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Abstract. In economic statistical design of a control chart, the economic-loss function is minimized subject
to a constrained minimum value of power, maximum value of probability of false alarms and average
time to signal an expected shift. This paper is concerned with the optimum economic statistical design
of the X bar chart when quality characteristic has non-normal symmetric distribution. We considered
three types of distributions: Student distribution, standard Laplace distribution and logistic distribution.
For each of these distributions, we calculated theoretical distribution of standardized sample mean (or its
best approximation) and approximated it with normal, Pearson VII and Johnson SU distributions. For
considered example, constrained minimization of expected loss function was done using genetic algorithm
in statistical software R. We compared results of economic statistical design of X-bar chart for theoretical
distribution of standardized sample mean with the results for normal, Pearson and Johnson distributions.
We found that, for all chosen distributions of quality characteristic, Pearson VII distribution and Johnson
SU distribution give results very close to results based on theoretical distribution of standardized sample
mean, while normal distribution gives much worse fit.

1. Introduction

The X bar chart is extensively used in practice to monitor a change in the process mean. It is usually
assumed that quality characteristic under the surveillance of an X-chart has a normal distribution. On the
other hand, occurrence of non-normal data in industry is quite common (see Alloway and Raghavachari,
1991; Janacek and Meikle, 1997). Violation of normality assumption results in incorrect control limits of
control charts (Alwan, 1995). Misplaced control limits lead to inappropriate charts that will either fail to
detect real changes in the process or which will generate spurious warnings when the process has not
changed.

In the case of non-normal symmetric distribution of quality characteristics, no recommendations, except
the use of normal distribution, are given in the quality control literature. Approximation of the distribution
of sample mean with normal distribution is based on the central limit theorem, but in practice small sample
sizes are usually used.

We will consider three types of non-normal symmetric distributions of quality characteristic: Student
distribution, Laplace distribution and logistic distribution. These distributions are chosen because of
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their applications in various disciplines (economics, finance, engineering, hydrology, etc, see for instance
Ahsanullah et al., 2014; Balakrishnan, 1991; Kotz et al., 2001). For each of these distributions, we calculated
theoretical distribution of standardized sample mean (or its best approximation) and then we approximated
it with normal, Pearson VII and Johnson SU distributions. Pearson system of distributions, Johnson’s
transformations and normal distribution are known to provide approximations to a wide variety of observed
distributions (Johnson et al., 1994).

In this paper, we will be concerned with the optimum economic statistical design of the X-bar chart for
chosen distributions of quality characteristic. In economic statistical design of a control chart, the economic-
loss function is minimized subject to a constrained minimum value of power and maximum value of the
Type I error probability and ATS (average time to signal) an expected shift (Saniga, 1989). Constrained
minimization of expected loss function was done in statistical software R, using genetic algorithm ga from R
package GA (Scrucca, 2013). Results of economic statistical design of X-bar chart for theoretical distribution
of standardized sample mean and normal, Pearson VII and Johnson SU approximations are compared, with
results based on the theoretical distribution of sample mean as the ‘golden’ standard.

Our objective is, using previous theoretical results concerning distributions of standardized sample
mean, to provide a reliable method for design of X bar control chart that takes into account economic factors
while achieving desirable statistical properties in the case when distribution of the data is symmetric, but
non-normal.

The rest of this paper is organized as follows: basic assumptions about the process and methods of
design of X-bar control chart are discussed in Section 2. Description of distribution of quality characteristic
and distribution of standardized sample mean is given in Sections 3 and 4, respectively. Normal, Pearson
and Johnson approximations are considered in Section 5. An illustrative example on the construction of
the economic statistical design of X bar chart for theoretical distribution of standardized sample mean and
its normal, Pearson VII and Johnson SU approximations is given in Section 6. Conclusions are drawn in
Section 7.

2. Economic statistical design of the X bar chart

2.1. Basic assumptions

We shall state briefly the basic assumptions about the process. It is presumed that a process begins in
in-control state with mean i and that single assignable cause of magnitude 6 results in a shift in the process
mean from py to either uy — oo or pg + 60, where o is a standard deviation which is assumed to remain
stable.

