Dy — [(1 —wicota + xcot? a + e ], (11)
-1 ix cota., L2¥ ¥ -l —ixy cota
erwla(p(x) = F M2 x, P e (x)dxy, (12)
[e9)
ix cotar, — ) _ixcota
RZ,V,[J,O( = —¢ X T Dyexze ’ (13)
S _ _ixcota Vf’zHlD B —ixcota 14
2y € X xX 2 € ’ ( )
AZ,v,y,a = RZ,V,;L,LYSZ,v,y,a
. () -
= plxcotay— ’; Dxxv+1Dxx‘T€—1xcota
22
= xD?+[(1 + p) - 2ixcota] Dy — [(1 + Wwicota + xcot® a + i ], (15)

. v—u O ()
ix cota

Sz‘},’w(p(x) = e¥eotaxs X, 2 e (xy)da. (16)
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From (12) and (16) respectively, we have

1 ixcota ., 2r et e ixy cotar
- B pv v _
Rlv#a 1,v+m—1,y,a(p(x) = e Xz X, e~ m Y o (xy, )Xy A1, (17)
(o) (o)
29 Xim—1 _
s;to .St (x) = (=1)rexoteyT T it cota gy Vv d (18)
2y ar 22 vtm-1,ua P = x> X e QX )AX ... 0X7.
(o) (o)

We observe that A} and A; are adjoint of Az, » and Ay, , respectively.

Lv,u,a 2,4,
1.1. The spaces ‘H T, l(I) and H o, l(I) and their dual
A complex valued C*-function ¢ defined on I = (0, o) is in ?{i‘v " (I if
Y, ) = sup ¥Dkx ()| = sup [¥1Dkx P()| < oo, (19)
xel

for each pair of non-negative integers q and k. The topology over ‘Hf’VH(I) is generated by the family

1, .
{Yq;g }gkeN, Of semi-norms.

On the other hand, 7-(&‘1/ (I) consists of all complex valued C*-functions ¢ defined on I which satisfies

T24() = sup Dkx e oty = sup DT oty < o, 0)

xel xel
for each pair of non-negative integers g and k. The topology over Wf‘w(l) is generated by the family

2,
{Yq;g}q keN, Of semi-norms.

Also, (H 1y y) (I)and (Hg,v,y),(l ) represent the dual of 'H{’fV/H(I )and H (I ) respectively and their members
are generalized functions of slow growth. Hence, (7‘(1"/%#)’(1) and ((H;W) (I) are too complete.

Main goal of this paper is to define a pair of fractional powers of Hankel-Clifford transformations for
all real values of the order v and real parameter  and a (0 < @ < m) according to the method developed in

[4, 5, 8, 11] for Hankel transformations.

2. Fractional Powers of First Hankel-Clifford Transformation of Arbitrary Order

Let v, 4 be any real numbers and a (0 < a < 1) and m be a positive integer such that v + y +m > 0. We
define the extended fractional powers of first Hankel-Clifford transformation h{ v of any ¢ € H " (I) by

(D(]/) = (h?,v,,u,m(p) (]/) = (_1)me—i(a—%)m(y CSCZ a)—m/Z [hclyv+m y( >i,1/+m—1,y,o¢"‘R;,V,y,oz(P)] (]/) (21)
The inverse transformation (h’i‘ i e “lofany @ € ?{ffv’ () is defined by
0() = ((1,,) " PW) @) = (1" DR Ry [0 ) (s @) PD)| (). (22)

Theorem 2.1. The extended fractional powers of first Hankel-Clifford transformation hi‘w v s defined by (21), is
an isomorphism from H = (I) onto itself whatever be the real number v. Moreover, h{ coincides with h?  if

na Lv,um Lvu
v+u=0.

Proof. The theorem follows from the fact that ¢ — R}, Ry @ s an isomorphism from Wf‘vy(l)

ontoHy l(I) ¢ —hi, e ¢ is an isomorphism on H H(I) and ¢ — (ycsc? @)™/2¢ is an isomorphism
from ?(i‘v o H(I) onto H 1V 1(1) (See Ref. [9], Proposition 3.6(a) and first part of the Theorem 4.2).

