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Convergence of Iterative Algorithms for
Continuous Pseudocontractive Mappings

Jong Soo Jung?

?Department of Mathematics, Dong-A University, Busan 604-714, Korea

Abstract. In this paper, we prove strong convergence of a path for a convex combination of a pseudocon-
tractive type of operators in a real reflexive Banach space having a weakly continuous duality mapping J,
with gauge function ¢. Using path convergency, we establish strong convergence of an implicit iterative
algorithm for a pseudocontractive mapping combined with a strongly pseudocontractive mapping in the
same Banach space.

1. Introduction

Let E be a real Banach space with norm || - ||, and let E* be the dual space of E. The value of x* € E* at
x € E will be denoted by (x, x*). Let C be a nonempty closed convex subset of E.

Recall that a mapping T with domain D(T) and range R(T) in E is called pseudocontractive (Kato [9]) if
for each x, y € D(T), there exists j(x — y) € J(x — y) such that

(Tx = Ty, j(x — y)) < llx — ylP,

where | : E — E* is the normalized duality mapping. The mapping T is said to be strongly pseudocontractive
it for each x, y € D(T), there exists a constant k € (0,1) and j(x — y) € J(x — y) such that

(Tx = Ty, j(x = y)) < kllx = yIP*.

The class of pseudocontractive mappings is one of the most important classes of mappings in nonlinear
analysis and it has been attracting mathematician’s interest. In addition to generalizing the nonexpansive
mappings (the mappings T : D — E for which ||Tx — Ty|| < [lx — yll, Vx, y € D), the pseudocontractive ones
are characterized by the fact that T is pseudocontractive if and only if I — T is accretive, where a mapping
A with domain D(A) and range R(A) in E is called accretive if the inequality

lIx — yll < llx — y + s(Ax — Ay)|l,
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holds for every x, y € D(A) and for all s > 0.

Within the past 40 years or so, many authors have been devoting their study to the existence of
zeros of accretive mappings or fixed points of pseudocontractive mappings and iterative construction
of zeros of accretive mappings and of fixed points of pseudocontractive mappings (see [5, 11-13, 16]). Also
several iterative schemes for approximating fixed points of single-valued or multi-valued nonexpansive
and pseudocontractive mappings in Hilbert spaces and Banach spaces have been introduced and studied
by many authors. We can refer to [2, 7, 10, 15, 17, 21] and references in therein.

In 2007, considering the result of Rafiq [15] for hemicontractive mapping in a real Hilbert space H, Yao
et al. [21] introduced an iterative algorithm (1.1) below for approximating fixed points of a continuous
pseudocontractive mapping T without compactness assumption on its domain in a real uniformly smooth
Banach space E: for arbitrary initial value x € C and a fixed anchor u € C,

Xy = Qpll + PpXy-1 + VuTx,, Yn 21, (1.1)

where {a,}, {8} and {y,} are three sequences in (0, 1) satisfying some appropriate conditions. By using the
Reich inequality ([16]) in uniformly smooth Banach spaces:

Il + yIP < 1%l + 2y, J(0)) + max{lixdl, Hiylibdiyll), Vx,y € E,

where b : [0,00) — [0,00) is a nondecreasing continuous function, they proved that the sequence {x,}
generated by the proposed iterative algorithm (1.1) converges strongly to a fixed point of T.

In particular, in 2007, by using the viscosity iterative method studied by [14, 19], Song and Chen [17]
introduced a modified implicit iterative algorithm (1.2) below for a continuous pseudocontractive mapping
T without compactness assumption on its domain in a real reflexive and strictly convex Banach space E
having a uniformly Gateaux differentiable norm: for arbitrary initial value xy € C,

Yn = Pufn-1) + (1= Bu)xn-1, Yn =1, (1.2)