The process is monitored by the X bar chart with central line p9 and upper and lower control limits,
respectively, po + ko/ vn and pg — ko/ \/n, where n represents the sample size and k width of control limits.
Samples are taken from the process every h hours and the sample mean is plotted on the X-bar chart. If a
sample mean exceeds control limits, it is assumed that some shift in the process mean has occurred and a
search for the assignable cause is initiated. The process is allowed to continue operating during the search
for the assignable cause. The parameters L, 6 and ¢ are assumed to be known.

The assignable cause is assumed to occur according to a Poisson process with an intensity of A occur-
rences per hour. That is, assuming that the process begins in the in-control state, the time interval that
the process remains in control is an exponential random variable with mean 1h. Therefore, given the
occurrence of the assignable cause in the interval between the jth and (j + 1)st sample, the expected time of
occurrence within the interval between samples is

(j+1)h . -
o fjh (t —jh)Ae AMdt C1-(1+ Ah)eM
T Ve AA—e )
]
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2.2. Design parameters

Various kinds of parameters are considered in the economic statistical design of the control chart and
they are denoted by following symbols:

n: Sample size.

h: Sampling interval.

k: Width of control limits.

o: Standard deviation of observations.

to: In-control process mean.

u1: Out-of control process mean.

0: Shifts in process mean in standard deviation units when assignable cause occurs (6 = |1 — pol/0).
A: It is assumed that in-control time follows an exponential distribution with mean 1.

7: Expected time of occurrence of the assignable cause, given it occurs between the j-th and (j + 1)-st
samples.

a: Probability of type I error.
B: Probability of type II error.
ATS: Average time to signal an expected shift, ATS = ﬁ

g: The time required to take a sample and interpret the results.

D: The time required to find an assignable cause following an out-of-control signal.
a1: Fixed cost per sample.

ay: Variable cost per unit sampled.

a3: Cost for searching and repairing the assignable cause.

i

5 Cost of investigating a false alarm.

Vo: Profit per hour earned by the process operating in-control.

V1: Profit per hour earned by the process operating out-of-control
(Vo > V).

a4: Hourly penalty cost associated with production in the out-of-control state, a, = Vp — V3

—Ah
x: Expected number of false alarms, k = a75.

E(T): Expected length of a production cycle. The production cycle time T is defined as the interval of
time from the start of production (the process is assumed to start in the in-control state), following an
adjustment to the detection and elimination of the assignable cause.

E(C): Expected cost per cycle. Total cost C consists of the costs of testing and sampling, the costs asso-
ciated with investigating an out-of-control signal and with the repair or correction of any assignable
causes found and the costs associated with the production of nonconforming items.

s: Expected number of samples taken within a cycle, s = #
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2.3. The expected cycle time

Each production cycle begins with the process in the in-control state and continues until process moni-
toring via control charts results in an out-of-control signal. Following an adjustment in which the process
is returned to the in-control state, a new cycle begins.

Length of a production cycle T is partitioned into five time intervals, I,, I, I, I3, and I, (Figure 1).

Assignable Assignable
cause occurs cause detected

Cycle Cycle
starts ends

Figure 1: Intervals of production cycle

e [,: The time until the assignable cause occurs from the start of the cycle.

e [;: The time until the next sample is taken from the end of I,.

o [.: The time until the chart gives an out-of-control signal from the end of I;.
e I;: The time to analyze the sample and chart the result from the end of I..

e [,: The time to discover the assignable cause and repair the process from the end of I,.

Three time points are denoted on Figure 1: point 1 represents last sample before the occurrence of the
assignable cause, point 2 first sample taken after assignable cause and point 3 the moment when lack of
control is detected. Process remains in-control state during time interval I, and it is in out-control state

during intervals I, I, I; and .
Expected lengths of each of these time intervals are, respectively, equal to

E(l) = %, E(I)=h—-r, E(I.) = ATS —h, E(I3) = gn, E(l,) = D.
Then, expected length of a cycle is

E(T) =

> =

h
+ﬂ—T+gl’l+D.