Now, we prove the last part of theorem. By definition (21) for m = 1, we have

(1)) = (e Dy es ) V2 R OY)-
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Using the relations [9, Proposition 3.4],
1 1 (R pa®) 1) = =@ D(yes? )2 (8, 0) (),
we have

(", 1P W) = (1, P)Y)-

Similarly for m = 2,

(-1 )2 —2i(a—% )(y csc 0() 1(h1 a2 Rl V+1,;t,aR1,V/fl/“(P)(y)
(hy,, ) (Y)-

(hlll,v,p,zgo)(y)

Proceeding in this way, we have

(P W) = (17, ,P)Y).

This completes the proof of theorem. []

Theorem 2.2. The extended inverse transformation (h1 . lm) 1, as defined by (22), is an isomorphism from HE (1)

Vi
onto itself whatever be the real number v. Moreover, (h$ )~ 1 coincides with (h$, )~ Vifv+u>0.
N,um ,v,y

Proof. The theorem follows from the fact that ¢ — (ycsc? a)™/?¢ is an isomorphism from 7—(1“ (I) onto

H;, .\, (D and lea R’i e “m(ycscz a)"2p — ¢ is an isomorphism from H,. (D onto FHE (D).
Hence, ¢ — (h1 v y) @ is an isomorphism on Wﬁv’y(l) and (See Ref. [9], Proposition 3.6([1) and second
part of the Theorem 4.2).

Now, we prove the last part of theorem. From definition (22) and (17), we have

(( 1vym) (P)(]/)

. - . v Ym-1 _ (utvim)
— (_1)mez(a—§)me—zycota gy f f e olym cota(hl o “) -1 ((x csc? a)m/2(P) ) AY -1
. Ym-1 X _
= (—1)"’y;‘f‘ye_’yCc’“"yT f f f e 05% ) 7 T Cp (Yx S ) (X)dxAY ...y
o0 0o 0

Interchanging the order of integration between y and x,, and using (7), we have

. 1+ Y Ym-2 00 . o
((h?vpm) 1(P)(y) = (_1)m7/;ﬁlelycotay*zf f f(; efzxcota(xcscza)%m

X(=1)Cyam-1(Ym-1x csc? a)(x csc? a)*l(p(x)dxdym_l...dyl. (23)
Proceeding in this way, we have
()" )W) = [, )" )I(W).

This completes the proof of theorem. []

Lemma 2.3. For any positive integers m and n both greater than —(v + u), we have hi o = h‘fw . 0N ?(fw(l)
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Proof. Note that the definition h{,, vy 1 independent of choice of m so long as v + u + m > 0. Indeed if

m>nz—(v+uy), thenhy nen = =h " by Theorem 2.1.
Hence,

(1S, m®) @)
= (1" Oy e @) R I (Rt R )] )
= (—1)"6‘1(“‘5)”(ycsc )2 (=1)m i@ ) im- ”)(ycscz )~ (m=m/2
o LN (- PRSP N IO PN )] ()
= (1) Dy es® )[R n R e R e ®)] @)
= (1)@ " (yesc? a) ™2 [h1v+ny Lv+n—lpa 1,v,p,a(P)] )
= (1, 09) ).

This completes the proof. [

Now, we obtained some interesting operational formulae for the transformation h¢ as:

Lv,um

Proposition 2.4. Let v and p be the real numbers and m be a positive integer such that v+ u +m > 0. Then for
@eH:  (I), we have

Lv,um
Mg (1 @) ) = T, (~(resc a)p) (), (24)
Bt (Riga®) ) = =€ Dyese® ) (i, ,.,.0) (), (25)
h?v LM ( ;,V,y,aqo) (y) = _(y CSCZ 0() (htll,v,p,mqo) (]/) (26)
IfoeH?, y(I), then
1 im (S300) (V) =-Wwwwmmwmwﬂw (27)
Proof. First we prove (24). Since ¢ € H: (I) then xp € H 1V 2 H(I) C 7—({"”/#(1). Moreover,
R; v+m—1 N a’ R; e = e_lx COtaxM D;nx_ (VZM) elx COta' (28)

Now, from definition (21), relation (28) and using (7), we have

Al,v,y,a (h(f’v,y,m(P) (y) = Sl,v,y,aRl,v,y,oc (hlivly,mqo) (]/)