{xn = QplYy + (1 - ay)Txy,
where {a,} and {B,} are two sequences in (0, 1) satisfying some appropriate conditions and f : C — Cis a
contractive mapping (i.e., there exists k € (0,1) such that ||f(x) — f(y)Il < kllx — yll, Vx, y € C), and proved
that the sequence {x,} generated by the proposed iterative algorithm (1.2) converges strongly to a fixed
point of T, which is the unique solution of a ceratin variational inequality related to f.
In 2007, Morales [12] introduced the following path for a continuous pseudocontractive mapping T in
a real reflexive Banach space E having a uniformly Gateaux differentiable norm such that every bounded
closed convex subset of the space has the fixed point property for nonexpansive self-mappings:

Xt = (1 - t)A.X'[ +tTx;, te (0, 1), (13)

where A is a continuous bounded strongly pseudocontractive mapping with a pseudocontractive constant
k € (0,1). He proved strong convergence of the path {x; : t € (0, 1)} described by (1.3) to a fixed point of T as
t — 17, which solves a ceratin variational inequality related to A.

In 2013, Jung [8] considered the following iterative algorithm for a continuous pseudocontractive map-
ping T in a real reflexive Banach space E having a uniformly Gateaux differentiable norm such that every
bounded closed convex subset of the space has the fixed point property for nonexpansive self-mappings or
a reflexive and strictly convex Banach space having a uniformly Gateaux differentiable norm: for arbitrary
initial value xy € C

Xp = 0 AXy + BuXp1 + (L —ay — B)Txy, Vn2>1, (1.4)

where {a,,} and {B,} are two sequences in (0, 1) and A is a continuous bounded strongly pseudocontractive
mapping with a pseudocontractive constant k € (0, 1). He also proved strong convergence of the sequences
generated by proposed iterative algorithm (1.4) to a fixed point of T, which solves a ceratin variational
inequality related to A.
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The purpose of this paper is to continue the discussion concerning strong convergence of the path
{x¢ : t € (0,1)} described by (1.3) and the iterative algorithm (1.4). In a real reflexive Banach space E having
a weakly continuous duality mapping ], with gauge function ¢, we establish strong convergence of the
path {x; : t € (0, 1)} described by (1.3) and the sequence {x,} by proposed iterative algorithm (1.4) to a fixed
point of the mapping T, which solves a ceratin variational inequality related to A. The main results develop
and complement the corresponding results obtained by Jung [8], Morales [12], Yao et al. [21] and Song and
Chen [17] as well as Chen and Zhu [3], Moudafi [14] and Xu [20].

2. Preliminaries and Lemmas

Let C be a nonempty subset of a real Banach space E. For the mapping T : C — C, we denote the fixed
point set of T by F(T), thatis, F(T) = {x € C: Tx = x}.

By a gauge function we mean a continuous strictly increasing function ¢ defined on R* := [0, c0) such
that ¢(0) = 0 and lim,,, ¢(r) = co. The mapping J, : E — 25 defined by

Jo() ={f € E*: (x, f) = IlIFN Il = e(lixID}, Yx € E

is called the duality mapping with gauge function ¢. In particular, the duality mapping with gauge function
@(t) = t, denoted by J, is referred to as the normalized duality mapping. It is known that a Banach space E
is smooth if and only if the normalized duality mapping | is single-valued. The following property of the
duality mapping is also well-known:

@Al - 11x1l)

i )](x) forallx e E\ (0}, 1€R, 1)

Jo(Ax) = sign )\(
where R is the set of all real numbers; in particular, [(—x) = —](x) for all x € E ([1, 4]).

We say that a Banach space E has a weakly continuous duality mapping if there exists a gauge function
¢ such that the duality mapping J, is single-valued and continuous from the weak topology to the weak"
topology, that is, for any {x,} € E with x, — x, J,(x,,) = Jo(x). For example, every I space (1 < p < o) has a
weakly continuous duality mapping with gauge function ¢(t) = 7! ([1, 4, 6]). Set

¢
D(t) = fo p(t)dt, VteR*.

Then it is known that ], (x) is the subdifferential of the convex functional @(|| - ||) at x.
We prepare the following Lemma.

