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Abstract. Recently, the idea of asymptotic density of order o has been introduced by Bhunia et. al. in [7].
In the present paper we introduce the notion of uniform density of order a and define and study related
convergence methods so-called I,-convergence of order a and uniform strong p-Cesaro convergence of

order a. Furthermore, some examples are displayed here to show that these concepts are not same with the
concepts defined in [7].

1. Introduction and Preliminaries

The notion of uniform density was introduced and studied in [18], [9] and [10]. It has a relation with
natural density and is used in various parts of mathematics, in particular in number theory and ergodic
theory, see for example [19, 23, 35]. In this paper we first make a new approach to the notion of uniform
density by defining it in restricted form. Then we study on related convergence methods.

Now we remind some basic notations and definitions used in this paper.

Let A Cc N. If m,n € N, by A(m, n) we denote the cardinality of the set A N [m,n]. The upper and lower
asymptotic (natural) density of the subset A is defined by

d(A) = lim sup——— ( ) and d(A) = hmmfA (1 n)

n—oo

If d(A) = d(A) then we say that the natural density of A exists and it is denoted by d(A). Any number
sequence x = (xi) is statistically convergent to the number L provided that for each ¢ > 0, d (A;) = 0, where
A ={keIN: |xx — L| > €}. In this case we write st — limx = L (see [17]).

The uniform density of A ¢ N was introduced in [34] (also in [9] and [18]) as the following: Put

a, =minA(m+1,m+n) anda”" = maxA(m+1,m+n).
m=0 m>0

Then existence of the limits

n

u(A) = 11m— 7(A) = lim &

n—o 1

2010 Mathematics Subject Classification. 40A05, 40D25

Keywords. uniform density; I,-convergence of order «; statistical convergence; uniform strong p-Cesaro convergence
Received: 05 September 2014; Accepted: 12 December 2014
Communicated by Hari M. Srivastava

Email addresses: mohiuddine@gmail.com (S. A. Mohiuddine), cbelen52@gmail. com (C. Belen)



S. A. Mohiuddine, C. Belen / Filomat 30:12 (2016), 3209-3216 3210

is obvious and they are called the lower and upper uniform density of the set A, respectively. If u(A) =
Uu(A) =u(A), then u (A) is called the uniform density of A.

Let I be an ideal of subsets of N (i.e. I is an additive and hereditary class of sets). A sequence of real
numbers x = (xy) is said to be I-convergent to L provided that for each ¢ > Otheset A, = {(k € N : |[xy — L| > ¢}
belongs to I. In this case, we write [-lim x = L (see[21]). Putl = I; = {A € IN : d (A) = 0}, then I;-convergence
coincides with statistical convergence. We refer readers to see [1, 6, 8, 20, 25-32, 37] for recent studies on
I-convergence and statistical convergence.

Inthecasel =1, ={A c IN : u (A) = 0}, we obtain I,-convergence which was studied by BaldZ and Salat
in [3] or by Pehlivan in [33] with the name of uniform statistical convergence (see also [14] and [38] for
double sequences). If x = (xy) is I,-convergent to L, we write [, — lim x; = L.

In [7], Bhunia et al. have generalized the concept of statistical convergence by replacing n with n®
(0 < a £1) in the definition of natural density and they called it as statistical convergence of order « (see
also, [11]). Let 0 < a < 1 be a real number. Then

AWM o d® (A) = liminf

de (A) = lim sup— " —

A(l,n)
nﬁé

are called the upper and lower asymptotic density of order a of the set A, respectively. If the limit lim,, ‘%

exists then d* (A) = E(A) = d*(A) is said to be the asymptotic density of order « of the set A. The real
number sequence x = (i) is said to be statistically convergent of order « to L provided that for all € > 0,
d* (Ae) =0, i.e.

. Hk<n:|xx—L|> e}
lim

n—oo ne

=0.

In this case we write S —lim x = L and the set of all statistically convergent sequences of order « is denoted
by mg.
0

2. Main Results

In this section we first define the notion of uniform density of order a of a subset of positive integers.