@+n)

— (_1)meiycotay¥ Dyyv+1Dyy_ > e—iycotae—i(a—g)m(y CSC2 a)—m/Z

+y+m (v ; )

(o]
2 t ——— t
XV yam " f Crmpu(xy csc® @)t x ™z Dlix™ 2 e g(x)dx
0

(v+u+m) vp+m

= (=1)"(csc? a)‘m/zeinOtaygDyy"”Dyy‘ 2 yﬁ/!ly’“‘f Crampu(xycsc® a)x 7
0

XDm ——) 1xcota§0(x)dx

— (—1)m(CSC2 a)(v-#)/Zeiycotay%D yv+1y3¢“f Dy{cv+m(x]/ csc? a)lx
0

(f)

p)dx
— (_1)m+1(CSC2 a)(v—y)/2+1eiycotay%D yv+1y3¢y f Cv+m+1(x]/ CSC2 a)xv+m+1

_e)
XDI'x~ 2 €™ %p(x)dx.
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Now, differentiating under the sign of integration and then using (8), the right-hand side of above equation
can be written as

+H)

. —v 0 ©
(—1)m+1(CSC2 a)—(v+y+m)/2€lycotay’7yﬁy f Dy{]/_m(x]/ csc? Oé)v+m+1cv+m+1(x]/ csc? a)}Dm -5 IXCOta(P(x)dx
0
— (_1)m+1(csc2 a)—(v+y+m)/2€iycotay“2Vyﬁyf (_1)my—m—1(xy CSCZ a)v+m+lcv+m+1(xy CSC2 0()
0

00
v+p) - . =V
XD;nx—Tfezxcota(P(x)dx + (_1)m+1(csc2 a{)—(v+,u+m)/2€1yc0tay‘2yf/t”uf y—rn(x CSCZ 0()
0

X (xy csc® @) " Cyp(xy csc® a) DM x™ = er Ot (x)dx.

The first of the two integrals, in the above relation, is integrated by parts yield

Al,v,y,a (h?,v,y,m(P) (y)

p+m }

= (=1)""'m(cs® a)(y esc® a) eV Oyt f Coempu(xycsc® a)x~2 Di'x
0

P(x)dx

u+m

+ (=1)" Y (csc® a)(y csc? a) M2l cotaya y“f Cwm,y(xycscza)x z

e(x)dx. (29)

From [9], we have

(Vﬂ

L)

DTXX_(VTM 1xcota(p(x) Dm 1 - zxcota(p(x) +JCDm Lxcotaqo(x). (30)

We now consider the right-hand side of (24), to which we invoke (21) and using (30), we have

hclxvym((_xcscz a)(p)(y) = (_1)m+1e—i(a—f)m(ycsc a)” m/27/1/+myy ﬁ Cv+m,y(xstC2 a)

+ut+m (v+u

. v ) .
Xel Ot T DIy 2 X €Ot (x csc? @) (x)dx

= (1" (ese? Oé)(_l/CSC a)” m/z y#f CV+m,u(xyCSC2 a)e'y cota

vHptm

Xx 2 [ Dm 1 —— zxcota(P(x)+xDm —— 1xcota(p(x)]dx

which is equivalent to (29). This proves (24).
To prove (25), we employ Lemma 2.3 to obtain

htlxv+1ym( ;vya(f))(y)
= ( 1)m s m(y €sC a) m/zhl v+m+1,u (Ri VL, U, aR; Ty a(P) (y)
— _ez (X—E)(y csc a)l/Z(_l)m+1e—l(a—f)(m+l)(y csce 0() m+1)/2ha (R*

Lyv+m+1,u Lyv+m+1-1u,a* 1,v,y,a(P) (y)
= Dy es ) (1], 00 0) )

This proves (25).
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Next, we prove (27). Let ¢ € H

sl l(I) then we have

hzlxv+1 S m ( >iv[u a(P) (y)

_( 1)"1 e z)m(]/csc 0() m/zhavﬂn y(R; v+m—1,u,a"* R’ivya 1,v,y,a(p)(y)

=(- 1)m —i(a— Z)m(]/CSC a)” m/ZyHmyny Cv+m,y(X]/CSC20é)