Lemma 2.1. Let E be a real reflexive Banach space having a weakly continuous duality mapping |, with gauge
function @. Let {x,} be a bounded sequence of E, and let A : E — E be a continuous mapping. Let ¢ : E — R be
defined by

¢(z) = limsup(z — Az, J,(z — x))

n—oo

for z € E. Then ¢ is a real valued continuous function on E.

Proof. Let {z;} be a sequence in E such that z; — z € E. Then {z;} is bounded, z; — z, and ¢(||z; — x,[) < .
So, by the continuity of A and the weak contiunuity of J,, we have

[p(zj) — ¢(2)| = [limsup(z; — Az}, J,(zj — xn)) — limsup(z — Az, ],(z — xn))|

n—oo n—oo

< |limsup(z; — Azj — (z — Az), Jo(zj — xp))| + [limsup(z — Az, [,(z; — xn) — Jp(z — x2))|

n—oo n—oo

< limsup |z — Azj) - (z - A2)llp(|lzj — xal)) + lim sup Kz — Az, Jo(zj = xn) = Jp(z — X))

n—oo n—oo

— 0 asj— oo.

Therefore, ¢ is continuous on E. [J
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We need the following well-known lemmas for the proof of our main result.

Lemma 2.2. [1, 4] Let E be a real Banach space, and let ¢ be a continuous strictly increasing function on R* such
that (0) = 0 and lim,_,, ¢(r) = co. Define

¢
O(t) = f @(t)dt forall t € R*.
0

Then (i) The following inequalities hold:
D(kt) <kD(t), 0<k<1,
O(lx + yll) < Ol + (v, jo(x + y)) forallx,y € E,

where jo(x +y) € J,(x + y).
(ii) Assume that a sequence {x,} in E is weakly convergent to a point x. Then there holds the identity

lim sup @(||x,, — yll) = limsup O(|lx, — xII) + (||ly — xl|), x, y € E.
Lemma 2.3. [18] Let {s,,} be a sequence of non-negative real numbers satisfying
Sur1 S (1= Ap)sy + Audy, Ym0,

where {A,} and {6,,} satisfy the following conditions:

(1) {Au} C[0,1]and Y575 Ay = o0 or, equivalently, [],—o(1 — Ay) =0,
(i) limsup, . 0n < 0o0r Yylg Auldn] < oo,

Then lim, 00 8, = 0.

Let C be a nonempty closed convex subset of a real Banach space E. Recall that S : C — C is called
accretive if I — S is pseudocontractive. If T : C — C is a pseudocontractive mapping, then I — T is accretive.
We denote G = J; = (2I — T)"!. Then F(G) = F(T) and the operator G : R(2I — T) — C is nonexpansive and
single-valued, where I denotes the identity mapping.

We also need the following result which can be found in [17].

Lemma 2.4. [17] Let C be a nonempty closed convex subset of a real Banach space E, and let T : C — C be a
continuous pseudocontractive mapping. We denote G = (21 — T)™L. Then

(i) The mapping G is nonexpansive self-mapping on C, i.e., for all x, y € C, there holds
IGx — Gyl < llx —yll, and AxeC.
(if) If limy—co Xy — Txpll = 0, then im0 ||Ix, — G4l = 0.
Let C be a nonempty subset of a Banach space E, For x € C the inward set of x, Ic(x), is defined by
Ic(x):={x+Au—-x):ueC, A>1}L
A mapping T : C — E is said to satisfy the weakly inward condition if

Tx elc(x), VYxeC,
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where Ic(x) denotes the closure of the inward set I-(x). On the other hand, if Tx € Ic(x) for each x € K,
T is said to, simply satisfy the inward condition. Every self-mapping satisfies trivially the weakly inward
condition.

Finally, we recall that a Banach space E is said to be strictly convex ([1]) if the following implication holds
forx, ye€E

X+
Il <1, Iyl <1, Ix-yll>0 = H 2yH<1’

The following Lemma, which is well-known, can be found in many books in the geometry of Banach
spaces (see [1, 6]).