Definition 2.1. Let A € N and 0 < « < 1 be a real number. Then the limits

minA (m + 1,m + n) maxA (m +1,m + n)

u® (A) = lim 222 and 7 (A) = lim 222
- n—oo na« N—00 na

exist and they are called the lower and upper uniform density of order a of the set A, respectively. If u® (A) = u” (A)
then u® (A) = u® (A) is called the uniform density of order a of A.

We can easily see that [ = I« = {A C N : u* (A) = 0} is an admissible ideal in IN. Also, we can easily see
that for each A C IN the inequalities

u" (A) < d* (A) < do (A) <" (A)

hold. Hence if u“ (A) exists then also d* (A) and u“ (A) = d* (A) exists. The converse is not true. For example
for the set
A= J{ior+1,105+2,..,10 + i} (1)

k=1

it is easy to see that d* (A) = 0, u® (A) = 0, u" (A) = o for a = 1/2.
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Definition 2.2. The real number sequence x = (xi) is said to be I,-convergent to L of order « if for each € > O the set
A; belongs to Ly, i.e. u* (Ae) =0, where A = {k € IN : |xx — L| > €}. In this case we write I, — lim x; = L.

In Theorem 3 of [3], the authors claim that any sequence x = (xi) is I,-convergent to L if and only if there
exists a set K ¢ IN with u (K) = 1 and the subsequence (x,),cx converges to L. But it is pointed out in [5] that
Theorem 3 of [3] is not true. However we can prove the following for 0 < a < 1.

Note that from now on, we apply our new concepts to obtain similar results proved in [7].

Theorem 2.3. If the sequence x = (xi) is I,-convergent to L of order a (0 < a < 1) then there is a set K =
k1 <ky <---<ky <---} C Nsuch that u" (K) = co and lim, 0 X, = L.

Proof. Suppose that I,« —limx; = L. Put K; = {k€ N : |x; —L| <1/j} (j=1,2,...). Then by definition of
I,-convergence of order «, we have u" (]N\Kj) = 0 and it is easy to check that u" (K]) =00 (j=1,2,..). Also,
by the definition of K; we have

KlDKzD"'DK]'DKj+1D-'- (2)

Let (A ]-) be a strictly increasing sequence of positive real numbers. Let us choose an arbitrary numbers; € K;.
By (2) there exists a number s, > s1, s, € K such that for each nn > s, we have n™ max,»0 Ko (m + 1, m + n) >
A,. Further choose an s3 > s,, s3 € K3 such that for each n > s3 we have n™* max,,,»o K3 (m + 1,m + n) > As.
In this way we can find an increasing sequence of positive integers s; <s <--- <s; < --- such that

max K; (m +1,m + n)
m>0

s;€K; (j=1,2,..) and

a > A]' (3)

for each n > s;. Now define the set K as follows:

Each positive integer of [1, s1] belongs to K and suppose that any positive integer of [s jsS j+1] belongs to
K if and only if it belongs to K; (j = 1,2, ...). According to (2) and (3) it follows that for each 1, s; <1 < sj41
we have

maxK(m+1,m+n) maxK;(m+1,m+n)
m>0 > m>0

> A je

ne ne

From this it is obvious that u" (K) = oo.
Let ¢ > 0 be given and choose j such that 1/j < ¢. Let n > s;, j € K. Then, there exists a number r > j

such that s, < n < s,41. From the definition of K, n € K, and hence

1 1
lx,—-Ll<-<=<e¢.
r
Thus, lim,,,« X, = L and this completes the proof. m]

Remark 2.4. The converse of Theorem 2.3 is not necessarily true. For instance, let A C IN be the set given by (1)
and consider the sequence x = (xi) defined by

1, keA
%=1 0, k¢A.

Then limy oo k,ea Xk, = 1 and A has the property u" (A) = oo for a = 1 but x is not I,,-convergent of order a. Since
S*—limx =0 forall a,0 < a <1, this example also shows that m{ # m(. That is, the inclusion m{ C my is proper.