‘u+m

_ i+
Xezycota DTX vax 5 1xcota§0(x)dx

= (—1)7”(]/ CSC2 0() m/2V3+m yyl—l f Cv+m,y(xy CSCZ a)eiyc()ta

H’Hm Dm+1 fx —th ltcota(p(t)dtdx

)

v+p+m +;1 1)

Dm+1 — zx cota

= (-1)"(yes® @) "2y, W f Cym,u(xy csc® ar)e o x P(x)dx
0

vpt+m (v+p+l)

H1)" Wy esS @) "y f Coromu(xy esc? a)e x5 Dy 5 e eotapydy.  (31)
0

In view of (30), (31) can be obtained in the form

h?v+1 Jm (S;,v,y,a(p) (y) = ( 1)m(]/ CSsC 0() m/zyw_m Hy:“ f Cv+m,p(xy CSC2 a)eiycota

T G glrcota
Xx~2 xDIxT 2 @ (x)dx

+

()" (v +m+ 1)y esc® a) Py, Y f Comu(xy csc® a)e” 2
0

v4u+m (L+p+ )

Xx T DI'x” ¥t p(x)dx. (32)

Further continuing the proceedings to prove the relation (27), We prove that
e =3 (y csc? a) 2 (h¢ ¢)(y) is equivalent to (32). Since ¢ € H: (I). Then, we have

Ly+1,um 1 v+,
D (yes? )P0, )W)
= e D(yes® ) P(=1)"e D (Y es )N (R e RE i 0 ®) )

_ e—i(a—g)(y csc? a)l/Z(_l)me—i(a—%)m(y csc? a)_m/ Vvtmstay!

vHp+m+1 (v+‘u 1)

00
Xf Cv+m+1,p(xy csc? a)elycotaxf DZ’Jf zxcota(P(x)
0

=)y csc? a)("**‘myﬁyy‘* f (y csc? a)Cyims1(xy csc? )

(H; 1

el cotaxv+m+1Dm ezx cotar (x)dx

Now, using the formula

Dx[cv+m (xy CSCZ 0()] = —(]/ CSC2 a)cv+m+1 (x}/ CSCZ a),
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and integrating by parts, we have

D (yes )P0, P)W)

(tp+l)

— (_1)m+1(y CSC2 a)(v—‘u)/zy?/c’yypf Dx[cv+m(xy CSCZ a)]eiycotaxv+m+lD;nx— 5 1xc0ta(P(x)dx
0

(v+u+1)

— (_l)m(]/ CSC2 a)(v—‘u)/ZVf/u,yy‘uf Cv+m(x]/ CSCZ oz)eiVCOt"‘Dx{xV+"’+1D;”x_ 5 zxcota(P(x)}
0

(v+u+1)
2

— (_l)m(]/ CSC2 a)(v—‘u)/ZVf/u,#y‘uf Cv+m(xy CSCZ a)eiycota[xv+m+1D;n+1x— eixcota(P(x)
0

(v+u+1)
2

+(v+m+ )" DX eiXCOt“(p(x)]dx. (33)

By using the formula C, ,(x) = x=/2C,(x), relation (33) can be made equivalent to (32). This proves (27).
Finally, combining (25) and (27), we obtain (26). O

Problem 2.5. With v, u and m as Proposition 2.4 and for all ¢ € Hffv’y(l), prove that

Rl,v,y,a (hlf,v,y,m(p) (y) = l(a Z)h[lyw-l S, ( (X CSCZ a)l/z(P) (y)r (34)
Sl/VrHr"‘ (hfly,v+1,y,m(P) (}/) = ei(a— )hitvy m ((x csc 0()1/2 ) (y) (35)

Proof. Applying Ry,,,,. to both sides of (21) and then using (28) with formula (7), we have

Rl,v,p,a (hcllv U, m(P) (y)
/,+L+1 (utv

Y yyiT ﬂycota( 1)"e KO‘*%””(]/CSC2 a)im/z%%m,p

1ycota

+;4+m (v+1

00
_7)
Xyt f Coamu(xycsc® @)t 9x ™2 Dlix™ 2 ™ (x)dx
0

)