Lemma 2.5. If E is a real Banach space such that E* is strictly convex, then E is smooth and any duality mapping is
norm-to-weak*-continuous.

3. Iterative Algorithms

First, we need the following result, which is given in [12].

Proposition 3.1. Let C be a nonempty closed convex subset of a real Banach space E. Let T : C — E be continuous
pseudocontractive mapping, and let A : C — E be a continuous strongly pseudocontractive mapping with a constant
k € (0,1). Suppose, in addition, that T and A satisfy the weakly inward condition.Then there exists a unique path
tx; € C, t e (0,1), satisfying

x = (1 — H)Axs + tTx;.

Our first result shows that Morales’s result [12] holds in a reflexive Banach space having a weakly
continuous duality mapping ], with gauge function ¢.

Theorem 3.2. Let E be a real reflexive Banach space having a weakly continuous duality mapping |, with gauge
function ¢. Let C be a nonempty closed convex subset of E, let T : C — E be a continuous pseudocontractive
mapping with F(T) # 0, and let A : C — E be a continuous bounded strongly pseudocontractive mapping with a
pseudocontractive constant k € (0,1). Suppose that T and A satisfy the weakly inward condition. For each t € (0,1),
let x; € C be defined by

x; = (1 — )Axs + tTx;. (3.1)

Then the path {x;} converges strongly to a point p in F(T) as t — 17 , which is the unique solution of the variational
inequality
((I=A)p,Jplp—) <0, VqeKT). (6.2)

Proof. By Proposition 3.1, the path {x;} exists. It remains to show that it converges strongly to a fixed point
of Tast — 0. Let z € F(T). Since T is pseudocontractive, we have
Xt = Txy, Jo(xr — 2)) =x¢ — 2+ Tz = Txy, Jp(xt — 2))
= Il = zll(llxe = zll) = (Tx; = Tz, Jp(x; = 2))
> O(|lx; — zll) = llxe — zll(llx: — 21))
= D(llx; = zl)) = D(llx; - zI) = 0.
On the other hand, since

1-t¢
Xt — Txt = T(Axt - Xt),
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we have
(xr = Axi, Jo(xe —2)) < 0. (3.3)

Now we show that {x;} is bounded. Indeed, by strong pseudocontractivity of A, we get
(Ax; — Az, ], (xt — 2)) < Kllx; = zllp(llx; = z)).
Using (3.3), we deduce

[lxt = zllp(llxe — zI) = (x¢ = z, Jo(x — 2))
=X — Axy, Jo(xr — 2)) + (Ax; — Az, Jo(xt — 2)) + (Az — 2, [o(x; — 2))
< Kllxr = zllp(llx: = zll) + (Az = z, J(xt — 2)).

Thus we obtain .
Ilx; = zllp(llx: — zll) < m(t‘lz =z, Jp(xt — 2)), (34)

which yields

1
It = 2ll < 3= llAz = ]I

Therefore {x; : t € (0, 1)} is bounded. Since A is a bounded mapping, {Ax; : t € (0,1)} is bounded. Moreover,
from (3.1), it follows that
1 1-t 1 1-t
ITxl| = ||¥xt - TAxtH < ?”xt” + T”Axt”r
and so {Tx;} is bounded (ast — 17).
Next assume t, — 17. Since E is reflexive and {x;,} is bounded, we may assume that x;, — p for some
p € C. Since ], is weakly continuous, by Lemma 2.2, we have

lim sup ®(x;, — x|) = lim sup ®(||x;, — pll) + D(lx - pll), x € E. (3.5)

n—oo n—-oo

Put
g(x) = limsup @(||x;, — x|), x€E.

n—o0

Then it follows from (3.5) that
g(x) = g(p) + ©(llx - pll), x€E. (3.6)