Theorem 2.5. Let 0 <a < B < 1. Then m{ C m/f and the inclusion is strict for any a < p.
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Proof. Let 0 < @ < < 1. Then

maxA.(m+1,m+n) maxA.(m+1,m+n)
m>0 m=0

nb ne

for each ¢ > 0 and this implies that m} C m‘f . To verify the strictness of inclusion consider the sequence
x = (x;) defined by

1, keP
xk:{o, keP. @)

where P is the set of all prime numbers. Let a = 1/2 and = 1. For the reason that u! (P) = u(P) = 0 (see
[10]), x is I,-convergent to zero. The well-known prime number theorem tells us that the number of primes
less than n is approximately n/ log n. Therefore

inAs(m+1,m+
AL

~ — 00, as 1 — 0.
ni/2 logn ’

Thus x is not I,-convergent of order « for & = 1/2. m]

Corollary 2.6. If a sequence is I,-convergent of order a to L for some 0 < o < 1, then it is I,,-convergent to L, that is
m{ C my and the inclusion is strict.

Lorentz [22] defined that a sequence x = (xy) is almost convergent to a number L if every Banach limit
of x is equal to L, which is equivalent to the condition

m+n
lim — Z X = L, uniformly in m.
n—oo 11
k=m+1

On the other hand, in [3] Balaz and Salat introduced the concept of uniformly strong p-Cesaro convergence
which is a generalization of the notion of strong almost convergence (see [24]). The sequence x is said to be
uniformly strong p-Cesaro convergent (0 < p < o) to L if

m+n
lim — |x¢ — LIP = 0, uniformly in m.
e
By uw,, denote the set of all sequences which are uniformly strong p -Cesaro convergent.
Next, we generalize this method by replacing 1/n with 1/n*,0 < a < 1.

Definition 2.7. Let 0 < p < coand 0 < a < 1. Then a sequence x = (xy) is said to be uniformly strong p-Cesaro
convergent of order a to a number L if

m+n

1
lim — Y g~ L =0

n—oo N
k=m+1

uniformly in m. By uwy we denote the set of all sequences which are uniformly strong p-Cesaro convergent of order
a.

Theorem 2.8. Let 0 < p < coand 0 < a < 1. If a sequence x = (xi) is uniformly strong p-Cesaro convergent of
order a to L then it is I,-convergent of order o to L.
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Proof. Suppose that x is uniformly strong p-Cesaro convergent of order « to L and let ¢ > 0. Then for each
m > 0 we have

m+n m+n

1 Z 1
— Y m-LF 2— Y - Lp
o o
n k=m+1 n k=m+1
|xx—L|>¢

maxA, (m+1,m+n)

m>0
> b o
n
= gpa—‘
na
a?‘l
This implies that lim, i Oand u* (A;) =0,i.e. I« —limx; = L. O

Remark 2.9. The converse of Theorem 2.8 holds for a = 1 in case of bounded sequences, which is proved in [3].
However, we claim that it does not hold for 0 < a < 1 even in case of bounded sequences. To show this we have
to construct a sequence such that it is bounded and I,-convergent of order o but not uniformly strong p-Cesaro
convergent of order aw. We leave it as an open problem.

Theorem 2.10. Let 0 <p < coand 0 <a < <1. Then uw, C uwﬁ and the inclusion remains strict for any a < p.

Proof. Let x = (x) € uwy. Then for given a and g such that 0 < a < g < 1 and a positive number p, we have

m+n m+n

1 1
_ — 1P - —_ 1P
52, k-LP <= ) -1l

k=m+1 k=m+1

for each m > 0, which gives that uw; C uwﬁ.
To verify the strictness of inclusion we give two examples. First, consider the sequence x = (x;) defined

by

(1, k=1,
Ymk =10, k2l,1eN

for each m > 0, where j is any positive integer such that a < % < p. Then it is easy to see that

1 m+n ) 1 n ) nl/j 1
" Z e — L :E2|xm+k_0| S F T
k=m+1 k=1
. 14
Since pyr —0asn — oo, x€ uwﬁ. But x ¢ uwy,.
The another example can be given as in proof of Theorem 2.5. For the sequence x defined by (4), x € uw;
but x ¢ uwll,/ 2, O

Let m be set of all bounded real sequences endowed with the supremum norm. Then we have the
following result.