— (_1\miycota [AAGE 2 \N(v—u)/2 * 2 v+mym,.——— ixcota
= v+m
(-1D)"e y 2 yw(csc a) i D {Cyim(xycsc™ a)lx"""Dix" 2 e Q(x)dx

) vt © )
— (_1)m+1ezycotay%ygly(csc2 a)(v—p)/Z-%—lf Cv+m+1(xy CSC2 0()Xv+m+1Dm —7‘ zxcotaqo(x)dx
0
= (1" @Dy ese?a) R s (R R (e @) ) ) ()

= ¢i@=3) hllyv+1 M, m( (xcsc a)l/z(P))(y)'

This proves (34).
To prove (35), we have form (21) and (28)

&WAWMW@W>

i)
1ycotay 5 D ]/ 5 lycota( 1)"e —i(a- z)m(yCSC a)” m/z)/v+m+1a

0 . +1+p+m y)
xyyf Cv+m+1,y(xycsc2 a)ezycota Dm - 1xcota(p(x)dx

0

00
iycota, £5* 2 \— 1)/2- -
— (_1)mezyco ay 5 )/3+1,“(CSC a) (utv+1)/ mf Dy{y m
0
2 \v+m+l 2 m.,— L) 1x cota
X(xy csc” a) Cpmr(xycsc” a))DYx™ 2 @(x)dx
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= (=1)" el cota £ a csc? o)~ (urvD/2-m oo —m)y~"1
v, y

)v+m+1 C - H”

zx cota

xX(xy csc? a vem+1 (XY csc? a)D¥x

+(_1)meiycotay¥y;x+1,y(csc2 a)—(y+v+1)/2—mf y—m(x CSCZ a)
0

@(x)dx

+1+u
s 5 Q) 1xc0ta

X (xy csc® ) " Cym(xy csc® a)DMx P(x)dx.

Now, integrating the first integral by parts and using (30), we have
Ser/H'a (h(f,wrl,y,m(p) (]/)

= (—1)"e'Ycota y% Vo +1,y(csc2 ) wvED/2=m f y " (csc® @) (xy csc® @) " Cym(xy s a)
0

\+1+;)

})

{mDml - etxcota (x) + xDm ezxcotac (x)}dx

— (_1)meiycotay¥yizﬂ,y(CSCZ a)(u+v+l)/2mf yim(CSC2 a)
0

2 NV 2 my— 0
X(xycsc” a) " Cyym(xy csc” a)Dix 2 e

— (_1)m€i(( —%)(—m+1)(y CSCZ a)—m/Zha

Lv+m,u

P(x)dx
(R; v+m—1,u,a* 1,v,y,a((x CSC2 a)l/z(P))(y)
=03 n)h‘l"v " m((x csc? a)l/z(p))(y).

This proves (35). O

Theorem 2.6. Let v be any real number, u and a (0 < a < 1) are real parameters. Then for any positive integer m
such thatv+u+m >0,

Riyim-tpaeRiypn ( o m(P) (y) = (-1)"e™ a——)mh‘fwm u ((x csc? a)m/Z(P) ). (36)
/2 2 -
Moreover, h1 v [hl,v.y,m] E

Proof. Applying Ry,y+1,4,« to both side of (34), we have

RiystpaRinma (hzlxwmqo) () = e—i(a—%>R1v+1,y,ah‘f,v+1,u,m( (xcsc? )'2p) ()
e_Zi(a_i)h(wa L m ((x cse a)(P) (]/)

Repeating this process, we have

Riyvem-tguaRivga (1,,0) ) = Mg (1) (xese? )" 2) (y).
Using Theorem 2.1, we have

Riyimt paRivpa (H,,u9) @) = @m0 (1) (xesc? )" 0) (y).

This proves (36).
If « = 1/2, we have

Rl,v+m—1,y,n/2'--Rl,v,‘u,n/Z(h;{fy,m@)(y) = (_1)m (h?{/im y(xm/Z(P)) (]/)

Using the fact that hf/v 2# [hn/ 2 ] ~! and from (22), we get

((h71142y m) 1(P) (]/) = (_1)mRI,11/,y,n/2 RIv+m 1u,m/2 (hl ﬁ.m H(xM/Z(p)> (}/)
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Hence, we conclude that

hﬂ/z [hTI/Z ]—1.