2.4. The expected cost

Expected cost during a production cycle is equal to

1 h ,
E(C)=V0-X+Vl- m—1+gn+D — a3 — ayk — (ay + azxn)s
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2.5. The expected loss per hour

The expected loss function is equal to

EQC) ay+a a4(1’T’ﬁ—T+gn+D)+a3+a’3K

ET) ~ h %+1%ﬁ—’f+gn+D

E(L) = Vo —

2.6. Methods of design

The use of control chart requires one to select a sample size, a sampling frequency and control limits for
the chart. Selection of these three parameters is usually called the design of the control chart. Currently,
there are three general methods for design of control charts: statistical, economic and economic statistical
design. In statistically designed control charts, control-limit width (which determines the Type I error
probability) and power are preselected. Then, sample size and sampling frequency (if ATS is specified) can
be determined (Woodall, 1985).

The objective of economic design is to find the sample size, control-limit width, and sampling frequency
that minimize the loss in profit composed of several given costs. Duncan (1956) first proposed an economic
model for the optimum economical design of the X-bar control chart. This research stimulated many
subsequent studies on the subject. Lorenzen and Vance (1986) proposed a general method for determining
the economic design parameters of control charts.

The weakness of statistically designed control charts are high operating costs. On the other hand,
economic design does not consider the probability of type I and type II errors which can lead to high
probability of false alarms and low power. Saniga (1989) proposed economic statistical model which
combines properties of economic and statistical design: it is a method for economic design of control charts
that have bounds on type I and type II error probabilities and the average time to signal (ATS) an expected
shift. Economic statistical design considers economic factors while achieving desirable statistical properties
and, therefore, represents the improvement of economic or statistical design.

2.7. Economic statistical model

The economic statistical design of a control chart is defined as a design in which the expected economic-
loss cost function E(L) is minimized subject to a constrained minimum value of power and maximum value
of the Type I error probability and ATS an expected shift. We wish to find sample size, control-limit width,
and sampling frequency to

minimize E(L) 1)
subject to
a<ag, p=po, ATS < ATSy,

where p = 1 -, ag, po and ATSy are, respectively, power and the desired bounds on the Type I error
probability, power, and ATS an expected shift.

3. Distribution of quality characteristic

In this paper we consider three types of non-normal symmetric distributions of quality characteristic X:
Student’s distribution, Laplace (double exponential) and logistic distribution (Pori¢ et al. 2007, Johnson et
al. 1994, Johnson et al. 1995). All chosen distributions have heavier tails than normal distribution.

Distributions are given by their density functions. We will use following notations for mean, variance,
EX-E(X))’

3

skewness and kurtosis of quality characteristic, respectively: u = E(X), 0> = Var(X), az =
o2

7

4
oy = E(X;# As all chosen distributions are symmetric around the mean, az = 0.
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1. Student’s distribution #(v, u, 1)

r v+l ¥ — 2%

f(x)=—(2) [1+1(—“)] X ER,
nymvl (%) vAon

where v (v € R) is the shape parameter, 1 (1 > 0) is scale parameter and u (1 € IR) location parameter.

Variance and kurtosis are, respectively, equal to

2 v

= >4,
v—-2 v

2
, 2, =3+
n,v> g -

Random variable Y = % has Student distribution #(v) with density function

2. Laplace distribution Ly (7, )

1 [x — pl
(x) = —ex {——}, xeR,
/ 2n P U

where p (4 € R) is location parameter and 1 (7 > 0) scale parameter. Variance and kurtosis are,
respectively, equal to

0% = 2172, a4 = 6.

Random variable Y = X — u has standard Laplace distribution L;(n) with density function
1 Iyl}
v(y) = — ex {——, eR.
FW) = g exp =0 v

3. Logistic distribution LGS(u, 1))

exp {5}
n (1ol

flx) = xeR,

where p (u € R) is the location parameter and 7 (1 > 0) scale parameter. Variance and kurtosis are,
respectively, equal to

2.2
» _NI'M
= —, =4.2.
[0} 3 (o7}

Random variable Y = % has standard logistic distribution with density function

e ¥
fry) = m, yER,
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4. Distribution of standardized sample mean

4.1. Sample from Student’s distribution

Witkowsky (2001, 2004) proposed a method for numerical evaluation of the distribution function and
the density function of a linear combination of independent Student’s t random variables. The method is
based on the inversion formula which leads to the one-dimensional numerical integration.

