Filomat 30:12 (2016), 3177-3186
DOI 10.2298/FIL1612177N

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

re/ 8
U o
Ut @a\di‘

&
0 W
Zpppor

Complete Convergence for Weighted Sums of Weakly Negative
Dependent of Random Variables

H. Naderi®, M. Amini?, A. Bozorgnia®

*Department of Statistics, Faculty of Mathematical Science, Ferdowsi University of Mashhad, Mashhad, Iran

Abstract. Some basic theoretical properties and complete convergence theorems for weighted sums of
weakly negative dependent are provided and applied to random weighting estimate. Moreover, various
examples are presented.

1. Introduction

The concept of complete convergence introduced by Hsu and Robbins [6] as follows. The sequence
{Xi,i > 1} of random variables convergence to constant C completely, if )", P(IX,, — C| > ¢) < oo for every
€ > 0. The complete convergence of dependent random variables has been investigated by, for example,
Wang et al. [16], Ko [7], Wu [17], Sung [15], Jun and Demei [11], Amini ef al. [1] and Deng et al. [4]. In this
paper, we derive some basic theoretical properties, complete convergence for weakly negative dependent
(WND) under conditions and applied the results to random weighting estimate. The concept of WND
random variables was introduced by Ranjbar et al. [12] in bivariate case, this class is well defined and
contains a large class of multinomial distribution functions and some interesting application for WND
sequence have been found. For example, for WND random variables with heavy-tails Ranjbar et al. [13]
obtained the asymptotic behaviour of product of two random variables and also, Ranjbar et al. [12] studied
the asymptotic behaviour of convolution. The assumption of WND for a sequence of random variables is
special case of extended negative dependent (END), or negative dependent (ND). So, it is very significant
to study on a limiting behaviour of this WND class.

The paper is organized as follows. Two important definitions, some basic properties and the relationship
between WND, END and ND are given in Section 2. The main results are presented in Section 3 that
application of them are used about random weighted estimate. Further, in Section 4 some well-known
multivariate distributions possess in Definition 2.1.

2. Definitions and Preliminaries

This section contains main definitions and some properties of WND random variables. Also, we will
provide some preliminary facts needed for the proof of our main results in next section.
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Definition 2.1. (Ranjbar et al. [12]) The random vector X = (X, ..., X,) is said to be weakly negative dependent
(WND) if there exists a constant My > 1, such that forn > 1

for ) < My ] e,
i=1

where f(x1,...,x,) and fi(x;)’s are joint density and marginal densities of random vector X, respectively.

We say that f(x, ..., x,) is WND, if satisfy condition in Definition 2.1. A sequence {X;,i > 1} of random
variables is said to be pairwise WND if X; and X; are WND for all i # j and also, is said to be WND if every
finite subset X, ... X,, is WND.

In the following we have example that satisfy the Definition 2.1.

Definition 2.2. (Liu [9]) The random vector X = (X3, ..., Xy) is said to be extended negative dependent (END) if
there exists a constant M, > 0 such that both

n
P(Xy <31, Xy < 5,) < Mo [ [ P(Xi < %)
i=1
and
n
PG > %1, X > %) < M Hp(x,- > x;)
i=1
holds forn > 1 and x1, ..., x, € R. It is obvious that the sequence {X;,i > 1} is negative dependent (ND) if M = 1.

Example 2.3. Let random vector X = (Xj, ..., X;;) have n-dimensional Farlie-Gumble-Morgenstern (FGM)
distribution as

F1,...,n<x1,-.-,xn>=[]'[a<xi)][1+ Y, al-]-E(x»E(xj)],
i=1 1<i<j<n

where F; =1-F;,i=1,---,n, are corresponding marginal distributions and «;; are real numbers chosen
such that F;... , is a proper n-dimensional distribution. It is easy to show that the n-variate FGM family is

END with M, = 1 + Z il

1<i<j<n

Remark 2.4. If X = (X,...,X,) is a WND random vector then is END with M, > 1. In fact the WND
condition presented in Definition 2.1 is a useful criterion for characterization class of END random variables.