Theorem 2.11. For any fixed a, 0 < a <1, the set m{ N m is a closed linear subspace of m.

Proof. It is obvious that m{ Nm is a linear subspace of m. To show that it is closed, let x® = (x§k)) (k=1,2,..)

be any sequence in m$ Nm and x® — x = (x]-) inm . Then ||x® —x|| — 0ask — co. Since m¢ c m
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(Corollary 2.6) and my N m is closed in m (see [4]), we have x € m; Nm. Also, since x® m{ C my, x®
is I,-convergent to some number L; for all k € IN. We will verify that the sequence (Li) is convergent to

number L and the sequence x = (x j) is I,-convergent of order « to L. Now we have

1 m+n 1 m+n 1 m+n 1 m+n
Ly — L, < |- E X — Ll + |—= E X" L+ |- E P E X" (5)
n. / n. / n. ;oon, J
j=m+1 j=m+1 j=m+1 j=m+1

for all j € N. Let ¢ > 0. Since x®¥ — x in m, there exists ny € N such that for k,r > ny we have
“x(k) - x(’)“oo < §. Since x® and x is I,-convergent to Ly and L,, they are also almost convergent to these
numbers (see Theorem 1 of [3]), so there exists an py such that the first and second summand in (5) is less
than § for n > py, m = 1,2, ..., respectively. On the other hand, we have

1 m+n 1 m+n 1 m+n 1 m+n €

- § P 2 <= § ‘x(,k)—x(.r) < - 2 [[x® =20 < =

n, ] n. Y n, ] ] n, © 3
j=m+1 j=m+1 j=m+1 j=m+1

Consequently from (5) it follows that |Ly — L,| < ¢ for all k,# > ng. This means that (L) is a Cauchy
sequence of real numbers. Thus there exists L such that limy_,., Ly = L. Further let 7 > 0 and set A, =

{] eIN: le - L| > r]}. Choose an r such that Hx(’) - x”m < g and ||L, — L||o < g holds at the same time. Also

setan{je]N:

xy) -L,

> g} For an arbitrary j € IN we have

2
|x]-—L(§'xj—x§.V) + +|Lr—L|<?n+ (6)

xj.y) -L,

xy) -L,

According to (6), j € A, implies j € B;, thus A, C B,. Using the fact that u® (B,,) =0, we get u® (An) =0and

therefore I,« —lim x; = L. This shows that x = (xj) € m{ and so m{ is closed in m. O

3. Concluding Remarks

In this section we suggest new different ideas for further study.
Let A = (A,,) be a non-decreasing sequence of positive numbers tending to co such that

A1 S A +1, A =10

Then by using such type sequences and the idea given by Altin et al. (see [2]), we can define a generalization
of uniform density as the following:
Let A c N and 0 < a < 1 be a real number. Then the limits

minA(m+ A, —n+1,m+n)

. m=>0
uj (4) = lim Ag

and

maxA(m+ A, —n+1,m+n)
m>0

uy(A) =1
uy (A) nl_{{}o A

exist. These are called the lower and upper uniform A-density of order a of the set A, respectively. If
uy (A) = ) (A) then ug (A) = uj (A) is called the uniform A-density of order a of A. Then with the help of
uniform A-density of order a, one can define the corresponding method I,,,-convergence of order a.
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On the other hand the concept of double uniform density for any subset of IN X IN has been introduced
by Das and Savas in [14] (see also [38]). Hence our results can be reformulated in the light of the concept of
double uniform density of order a.

Finally, we note that some sequence spaces can also be defined through the corresponding convergence
methods of these densities of order «a (for instance see [12, 13, 15, 16, 36]).
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