Let (X1, Xa, ..., Xy) be a sample from Student’s (v, y, A) distribution. Then Y} = an_” ,k=1,2,...,nare

independent Student’s t, random variables with v degrees of freedom. Further, let Y = Y., Y} be sum of
these variables and let ¢y, () denote the characteristic function of Y. The characteristic function of Y is

ov(t) = [ [on),

k=1

where

Py, (1) = (v318)" Kopz (v21H),

2:71T(%)
where K, (z) denotes modified Bessel function of the second kind.

For more details see Witkovsky (2001). Note that the characteristic function of the Student’s random
variable is a real function.

The cumulative distribution function (cdf) Fy(y) of random variable Y is according to the inversion
formula due to Gil-Pelaez (1951) given by

o —ity
Fy(y) %—%fo Im(e%’”(t))dtz

_ 1 1 (% sin(ty)dy(h)
N §+Efo t df ?

and the probability density function (pdf) fy(y) of Y is given by

f) = & [ Releoryat -

1 ™
= ;f(; cos (ty)py(t) dt 3)

For any chosen y algorithm tdist in R package tdist (Witkovsky and Savin, 2005) evaluates the integrals in
(2) and (3) by multiple p-points Gaussian quadrature over the real interval ¢ € (0, 107). The whole interval is
divided into m subintervals given by pre-specified limits and the integration over each subinterval is done
with p-points Gaussian quadrature which involves base points bij, and weight factors wij, i=12,...,p,j=
1,2,...,m. So,

m p 3 bi'
Fy(y) =~ % + %Z Z ywﬁ(ﬁw(sz) =
j=1 i=1 !
1 1%« sin(b,-]-y)
B D Y el
m 14
Hy) =~ % ZCOS (Bijy Jwigor (bi) =
=1 i=1
1 - .
= ;ZZCOS (b,‘jy)wij,

—
1l

—_
1l

—_
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where W;; = w;j¢py(b;j). For evaluation of Fy(y) and fy(y) in many different points the algorithm requires
only one evaluation of the weights W;;, fori =1,2,...,pand j = 1,2,...,m, which directly depend on the
characteristic function ¢y(-) and do not depend on .

Then, distribution function and density function of standardized sample mean T, = % V=Y &2
are equal to

Fr(H) = P{Y Vn_vzst}zl-"y( Vn_vzt)
fr(t) = ,/VT/Z-fy(JVnTVZt),te]R

Skewness and kurtosis of standardized sample mean are, respectively, equal

6
nv-—4)

asT, = 0, asT, = 3+

Probability of I type error and power are, respectively, equal to
a =2Fr,(<k), 1—B=Fr,(-k—06+n)+Fr,(-k +6Vn).

4.2. Sample from Laplace distribution

Let (X1, X2, ..., X,) be a sample from Laplace distribution Ly(u, n). Then, Yy = Xy —u, k=1,2,...,n are
independent random variables with standard Laplace distribution L;(n).

We will use the property that if two independent random variables have exponential (1) distribution,
then their difference has standard Laplace distribution. Further, standard exponential distribution is gamma
distribution, I'(1, n). Sum of n independent variables with I'(1, ) distribution is gamma distribution I'(n, 7).
In that way, we conclude that sum of n independent random variables Y7, Y5, ..., Y,, with standard Laplace
distribution can be written as the difference of two random variables with gamma distribution I'(n, 1) which
is called bilateral gamma distribution.

Bilateral gamma distribution is symmetric around 0, with density function for v > 0 (Kiichler and Tappe,
2008)

n—=1

fy) = (2) = 1)| Zakyke—wl

where the coefficients (ay)=o,. n-1 are given by

n-1 1 n-2-k
ﬂkz( k )(Zn)m H(]’l-f-l), a,_1=1.