We list some basic properties of WND based on our results. Let X = (Xy,...,X,)and Y = (Y3,...,Y,) be
two WND random vectors, then

Pq. If hi(+), ..., hu(-) are all strictly monotone real functions then h;(Xy), ..., h,(X,) are WND.

Py. If hi(), ..., hu(-) are non-negative real function then for all n > 2, then there exists M; > 1 such that
E( [ e <y [ ] ).
i=1 i=1

In particular, if h;(x;) = €%, for all i > 1 and some real ¢, then E (Hle etXi ) < My [T, E(e™).

P;. If X1Y (X and Y are independent ) then random vector (Xy, ..., X, Y1,...,Yy) is WND.
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P4. If XLY and Y is a positive random vector then random vector (X1Y3, ..., X,Y,) is END.

Ps. TEXLY then (X; + Y1, ..., X, +Y,) is END.
n

Pe. If S, = Z X;, then fs,(s) < M f™, where f is n-convolution independent of random variables.
i=1

P;. For alli # j, there exists M; > 1 such that
Cov(X;, X)) < (M — 1)ffPi(x)Fj(y)dxdy.
RJR

Pg. Let random vectors X and Y have joint densities fi(x1,...,x,) and fo(x1, ..., x,) respectively that having
fixed marginal densities. Then f,(x1,...,x,) = afi(x1,..., %) + (1 —a) fa(x1, ..., x,) for 0 < @ < 1, is still
WND.

Py. Any subset of WND random variables is WND.

Proof. Here, we prove the property Py as the following. One can easily show the properties P; — Py. Let A
and B are partitions of {1,2,3,...,n}, n(B) = #B and dx; = dx;,,dxj,,--- ,dxj,, corresponding to partition B

then,
f(xi,icA) = fR...fRf(x,-,ieA,xj,jeB)@lefR...fRHﬁ(xi)-Hﬁ(x,-)@

i€A i€B
M [ [ fe). 0

i€cA

Theorem 2.5. Let {X,,,n > 1} be a absolutely continuous sequence of WND r-dimensional random vectors with
sequence of density functions {f,,n > 1} such that there exists constant M > 0, Vn : f, < Mae. and f, — f a.e.,
where f is density function of random r-dimensional vector X. Then X is END.

Proof. Consider random vector X, = (X1,, Xo, . .., Xin) and, fi, and f; be density functions random variable
Xy and X; for 1 < i < r respectively, we can write

lim fi,(x;) = limf...ff,,(xl,...,x,)dxl...dxi_ldx,-ﬂ...dx,
n—oo R R

n—oo

f...ff(xl,...,x,)dxl coodxisdxi <. dxe = fi(xi), (by dominated convergence theorem).
R R

Therefore exists M; > 1 such that
f e ) = im foey . ) <M ] ] i e = 3 [ e

So, random vector X is WND, hence by Remark 2.4 X is END. [0

Definition 2.6. A sequence {X;,i > 1} of random variables is said to be stochastically dominated by a random variable
X if there exists a positive constant C such that P(|X;| > x) < CP(X| > x), forall x > 0 and n > 1.

Lemma 2.7. Let {X;,i > 1} be a sequence of random variables which is stochastically dominated by a random variable
X. Forany B > 0and b > O, the following two statements hold:

EIXiPI(1Xi| < b) CIEIXPI(X] < b) + bPP(X] > b)],

<
EXPI0Xi| > b) < GEIXFI(X| > b),

where Cy and C, are positive constants. Consequently, E|X;|f < CE|X|P, where Cis a positive constant.

Proof. The proof can be found in Lemma 4.1.6 of Wu [18]. So the details are omitted. O
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3. Complete Convergence Theorems

In this section, we derive the complete convergence for weighted sums of WND random variables under
some suitable conditions.Throughout this part, the symbol C denotes constant which is not necessarily the
same one in each appearance.

The following theorem concerning the rate of complete convergence of weighted sum Y/, a,;X; under
some suitable conditions on the coefficients.