From Lemma 2.4, we know that the mapping G = (2] - T)™! : C — C is nonexpansive, and F(G) = F(T).
Since {Ax;} and {Tx;} are bounded, it follows from (3.1) that

llxn = Txull < (1 = ta)llAxy — Txnll — 0.
So, by Lemma 2.4, we have ||x, — Gx,|| = 0. Thus

g(Gp) = limsup D(|lx;, — Gpll) = lim sup O(|Gx;, — Gpll)

n—oo n—oo

. (3.7)
< lim sup (b, —pl) = g(p)-
By (3.6), we also get
9(Gp) = g(p) + ©(IGp — pl). (3.8)
Combining (3.7) and (3.8) yields
(IGp —pll) < O.

Hence Gp = p and p € F(T) = F(G).
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Let {t,} be a sequence in (0, 1) such that t, — 17~ and x;, — p as n — oo. Then the argument above shows
that p € F(T). We next show that x;, — p. Replacing z in (3.4) with p, we have

1
Dllxe, = pll) = I, = pllelixe, = pl) < T—7(Ap = p, Jp(x, = p))-
Noting that x;, — p implies J,(x;, —p) — 0, we get
O(|lxs, = pll) — 0.

Hence x;, — p.
Finally, we prove that the entire net {x;} converges strongly to p. To this end, we assume that two
sequences {t,} and {s,} are such that
x, —»p and x5, — 4.

By (3.3),
(xt, = Axy,, Jo(xi, —q)) <0 and (x5, — Axs,, Jo(xs, —p)) < 0.

Since a Banach space E has a weakly continuous duality mapping J,, ], is single valued and weak-to-weak"
continuous. So, we deduce for any z € F(T),
llxs, = Axs, = (@ =A@l = 0 (s, = 17)
and
[Kxs, = Axs,, Jp(xs, = 2)) =49 = Aq, Jp(q = 2))|
= x5, = Axs, = (9 = Aq), Jp(xs, = 2)) +4q = Aq, Jp(xs, = 2) = Jo(q = 2))]
< s, = Axs, = (@ = AUy (xs, = 2N +Kq = A, Jo(xs, =2) = Jp(g =2))l = 0 assy — 17

Therefore, we get

q-Aq,],(q—2) = shfl{(xsn — Axs,, Jo(xs, —2)) < 0. (3.9)
Interchange p and z in (3.9) to obtain
(9 -=Aq,]Jp(q-p)) <0. (3.10)
Interchange g and p in (3.10) to obtain
p—Ap,Jop—q)) <0. (3.11)

Adding (3.10) and (3.11) yields
((p—q) - (Ap—Aq), Jo(p —q)) < 0.

That is,
lp — qlle(llp — qll) < klip — glledlp — ql).
This implies
(I -k2(lp —qll) <0.
Hencep = g.

Again, it follow from (3.3) that
(I~ A)xi, J(xi = ) <O, Vg € F(T). (3.12)

We notice that the definition of the weak continuity of the duality mapping ], implies that E is smooth.
Thus E* is strictly convex for E is reflexive. Noting that ], is norm-to-weak"-continuous by Lemma 2.5 and
taking the limit as t — 17 in (3.12), we obtain

((I=A)p,Jo(p—q) <0, YqeFT).

This means that p is the unique solution of the variational inequality (3.2). This completes the proof. [
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Using Theorem 3.2, we establish the following main result.

Theorem 3.3. Let E be a real reflexive Banach space having a weakly continuous duality mapping ], with gauge
function @. Let C be a nonempty closed convex subset of E, let T : C — C be a continuous pseudocontractive
mapping with F(T) # 0, and let A : C — C be a continuous bounded strongly pseudocontractive mapping with a
pseudocontractive constant k € (0,1). Let {a,} and {B,,} be sequences in (0, 1) satisfying the following conditions:

(C1) limy—eo ay = 0 and limy e fu = 0;
(€) T 7% = o

n=1 Qp +ﬁn -

For arbitrary initial value xq € C, let the sequence {x,} be defined by
Xp = g Axy + BuXpa + (1 —ay — Bn)Tx,, Vn>1 (3.13)
Then {x,} converges strongly to a fixed point p of T, which is the unique solution of the variational inequality (3.2).