=0

Probability distribution function, for y > 0 is

rw=5+(2) o= Z Sy L)

where y(n, x) is lower incomplete gamma function.
For evaluation of cdf we will use following recursive relation for incomplete gamma function

nl—x

Yy, x)=m-1)ymn-1,x)—x
andy(l,x)=1-¢e"
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Then, distribution function and density function of standardized sample mean T, = Xt = ; 3}271

Y
Eﬂ)zl{m%is*zﬂﬁﬁ%y
fr®) = nVan-fy(nVant), te R

Skewness and kurtosis of standardized sample mean are, respectively, equal
asT, = 0, asT, = 3+ —.
n

Probability of I type error and power are, respectively equal to
a = 2Fr,(=k), 1-B = Fr,(=k — 6Vn) + Fr,(=k + 5 Vn).

4.3. Sample from logistic distribution

Let (X3, X>, ..., X,;) be a random sample from logistic distribution LGS(u, ).

George and Mudholkar (1983) showed that a standardized Student’s t-distribution provides a very
good approximation for the distribution of a convolution of n i.i.d. logistic variables. These authors then
compared three approximations: (1) standard normal approximation, (2) Edgeworth series approximation
correct to order n~!, and (3) Student’s t approximation with v = 5n + 4 degrees of freedom. They showed
that the third provides a very good approximation.

Gupta and Han (1992) considered the Edgeworth series expansions up to order 7~ for the distribution
of the standardized sample mean

_X-u

\a
Distribution function is given by
1 (1 48
P ~ o0 -90(5 (5 2H0)+ = (& SHs0+

N 35(6) H7(t))) 1(1 432H7() 210 48 6H9(t)

8!'\5 8! 10017 5
5775 (6
12' (5) Hll(t)))r te R/

where ¢(-) and @(-) are standard normal pdf and cdf and Hj(x) is the Hermite polynomial.
Then, probability density function of standardized sample mean is

frlty = o1+ g2 (a0 - Hyo) +
- (%.g.(tH5(t) H(t)) 35(:) (tHy(t)—H(t)))
+ 1(5'%?(ﬂM) Hy0) + 205 - 2 (tHs(0) ~ Hy(0) +
51727'5(2) (tHu () - '11(t)))), teR

Gupta and Han (1992) compared this approximation with the approximations mentioned earlier, and
they showed the approximation to be far better than even the Student’s t-approximation suggested by
George and Mudholkar (1983).
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Skewness and kurtosis of standardized sample mean are, respectively, equal

1.2
asT, = 0, agT, = 3+ —.
n

Probability of I type error and power are, respectively equal to

a =2Fr,(=k), 1-B = Fr,(~k—6Vn) + Fr,(=k + 6 Vn).

5. Approximations of the distribution of sample mean

We will approximate distribution of standardized sample mean T,, with normal distribution, Pearson’s
type VII distribution and Johnson’s SU distribution.

5.1. Normal distribution

Probability of I type error and power are, respectively equal to
a =20(-k), 1-p=d(~k-05vn)+D(~k+5+n),
where @(-) is a probability distribution function of standard normal distribution.

5.2. Pearson type VII distribution
Probability density function is equal to (Johnson et al. 1994, Dori¢ et al. 2007)

1 2\
=————(1+5| ,xeR
f(x) 5 ( + ) xe

_ 5&4—9 _ 2(1/4 - 2a4 . 3
where m = a3 X = 0T, 45,5 = N e and B(a, b) is beta function.

Then, cumulative distribution function is equal to
1 11
F(x) = Elaz/(azﬂcz) (m ~ 5 E)’
for x < 0 and
1 11
F(x) =1- EIaZ/(aLrXZ) (T’I’l - E, 5),

for x > 0, where L.(a,b) = %‘(f;f’)) and By (a, b) is incomplete beta function.

Probability of I type error and power are, respectively equal to

a =2F(=k), 1-p=F(=k —6+n) + F(—k + 6 V/n).