Theorem 3.1. Let {X;,i > 1} be a sequence of WND random variables which is stochastically dominated by a random
variable X and {a,;, 1 < i < n,n > 1} be an array of real numbers with Y.,._; a>, = O(n). IfE|X|* < 00,0 < a < 2.
When 1 < a < 2, assumes that EX; = 0,1 > 1. Then for € > 0,

| > enl/“] < co.

k

Z i X
-1

k

Zan,X
i=1

1/a

Proof. Let A, = max > enll®

1<k<n

max inwhich X7, X5, ..., X,

1<k<n

> en'" | and similarly Aj, =

are independent random variables with X; e X: (means, equal in distribution) for each i. Then

f...fAnf(x1,...,xn)dx1...dxn

le---Ln fi(x1) ... fu(xy)dxy ... dx, (by Definition 2.1)

M1fmfAnff(xQ...f,j(xn)dxl...dxn

M;P(A}),

P(Ay)

IA

where enough to show that },"; n7!P(A}) < o0
For any i > 1, define

X" = XX < n') + 0O > V) = n (X < -0,

k
SO YN ) )
T, =n E ai(X; —EX} ).
i=1

It’s easy to show that

k

Z i X;
i=1

k

(n)
Yo
i=1

i=

max

1<k<n 1<k<n

U |X*| > nl/a}

i=1

/“e}.

[max > 7’1 8} C

Then for every ¢ > 0,

n
n Y P(X| > n'/)
i=1

v
:D—‘

B
N
A

gk

Il
—_

n

(o]
+ Z 7P| max
= 1<k<n

= I+H.

k

()
E am‘EX:

i=1

T* > ¢ — maxn~/®
1<k<n
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k

(1)
Y auEX;

i=1

-1/

First we show that n max — 0.

1<k<n
(i) When 0 < a < 1, then
k

Y EauX;”

=1

n Y% max
1<k<n

n

_ o

< n U“E |2l EIX; |
i=1

n
w0 Y lal {EIXGIX] < n'/%) + /o POX;) > n1/o))
i=1

IA

n

Crn1% Y Jay {EIXII(X] < n'/%) + n /o P(X] > n1/%) + /2 P(X]| > n'/))
i=1

(by Lemma 2.7')

= Cn"V{EIXII(X] < n'/%) + 20 *P(X]| > n'/*)]

IA

( by Holder inequality Z la,i| = O(n))

i=1

IN

Cpl—Ve Z EIX|I((k — 1)1/a <Xl < kl/a) + 2CnP(|X| > nl/a).
k=1

Since

Y FTVREIXII(U = )M < X < KVe) < Y RP(( = 1) < [X] < KV < EIXIY® < oo,
k=1 k=1

Therefore, by Kronecker’s lemma, we can conclude that

n
n1e Y BNk - 1) < IX] <KV - 0as n - oo,
k=1

and by Lebesgue dominated convergence theorem, we have
nP(X| > n'*) = nEI(X|* > n) < EIX|*I(IX|* > n) = 0as n — oo.
(ii) When 1 < a < 2, we have by E|X|* < oo that

k n
Y EaiX;"| < w7 lallEX")
i=1 i=1

IA

n Y% max
1<k<n

n
w0 Y lal {EXGI0X;] < 1) + n! /o PX;) > 1))
i=1

IA

n
e Z ol {EIXGI(X;] > n'/%) + 0@ P(X;| > n'/*)} (by EX; =0)
i=1

IA

n

/Y laul {EIXU(X) > n'/%) + 0! P(X| > n)} (by Lemma 2.7 )
i=1

Cn' " VeEIX|I(1X] > n'/%) + nP(X| > n*/®)

Cn'VEIXI(X| > n'/®) + Cn' M EIXI(X] > n'/®)

20 VEEIX|I(IX] > n'/9)

20" MEEIXIY X I(X] > nte)

2CEIXI*I(X] > n'/%) = 0 as n — co.