Proof. We divide the proof into several steps as follows.
Step 1. We show that {x,} is bounded. To this end, let g € F(T). Then, noting that

Xn —q = ap(Axy — q) + Bu(Xu-1 — q) + (1 = ay — Bu)(Txn — q),

(Tx, - q, J(xn — q» <lx, - q”(P(”xn - 17||) (3.14)
and
(Axy — Aq, J(xn — q)) < Kllxu — qlle(llx, — gll), (3.15)

we have

X = gllp(llx, — gll) = anl(Axy — Aq) + (Aq — Pl + Bu(xn-1 — q) + (1 = an = Bn)(Txn — q), Jo(Xu — q))
< aykllx, = qllo(llx, —ql) + axllAg — glle(llx, — qll)
+ Bullxn-1 = glle(lxn = gll) + (1 — an = Bu)llxn — glle(llx, — 411,
which implies
I, —gll < (1 = au(1 = k) = Bu)llxy — gl + anllAg = gll + Bullxn-1 — 4ll.

So, we obtain
gl S -
1 -ka, + B (1 -k)a, + B
__-Ra lAg-dl B
1-Ka,+p, 1-k (1-Kay, + B,
lAg - qll}
1-k J

llxn lAg —qll + (-1 =9l

llxp—1 = pll

< max{ I, - gl
By induction, we have
1
I = gl < max{lixo = gl = Il4g = g} forn > 1.

Hence {x,} is bounded. Since A is a bounded mapping, {Ax,} is bounded. From (3.13) it follows that

1
IToxull = = (Ileull + anllAxull + Ballxn-ll),

ay — ﬁn
and so {Tx,} is bounded (n — ).

Step 2. We show that lim, . ||x, — Tx,|| = 0. In fact, by (3.13) and the condition (C1)

Iy = Txpll < aullAxy — Txpll + ﬁn”xn—l = Tx,|| — 0.
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Step 3. We show that limsup, _, (Ap —p, J,(x, —p)) < 0, where p = lim;_,;- x; with x; € C being defined
by x; = (1 = )Ax; + tTx; in Theorem 3.2. We know from Theorem 3.2 that p is the unique solution of the
variational inequality (3.2). Using the equality

xr — xy = HTxy — x) + (1 — )(Ax; — xp)
and the inequality
(Tx =Ty, Jo(x = y)) < llx = yllp(lx - yll), Vx, yeC,

we obtain

llxe = xallgllee — xull) = ETxr = 20, Jp(xr — %)) + (1 = )CAX; — X, J (Xt — X))
= t[{Txr = Txp, Jo(xt = X)) + (T = X, J(xr — x0))]
+ (1 = )Ax;: — xp, Jp(xr = x0)) + (1 = B)llx — xull(llx: = x4ll)
< tlxe = xullo(lxs = xall) + HITx, — xullo(lxs — x,ll)
+ (1 = t)(Ax; = xt, o (xr = x0)) + (1 = H)llxr = xullp(llx: — xall)
and hence

HITx, — xull
b = ).

Therefore, by Step 2 and limsup,,_,  @(|lx; — x,l[) < o, we have

xr = Axt, Jo(xr — xp)) <

t”Txn - xn”

lim sup{x; — Ax;, Jo(x; — x,)) < limsup — @(llxt = x4ll) = 0.

n—oo n—oo 1

Thus, by Lemma 2.1, we conclude

lim sup{Ap — p, Jo(xn —p)) = tlirlr} lim sup{Ax; — x, Jo(xy — x1)) < 0.

n—oo n—oo0

Step 4. We show that lim,_ (X, — pll = 0, where p = lim,,;- x; with x; € C being defined by x; =
(1 —t)Ax; + tTx; and p € F(T) is the unique solution of the variational inequality (3.2) by Theorem 3.2. To
this end, first we note that