5.3. Johnson SU distribution
In our case, Johnson SU distribution is defined by (Johnson 1949, Johnson et al. 1994)

Tn_é)

Z= )/+Carcsinh(

where T, is standardized sample mean (with unbounded range) and arcsinh(-) is inverse sine hyperbolic
function. Transformed variable Z has standard normal distribution. Symbols y,(, & and ¢ represent
parameters of the distribution.
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Using method of moments (see Hill, 1976), we get following estimates for parameters y, C, &, 1p. We will

use notation w = e?@.
As a3 1, = 0, the required fitted Johnson’s curve is symmetric, and

w=+Qayr -2) -1, {=(nw)?, y=0.

Parameters & and ¢ can be found from

20% 2
E=pn, =0, y= Va)z—lz Va?2-1

Then, Johnson’s transformation is equal to

T
Z= inh|—].
Carcsin ('1[’)

Probability of I type error and power are, respectively equal to

20 (—C arcsinh (g)) ,

a =
1-p = @ (C arcsinh (k 0 \/ﬁ)) -9 (C arcsinh (M)) .
% %
6. Example

Let X represent measurable quality characteristic. Let a; = $1, a, = $0.1, a3 = $25, al3 = $50, a4 = $100,
A =0.05,6=2,g=0.0167h, D = 1 (see Duncan,1956; Montgomery, 2005).

Constrained minimization of expected loss function (1) was done using genetic algorithm ga from R
package GA (Scrucca, 2013). We selected following values for bounds on type I error probability, power
and ATS an expected shift: ag = 0.05,pp = 0.9, ATSy = 2h.

We considered four distributions of quality characteristics: Student distributions with 5 and 10 degrees
of freedom, logistic distribution and Laplace distribution with n = 1. Using results from Section 4, we
calculated theoretical distribution of standardized sample mean (or its best approximation) and, afterwards,
expressions for type I error probability, power and expected loss function. The same procedure was followed
using normal, Pearson VII and Johnson’s distributions. We considered samples of sizes 3 to 10, finding, by
constrained optimization of expected loss function, the optimal values of parameters k and .

We provided to genetic algorithm ga interval of values for parameters k and / in the following way.
Solving equations a = a(k) = 0.05 and p = p(k) = 0.9 using Brent’s root-finding method (Brent, 1973), we
got values k; and k,. By the constraints (1) we got interval of values [ki, k2] for parameter k and [0, 2p(k1)]
for parameter /. Results of the minimization of expected loss function are given in Table 1.

By looking at the results in Table 1, we can make following conclusions.

1. Normal approximation of standardized sample mean gives smallest values for ki, ATS and expected
loss and greatest power. One can not be automatically rely on these results, considering the fact that
theoretical distribution of standardized sample mean gives the most precise answer.

2. Student distribution with 10 degrees of freedom is very close to normal distribution, so it is expected
that results for normal approximation (optimal values of k and h, a, power, ATS and expected loss)
should be close to results based on theoretical distribution, which is confirmed. Normal approximation
does not fit so well in the case of Student distribution with v = 5 degrees of freedom, logistic and
Laplace distribution.

3. Pearson’s VII and Johnson SU approximations give results which are very close to results based on
theoretical distribution of standardized sample mean, in all cases.



2336

K.Veljkovic et al. / Filomat 29:10 (2015), 2325-2338

Distribution Theoretical distribution Normal distribution Pearson VII distribution Johnson SU distribution
k h a 1-B|ATS| EL k h a 1-B|ATS| EL k h a 1-B|ATS| EL k h a 1-B|ATS| EL