IA

I IA A

IA
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Hence, (i) and (ii) follow that for large enoughnand € > 0

Y max
1<k<n

<¢e/2.

P
E Ea, X

Thus, we need only to prove [ < oo and II < oo.

By E|X|* < o0, we can get that

Z Z P(X:] > n'/%) < CZ P(IX] > n!/%) < CEJX|* < oo.

n=1 i=1

For 0 < & < 2 and by setting Y; = X" — EX:", we have

(ﬂ)

IA

[ee)
Z (max
1<k<n

n=1

€ 1/a)
> =n
2

IA

IA

IA

IA IA
D5 DM 204

IA

IA

<

<

o) n

é n1=2eyay (Z am'Yi] (by Kolmogorov inequality)
n=1 n=1

4 o n 2
= n172/af [Z a,,iYi]

n=1 n=1
(o] n

i p1-2/a Z” E|X*(")|

€ n=1 i=1

[e] n
Y 72N @2 {EIXPI0X] < n'/e) + w2 *P(X;] > 1)
n=1 i=1

o] n

2 12/ Z a2 {EIXPI(X] < n'%) + 202/9P(X] > n'/?)}
n=1 i=1
(by Lemma 2.7 )

n 2 {EIXPI(X] < n'/®) + 202/ P(X] > n'/))

n
w20 Y EIXPI( - 1)V < [X] < K%) + 2EIX]°
k=1

EIXPI((k - 1)V < |X] < kM) Z n=2% 4 2E|X|
1 n=k

o~
1l

CZ K2 EIXPI((k - )Y < |X] < KY%) + 2E|X]"
k=1

(byZ 20 <0 o N xidy = CK < 0)
1

Z kP((k — 1)V < |X| < kV*) + 2E|X|*
k=1
CE|X|* < co.

The proof of Theorem 3.1 has completed. [
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Corollary 3.2. Let {X;,i > 1} be a sequence of WND random variables which is stochastically dominated by a random
variable X and {a,;, 1 < i < n,n > 1} be an array of real numbers with },i_, af =0Mm). IfEIX|* <0, 0<a<2
When 1 < a < 2, assumes that EX; = 0,1 > 1. Therefore

lim —|Z?:1 aiXi| =

a.s.
n—00 nlla

Proof. Letay,; = a;fori <nanda, =0 fori>nin Theorem 3.1. Hence, we have for all ¢ > 0

00 k 0o 2M1_1 k
00 > Zn‘lp[max Zﬂin‘ > enl/“] = Z Z n‘lp[max a; X;| > enl/a]
1<k<n |4 1<k<n |«
n=1 i=1 r=0 n=2" =1
o 2M1_1 k
> Z Z (21 —1)7'P| max Za,-Xi > 52(”1)/“]
1<k<n |«
r=0 n=2" =
1 & k
> —ZP(max a; X;| > 82(”1)/“].
2 1<k<2r |4
r=1 i=1
It follows from Borel-Cantelli Lemma,
k
max Za,-Xi
1sks2" |4=
}1_)1’}:10 W =0. as.

For all positive integers n, there exists a non-negative integer ro such that 2~! < n < 2. Thus

n n n

1 1
7 E a;Xij| < max ——— E a;Xi| £ ———— max E a; X;
nlle |4 20-l<p<on N1/ |4 200=1)/a yrp-1cpyon | £
i=1 i=1 =1
r
max E a;iX;
1<r<2'o |4 T
£ 1=
< — 0 as ryg — oo.

2(ro+1)/a

This completes the proof. O

Random weighting is an emerging computing method in statistics, it has been put forward by Zheng
[19]. Since this method has many advantages, it drew much attention of statisticians. Gao et al. [5] studied
law of large numbers for sample mean of random weighting estimate for i.i.d random variables. In this
section we determine almost sure convergence for sample mean of random weighting estimate for WND
random variables.

Theorem 3.3. The random weighting estimate of sample mean X, is Ty, = Y1y BiXi such that Y, Bi = 1 for random
variables 0 < B; < 1 a.s., under the conditions of Corollary 3.2,

|Tn - Xn|
——— >0 as n—o oo,
nl/a

where ©; = f; — % a.s.