Lv.um Lv.um

This completes the proof of theorem. []

3. Fractional Powers of Second Hankel-Clifford Transformation of Arbitrary Order

Let v, u be any real numbers and a (0 < a < 7) and n be a positive integer such that v+ p +n > O We
define the extended fractional powers of second Hankel-Clifford transformation thy ,of any ¥ € Hj VF(I)

by

\I/(y) (hgvy nlal]) (y) = ( 1)11 o 2)"(1/ csc Oé) "2 [hZ v+n p 2 v+n—1,u, a"'S;,v,p,a#})] (y) (37)
The inverse transformation (hg‘ v, n) of any W € Hj VH(I ) is defined by
) = (08,,,) VW) @ = D'y S |0, (Y o5 )W) ). (38)

Theorem 3.1. The fractional powers of second Hankel-Clifford transformation hj s 9 defined by (37), is an
isomorphism from ?{5‘ (I) onto itself whatever be the real number v. Moreover th | coincides with hgw if
v+uz0.

Proof. The proof of theorem is similar to that of Theorem 2.1. [

Now, we obtained some interesting operational formulae for the transformation hgvy L as:

Proposition 3.2. Let v and u be the real numbers and n be a positive integer such that v+ p +n > 0. Then for

Y e gv 1(1) we have

Souma (M) @) = DG (~(resc? @) 2y) (y), (39)

1 it n (Sspat) @) = =@ D(ycs?a)?(hg, ) (¥), (40)

B in (8300a?) W) = —(esa) (i5,,,,¥0) @), (41)

AZVF“( ZV/JnllD)(y) = 2vyn( (.X'CSC a)¢) (42)
IfpeH;, . H(I), then

1 in (Raa) ) = €@ Dyes?a) (15, ,,0) @), (43)

R2,v,y,a ( 2,v+1,u, nlib) (y) = el(a_i)hg,v,y,n ((x csc a)l/zlnb) (}/) (44)

Remark 3.3. Similar results can be proved as Lemma 2.3 and Theorem 2.6 for hg‘ L and Y € H VH(I).

4. Generalized Fractional Powers of Hankel-Clifford Transformation of Arbitrary Order

In this section, we have investigated a pair of generalized fractional powers of Hankel-Clifford trans-
formation of arbitrary order on the dual spaces of 7-({"’]/,” (I) and ng,u (D).

As before n is any positive integer such that n > —(u + v). The generalized fractional powers of first
Hankel-Clifford transformation of arbitrary order (h“ )’ is defined on ( 2VH) (I), as the adjoint of h§

on 7—(5’V ” D), by

2,v,u,n

< 1vy)f \P> <f h2vyn > (45)
for f € (Hg, Y (D), W € Hy, (D).

Hence from (45) and Theorem 3.1, we have the following theorem:
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Theorem 4.1. The generalized fractional powers of first Hankel-Clifford transformation of arbitrary order v, defined
in (45), is an isomorphism from (7—{20(1/‘14),(1) into itself.

This leads to the following transformation formulae:

Proposition 4.2. For any real number v and f € (H; vu) (I), we have

U, (A1, af) @) = —(yes@ ) (5, f) (W), (46)
Avppa (05, )W) = (1, ) (~(xes®a)f) (y). (47)
Proof. LetW e ;‘,W(I). Then form (45) and (42), we have

<(h1vy)( 1vyaf) ‘I/> < 1vyaf thyn > <f AZVH“(hZ\/yn\P)>
<f hZVM( (ycsc oz)‘I’)>=< (ycsc oc)((hlw)f), \If>.

In the sense of equality in distributions, we conclude the proof of (46). By the similar arguments, we can
prove (47). O

Analogously, the generalized fractional powers of second Hankel-Clifford transformation of arbitrary
order (h‘z",vlp)’ is defined on (?{f‘w)'(l), as the adjoint of h‘l’w i ONL ‘Hl"‘VH(I), by

< ZVy)f Q)> <f hlvym > (48)
for f € (M, (D), @ € H, (0).

Remark 4.3. Similar results can also be proved as Theorem 4.1 and Proposition 4.2 for (hgw)’ and @ € wa(l).