Student

v=>5
n= 2.25|1.00| 0.030 | 0.90 |1.11|11.31|2.18]0.98| 0.029 | 0.90 |1.09 |[11.25|2.27|1.00| 0.031 | 0.90 | 1.11 |11.35|2.27|1.00| 0.032 | 0.90 | 1.11 | 11.40
n= 2.7710.83| 0.011 | 0.90 | 0.92 |10.39|2.71|0.77| 0.0067 | 0.90 | 0.86 | 10.13|2.78 |0.82 | 0.012 | 0.90 | 0.91 |10.46 |2.78 |0.84 | 0.013 | 0.90 | 0.93 | 10.50
n= 3.17(0.73| 0.0047 | 0.91 | 0.80|10.04|3.05|0.69 | 0.0023 | 0.92 | 0.75| 9.84 |3.21|0.72 | 0.0054 | 0.91 | 0.80 | 10.09 |3.23 |0.72 | 0.0054 | 0.90 | 0.80 | 10.11
n= 3.35]0.72| 0.0030 | 0.94 |0.76 | 9.89 |3.20]0.70 | 0.0014 | 0.96 | 0.74 | 9.74 |3.40|0.72| 0.0035 | 0.94 | 0.77 | 9.93 |3.4310.72| 0.0034 | 0.93 | 0.77 | 9.94
n= 3.52(0.72| 0.0020 | 0.96 | 0.74 | 9.83 [3.35|0.71| 0.0082 | 0.97 | 0.73 | 9.71 |3.59|0.72| 0.0022 | 0.96 | 0.75 | 9.86 |3.59 |0.72| 0.0022 | 0.96 | 0.75 | 9.86
n= 3.6810.72| 0.0013 | 0.97 |0.73 | 9.81 |3.49|0.71{0.00049 | 0.99 | 0.72 | 9.73 |3.74|0.71| 0.0015 | 0.97 | 0.74 | 9.83 |3.75]0.71| 0.0014 | 0.97 | 0.74| 9.83
n=9 3.83|0.720.00093 | 0.98 | 0.73 | 9.83 |3.62|0.71]0.00030 | 0.99 | 0.72 | 9.77 |3.90|0.72 | 0.00097 | 0.98 | 0.73 | 9.84 |3.90 [0.71|0.00095 | 0.98 | 0.73 | 9.84
n =10 3.9810.72|0.00063 | 0.99 | 0.72 | 9.87 |3.75]0.71{0.00017 | 0.99 | 0.72 | 9.82 |4.03|0.72|0.00066 | 0.99 | 0.73 | 9.87 |4.03|0.71|0.00064 | 0.99 | 0.72 | 9.87