Proof. We can write T, — X = Y./ ©;X; and Y.i; ©7 = O(n) a.s. hence conditions Corollary 3.2 hold when
®; =a;a.s. fori > 1and 0 < o < 2. For that reason, this completes the proof of Theorem 3.3. [

Remark 3.4. Theorem 3.3 extends and improves of the Theorem 2 obtained by Gao et al. [5].
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4. Examples

In this section, some useful examples are discussed. In each case, Definition 2.1 is provided.

A copula is a function that links univariate marginal distributions to the full multivariate distribution
and it’s a general tool for assessing the dependence structure of random variables. For details see Nelsen
[10].

Definition 4.1. An n-dimensional copula is a function C with domain [0, 1]" if
(1) C(u) = 0 whenever u € [0, 1]" has at least one component equal to 0,
(i1) C(u) = u; whenever u € [0, 1]" has all components equal to 1 except the i-th one, which is equal to u;,
(i1i) Cis n-increasing,i.e., for each n-box B = X!, [u;, v;] in [0, 1]" with u; < v; foreachi € 1,--- ,n,
ve®)= ), ((DVCE 20,
zext_ [u;,07]
where N(z) = card{k|zy = uy}.
Some well-known examples of n-copulas are the functions I'l, M and W respectively defined by

TT(x1, %0, ..., %) = X1.X2 ... Xy
M(xq,x2,...,%,) = Min(x1,x2,...,%,)
W(xy,x2,...,%,) = Max(x1 +x2+ ... +x, —n+1,0)
and while IT and M are always n-copulas, W is a copula when n = 2.

More formally, Sklar’s theorem states that any continuous the joint distribution can be uniquely repre-
sented by a copula

F(xerZI e Xp) = C(Pl(X1),P2(X2), cee /Fn(xn))/
where F is the joint distribution to the marginal distribution functions F1(x1), F2(x2), . .., Fn(xy).
Recall that the copula density c is the derivative of C with respect to each of its arguments as:

ai’l

c(uy, up, ..., Uy) = mC(ul,...,un).
1oy n

By using the chain rule, the density function f(x1, x2, ..., x,) corresponding to the copula C(x1, xo, ..., x,) is,

fGrx2, %) = 1), Falx2), o Falon)) | | fito)
i=1

where f1(x1), fa(x2), ..., fu(xn) are the marginal densities of f.

Lemma 4.2. Let X = (Xy, ..., Xy) be a random vector having to joint distribution function F(xy, . .., x,) and absolute
continuous marginals Fy, ..., F,, with corresponding copula function C(uy, - -+, up). If c(u1,...,u,) < M; for some
My > 1, then X is WND.

Proof. The proof of the lemma is standard, so we omit the details. [

Example 4.3. Suppose that C(u, ..., u,) = ([T, ui) expiB 121 (1 —u;)} for B € [-1,1]. Then C is a absolutely
continuous copula which was introduced by Celebioglu [2] and also Cuadras [3] has studied some of it’s
properties. It’s easy to check that if § € [-1,1] there exists M; = exp(|]) = 1 such that Lemma 4.2 holds,

for n > 2. Therefore, all of the distributions with given margins F1, F5, ..., F, generated by this copula are
WND.
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Example 4.4. (The Farlie-Gumble-Morgenstern n-copulas). Let (Xj,..., X,) be random vector with the
following joint distribution:

n n
F(x1,x2,...,%,) = HFi(xi) 1 +Z Z 9]'1]'2_“,]',15]'1(xh)sz(ij)...Fjl(x]'k) (|9]‘1]'24_,]'[| <.
i=1

1=2 1<j1<..<ji<n

Where Fj, =1—F; forl=2,...,n. Via Sklar’s Theorem, it’s easy to show that, the copula density is

n
c(ul,uz,...,u,,)=1+z Z Ojir..i(1 = 2uj)(1 = 2u,) ... (1 = 2u).