5. Applications

In this section, applications of a pair of fractional powers of Hankel-Clifford transformations of arbitrary
order are given.

Problem 5.1. If the generalized function 5(x — a), a > 0 is defined on 7{ @ (I) then
(i) ( T, R0 = a)) (y) = yﬁyyf‘ei(y+") COWCW (ay csc? @),
(i) ((ng )00 = 0)) (y) = Y3 yte WO OeC,  (ay esc? a).

Proof. By definition (21) and (28), we have

( 1v‘urn6(x ﬂ)) (y)
= ( 1)m _l(a_7 m(y csc a) m/2 [ 1v+m y(R;,V-%—m—l,y,a 1 Vol aé(x 11))] (]/)

= (=1)"(y es® ) "y Y f(; Coamy(xy csc? )ty eotay s :

Dmx’f) e eOtaS(x — a)dx.

Integrating by parts repeatedly m times and using the formula (8), we obtain

( o mé(x )) (]/) (]/ CSCZ a)-(#+v)/2—myiv,yy# f Df{”{(xy CSC2 a)v+mcv+m(xy CSCZ a)}

v)

Xezycota —(— zrcotaé(x_a)dx

= Vouy” j(; Cyu(xy esc® a)e V9 ot s(x — a)da.
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Hence, by the properties of 6(x — a), we have the required result (i).
Next, we prove (ii). From (22) and (17), we have

(1., 00— @) (v)

1

(1" DR Riwm a8 ) ((ese )25 =) |(w)

) N ) Y1 Ym-1 _ (urvem)
(-1)'"3’("‘_E)me_’yCOt“yT Y 7 piYm cota
(o] [ee] [ee]

X[, (e s @)™ 25(x = )| (Y)Y Aoy

Y1 Ym-1
=n" yvlp ﬂycom f f f f v+m(xym CsC a)

ix cotaé

X(xesc® ) 7 e (x — a)dxdy,,...dy,dy:.

Now, by properties of (x — a) and then using (7), we have

w (YN
((hlvym) 15(x—{1))(y) = (-1)" ya iy +a) COW([ZCSC a) . +my : f f

Ym—2
f 1DCim-1(aym- csc? a)(a csc? a)_ldym_l...dyzdyl.

o]

Proceeding in this way, we get

((hiyvy m) 16(9(7 _ 61)) (y) *a —1(y+a)cotayyCV,H(ay csc? a).
This proves (ii). O

The fractional powers of Hankel-Clifford transformations of arbitrary order can also be utilized in
solving the some partial differential equations. Consider the general equation [3]:

P P P Ip I
a(x, y)ﬁ + b(x, y)m + c(x, y)a—y2 +d(x, y)a + e(x, y)@ + fx, e = G(x, y), (49)

when

a(x, y) =X, b(x/ y) = C(x/ y) = E(X, y) = 0/ d(x, y) = (1 - ‘U) + ZiXCOt(LY,

2_ 2
Fx,y) = (1 - wicota - xcof a— -~ 4x” and G(x, y) = 6(x — a),
then (49) is reduced as
@(x) — A} Vw(p(x) =0(x —a). (50)

Applying I yum 1O the both sides and using (26) and Problem 5.1(i), we get

(1+ycsc® ) (h‘f’v’ y,m(P) W) =ru yreWraeteC, (ay csc? a).

Therefore,
1 .
px) = (h‘l"wm) [yfj‘ y“e’(y“’)c"“’Cv,},(ay csc? a)(1 + y esc? a)‘l](x)
o -1
= ( 1)7".)/!1 el(aii)m [Rl v, R; wv+m=1,u,a (h?w—m p) ((y CSCZ a)m/2

XylelHDeotaC,  (ay csc? a)(1+yCSC a) )](x

I ) v Y-l (utvem)
— (_1)my1c/t,yez(a—E)me—zxcotaxT X, 7 ezx,,,cota
(o] (o] [ee]

-1 .
(h“ ) ((y csc? )" Pytelvracotac, (aycsc? a)(l + y csc? oc)_l)(xm)dxm...dxzdxl.