Xp—p = an(Axy — Ap) + Bu(xn-1 —p) + an(Ap —p) + 1 — an — Bu)(Tx — p).
From (3.13), (3.14), (3.15) and Lemma 2.2, we have

O(|lxy = pll) < P(IBuxn-1 = pll) + an(Axy — Ap, Jo(xu = p))
+ (1= an = Bu)Txy —p, ](p(xn —p) +aAp —p, ]go(xn -p)
< Bu@(llxn-1 = pll) + kanllx, = plle(lx, — pll)
+ (1 = ay = B)llxn = plle(lx, = pll) + anlAp = p, Jo(xn = p))
= BnP@(llxn-1 — pl) + (1 = (1 = )y — B)P(Ilxn — pll) + anlAp — p, Jo(xn — P))-

This implies that
ﬁ‘fl Ay
D(lx, — pll) < mq)(llxn—l -l + m<AP =1 Jo(xn —p))
_(1_ _(A=kay _ A-ka, 1 _ _ (3.16)
-(1 T B o~ plh + TRy TR AP =PIyt =)

= (1 = An)@(|lxn-1 = pll) + Anbn,
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where A, = % and 6, = 7 (Ap—p, Jo(xn—p)). We observe that 0 < % <1land (i‘_ﬁf < (1(—11;)2)13
From the condition (C2) and Step 3, it is easily seen that },”; A, = coand limsup, _,_, 6, < 0. Thus, applying
Lemma 2.3 to (3.16), we conclude that lim, . ®(||x, — pll) = 0. Hence lim, . x, = p. This completes the
proof. [

Corollary 3.4. Let E be a real reflexive Banach space having a weakly continuous duality mapping |, with gauge
function @. Let C be a nonempty closed convex subset of E, and let T : C — C be a continuous pseudocontractive
mapping with F(T) # 0. Let {a,}, {Bn} and {y.} be three sequences in (0, 1) satisfying the conditions (C1) and (C2)
in Theorem 3.2 and y, = 1 — a, — B, for n > 1. For arbitrary initial value xo € C and a fixed anchor u € C, let the
sequence {x,} be generated by

Xy = Qpld + BpXp_1 + VnIx,, ¥Yn>1.

Then {x,} converges strongly to a fixed point p of T, which is the unique solution of the variational inequality

p—uJolp—q) =<0, VgeFT).

Proof. Taking Ax = u, Vx € C as a constant function, the result follows from Theorem 3.3. [

Remark 3.5. 1) Theorem 3.2 extends and improves Theorem 3.1 of Chen and Zhu [3] (and Theorem 2.1 of Moudafi
[14] and Theorem 3.1 of Xu [20]) in the following aspects:

(a) The nonexpansive mapping T is replaced by a continuous pseudocontractive mapping T.

(b) The contraction f (and the constant u) is replaced by a continuous bounded strongly pseudocontractive mapping
A

2) Theorem 3.2 also develops Theorem 2 of Morales [12] to a reflexive Banach space having a weakly continuous
duality mapping |, with gauge function ¢.

3) Theorem 3.3 says that Theorem 3.2 of Jung [8] holds in a reflexive Banach space having a weakly continuous
duality mapping |, with gauge function .

4) Theorem 3.3 also extends and improves Theorem 3.1 of Yao et al. [21] in the following aspects:

(a) u is replaced by a continuous bounded strongly pseudocontractive mapping A.
(b) The space is replaced by a space having a weakly continuous duality mapping |, with gauge function .

(c) The condition lim,_ e I”gﬁ = 0 is weakened to the condition lim,_,c ¢y = 0 and lim,, e By = 0.

5) Theorem 3.3 develops and complements Theorem 3.1 of Song and Chen [17] by replacing the contractive
mapping f in the iterative algorithm (1.2) with a continuous bounded strongly pseudocontractive mapping A in a
reflexive Banach space which has a weakly continuous duality mapping |, with gauge function ¢.
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