=2 1<ji<..<ji<n

n
It is easy to show that c(uy,up,...,u,) <1+ 2 Z |0},},...j:l, so there exists M; > 1 such that Lemma
=2 1$j1<...<j1Sn
4.2 holds. Therefore, all of the distributions with given margins Fi, F», ..., F, generated by this copula are
WND.

Example 4.5. (The Dirichlet distribution) Let (Xj, ..., X,) denotes random vector with the following joint
density function:

Fé i), ;

i=1 -1
f(x1,...,xn)=nl—Hx;/ , X% 20, xi =1

[Iroo = E
i=1

n
If0<y;<1fori=1,2,...,nand ) y; <1 then X is WND.
i=1

Acknowledgments
The authors are most grateful to the Editor and anonymous referees for the careful reading of the
manuscript and valuable suggestions that helped in significantly improving an earlier version of this paper.

References

[1] M. Amini, H. Nili, A. Bozorgnia, Complete convergence of moving-average proceeses under negative dependent Sub-Gussian
assumptionns, Bull. Iran. Math. Soc. 38 (2012), 843-852.
[2] S.A.Celebioglo, Way of generating comprehnsive copulas, J. Ins. Sci. Tech, Gazi Uni. 10 (1997), 57-61.
[3] C.M. Cuadras, Constructing copula functions with weighted geometric means, J. Statist. Plann. Infer 139(2009), 3766-3772.
[4] X.Deng, M. Ge, X. Wang, Y. Liu, Y. Zhou, Complete convergence for weighted sums of a class of random variables, Filomat 28:3
(2014), 509-522.
[5] S.Gao,]. Zhang, T. Zhou, Law of large numbers for sample mean of random weighting estimate, Info. sci. 155 (2003), 151-156.
[6] PL.Hsu, H. Robbins, Complete convergence and the law of large numbers, Proc. Nat. Acad. 33 (1974), 25-31.
[7] M.H. Ko, On the complete convergence for negatively associated random fields, Tai. J. Math. 15(1) (2011), 171-179.
[8] H.Y.Liang, C. Su, Complete convergence for weighted sums of NA sequences, Statist. Probab. Lett. 45 (1999), 85-95.
[9] L. Liu, Precise large deviations for dependent random variables with heavy tails, Statist. Probab. Lett. 79 (2009), 1290-1298.
[10] R. Nelsen, An introduction to copulas, Springer, New York, 2006.
[11] A.Jun, Y. Demei, Complete convergence of weighted sums for p*-mixing sequence of random variables, Statist. Probab. Lett.
78(2008), 1466-1472.
[12] V. Ranjbar, M. Amini, A. Bozorgnia, Asympotic behavior of convolution of dependent random variables with heavy-tail distri-
bution, Thai. J. Math. 7 (2009), 21-34.
[13] V. Ranjbar, M. Amini, J. Geluk, A. Bozorgnia, Asympotic behavior of product of two heavy-tail dependent random variables,
Acta. Math. Sin(English Series) 29(2) (2013), 355-364.
[14] A. Sklar, Fonctions de répartition 4 n dimen-sions e leurs marges, Publications de I'Institut de Statistique de 1'Univiversite de
Paris 8 (1959), 229-231.
[15] S.H. Sung, Complete convergence for weighted sums of negatively dependent random variables, Stat. Paper. 53 (2012), 73-82.



Naderi et al. / Filomat 30:12 (2016), 3177-3186 3186

[16] X.Wang, S.Hu, W. Yang, Complete convergence for arrays of rowwise negatively orthant dependent random variables, RACSAM.
106 (2012), 235-245.

[17] Y. Wu, C. Wang, A. Volodin, Limiting behaviour for arrays of rowwise p*-mixing random variables, Lithua. Math. Journal. 52
(2012), 214-221.

[18] Q.Y. Wu, Probability limit theory for mixing sequences, Science Press of China, Beijing, 2006.

[19] Z.G. Zheng, Random weighting method, Acta. Math. Appl. Sin. 10 (1987), 247-253. (in Chinese)