Lyv+m,u
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Interchanging the order of integration as (23), we obtain

(x) = ¢l Ycota L7 f C,(xy csc? a)(y csc? a) 2 y”Cw(aycsc a)
¢ 0 (1+ ycesc?a)

—a y/Z i(a— x)comxy/zf ]v(2 \/Xstcz )(yCSC (X) f‘yﬂjv(z \/LlyCSCZ )

(1+ycsc?a)

which on putting y csc? a = t, we have

dt,

oy = Lo f‘” JL2 D), (2 Vah)

at’?(csc? )i+l (1+¢)

then from Erdelyi [2, p. 49],

ol = 2 {Iv(z VOK(20), 0<x<1,

at/2(csc? @)+ | I,(20)K,(2vx), 1<x < oo,

where I, and K, are known as modified Bessel function of first and third kind respectively.
Similarly, ifa(x, v), b(x, y), c(x, v), d(x, y), e(x, y) and f(x, y) are asabove and G(x, y) = e~ Ct@x# Cyulax csc? av),
then we have

P(x) = A, 0 P(0) = ety C, (ax cs® a). (51)

Now, applying k7 wm £O the both sides and using (26) and Problem 5.1(ii), we have

(1+ycsc® ) (h‘f’v,‘l,m(p) (y) = yﬁlyei’”omé(y —a).
Therefore,
P(x) = yi,e (g, )7 (0 — @)1 + yesc @) ) (x)
= (—1)’“7/;'(/”‘3“1C"t“el(‘*_E ’“[RSW.URSW 1 (h‘fwm H) ((y csc? a)"?5(y — a)(1 + y csc® ) )](x

Xm—1 _ (ptvm)
= 7/3},€i(a_%)m€i(ﬂ_x) cotary. e f f f T pitm cota

X" (1) ((es @)™ 28y — a)(1 + yesc® a) ™)) d..dxaddxs.

Proceeding similar as Problem 5.1(ii), we obtain

ixcota 2

px) = (1 +acsc’a)le” x#C,,y(ax csc” a).

This solve our problems.

Remark 5.2. Analogously, applying the theory of fractional powers of second Hankel-Clifford transformation of

arbitrary order h§ we can solve some differential equation associated with Bessel type operator A,

2,v,un’ 2,0

Remark 5.3. Similar results of all theorems of Sects. 2 and 3 may be proved using the technique (23) for (h
and (h

-1
1vym)

1
ZV;Ln) :



A. Prasad, S. Kumar / Filomat 30:12 (2016), 3303-3316 3316

References

[1] J.J. Betancor, Two complex variants of Hankel type transformation of generalized functions, Port. Math. 46, 3 (1989) 229-243.
[2] A.Erdelyi, Tables of Integral Transform, 2, McGraw-Hill, New York, 1954.
[3] A.Kilicman, O. Altun, On the solutions of some boundary value problems by using differential transformation method with
convolution terms, Filomat 26, 5 (2012) 917-918.
[4] E.L.Koh, C. K. Li, On the inverse of the Hankel transform, Integral Transforms Spec. Funct. 2, 4 (1994) 279-282.
[5] C.K.Li, Akernel theorem from the Hankel transform in Banach spaces, Integral Transforms Spec. Funct. 16, 7 (2005) 565-581.
[6] S.P. Malgonde, S. R. Bandewar, On the generalized Hankel-Clifford transformation of arbitrary order, Proc. Indian Acad. Sci.
Math. Sci. 110, 3 (2000) 293-304.
[7] J. M. R. Méndez Pérez, M. M. Socas Robayna, A pair of generalized Hankel-Clifford transformations and their applications, J.
Math. Anal. Appl. 154, 2 (1991) 543-557.
[8] R.S.Pathak, Integral Transforms of Generalized Function and Their Applications, Gordon Breach Science Publishers, Amsterdem,
1997.
[9] A.Prasad, S. Kumar, Two variants of fractional powers of Hankel-Clifford transformations and pseudo-differential operators, J.
Pseudo-Differ. Oper. Appl. 5, 3 (2014) 411-454.
[10] A.Prasad, V. K. Singh, M. M. Dixit, Pseudo-differential operators involving Hankel-Clifford transformation, Asian-Eur. . Math.
5, 3 (2012) Article ID 1250040.
[11] A.H. Zemanian, Generalized Integral Transformations, Interscience Publishers, New York, 1968.