v=10
n=3 2.20(0.98| 0.030 | 090 |1.09|11.31|2.18{0.98| 0.029 | 0.90 | 1.09 {11.25{2.20{0.99| 0.031 | 0.90 | 1.10 |11.32|2.20|0.99| 0.031 | 0.90 | 1.10 | 11.33
n=4 2.73|0.78 | 0.0084 | 0.90 | 0.86 |10.23|2.71|0.74| 0.0067 | 0.90 | 0.82|10.13 |2.73|0.75| 0.0085 | 0.90 | 0.83 |10.23|2.73 |0.77 | 0.0084 | 0.90 | 0.86 | 10.23
n=>5 3.0810.71| 0.0032 | 0.92 |0.77 | 9.90 |3.05]0.69 | 0.0023 | 0.92 | 0.75 | 9.84 |3.11|0.70| 0.0030 | 0.92 | 0.76 | 9.90 |3.10|0.70| 0.0030 | 0.92 | 0.76 | 9.90
n==6 3.26(0.70| 0.0018 | 0.95 | 0.74 | 9.78 [3.20|0.70 | 0.0014 | 0.96 | 0.74 | 9.74 |3.26|0.70 | 0.0018 | 0.95 | 0.74 | 9.78 |3.26 |0.70| 0.0018 | 0.95 | 0.74 | 9.78
n=7 34110.71| 0.0011 | 097 |0.73 | 9.74 |3.34|0.71{0.00083 | 0.97 | 0.73 | 9.71 |3.41|0.71| 0.0011 | 0.97 | 0.73 | 9.74 |3.41|0.71| 0.0011 | 0.97 | 0.73 | 9.74
n=_8 3.55(0.71| 0.0067 | 0.98 | 0.72 | 9.75 |3.49|0.71]0.00049 | 0.99 | 0.72 | 9.73 | 3.55|0.71|0.00066 | 0.98 | 0.72 | 9.75 |3.55|0.71|0.00066 | 0.98 | 0.72 | 9.75
n=9 3.6910.71|0.00041 | 0.99 | 0.72 | 9.78 | 3.62]0.71 | 0.00029 | 0.99 | 0.72 | 9.77 |3.69|0.71|0.00041 | 0.99 | 0.72 | 9.78 |3.69|0.71|0.00041 | 0.99 | 0.72 | 9.78
n=10 3.82(0.71|0.00025| 0.99 | 0.72 | 9.82 |3.74]0.72]0.00018| 0.99 | 0.72 | 9.82 | 3.82|0.71|0.00025 | 0.99 | 0.72 | 9.83 |3.82|0.71|0.00025 | 0.99 | 0.72 | 9.83
Logistic
n= 2.2111.00| 0.031 | 0.90 |1.11|11.34{2.181.00| 0.029 | 0.90 | 1.11 |11.25|2.21|1.00| 0.031 | 0.90 | 1.11 |11.32|2.21|1.02| 0.031 | 0.90 | 1.13 | 11.33
n= 2.7410.77| 0.0088 | 0.90 | 0.85|10.26|2.72]0.74 | 0.0066 | 0.90 | 0.82 |10.12|2.73|0.75| 0.0089 | 0.90 | 0.83 |10.26 |2.72|0.77 | 0.0090 | 0.90 | 0.85 | 10.26
n= 3.10(0.71| 0.0032 | 0.92 [ 0.77 | 9.92 |3.04|0.69 | 0.0023 | 0.92 | 0.75 | 9.84 |3.11|0.71| 0.0032 | 0.92 | 0.77 | 9.92 |3.08 |0.70| 0.0034 | 0.92 | 0.76 | 9.92
n= 3.2710.70| 0.0019 | 095 |0.74 | 9.79 |3.20]0.70 | 0.0014 | 0.96 | 0.74 | 9.74 |3.27|0.70| 0.0019 | 0.95 | 0.74 | 9.79 |3.2710.71| 0.0019 | 0.95 | 0.74 | 9.79
n= 3.4210.71| 0.0011 | 0.97 |0.73 | 9.75 |3.35]0.71{0.00082 | 0.97 | 0.73 | 9.71 |3.42|0.71| 0.0011 | 0.97 | 0.73 | 9.75 |3.4210.71| 0.0011 | 0.97 | 0.73 | 9.75
n= 3.56(0.71]0.00069 | 0.98 | 0.72 | 9.75 | 3.49|0.71 | 0.00049 | 0.99 | 0.72 | 9.73 |3.56 | 0.71 | 0.00070 | 0.98 | 0.72 | 9.75 | 3.56 | 0.71|0.00069 | 0.98 | 0.72 | 9.75
n=9 3.7010.71{0.00042 | 0.99 | 0.72 | 9.78 |3.62|0.71{0.00029 | 0.99 | 0.72 | 9.77 |3.70|0.71|0.00043 | 0.99 | 0.72 | 9.78 |3.70|0.71 | 0.00043 | 0.99 | 0.72 | 9.78
n=10 3.83|0.71{0.00026 | 0.99 | 0.72 | 9.83 |3.75|0.71|0.00018 | 0.99 | 0.72 | 9.82 |3.83|0.71 | 0.00027 | 0.99 | 0.72 | 9.83 |3.83(0.71|0.00027 | 0.99 | 0.72 | 9.83
Laplace

Q”
n= 2.2411.02| 0.034 | 090 |1.13|11.46(2.180.98| 0.029 | 0.90 | 1.09 |11.25|2.24|0.99| 0.031 | 0.90 | 1.10 |11.35|2.24|1.01| 0.032 | 0.90 | 1.13 | 11.38
n= 2.7610.82| 0.011 | 0.90 |0.91|10.41|2.71]0.76 | 0.0066 | 0.90 | 0.84 |10.13|2.75|0.79| 0.011 | 0.90 | 0.87 |10.37|2.76|0.78 | 0.011 | 0.90 | 0.87 | 10.38
n= 3.18(0.70 | 0.0041 | 0.91 | 0.78 |10.00|3.05|0.69 | 0.0023 | 0.92 | 0.75 | 9.84 | 3.16|0.71| 0.0042 | 0.91 | 0.78 | 10.00 | 3.17 | 0.71| 0.0042 | 0.91 | 0.79 | 10.00
n= 3.36|0.71| 0.0024 | 0.94 | 0.75 | 9.85 |3.20|0.70| 0.0014 | 0.96 | 0.73 | 9.74 |3.34|0.71 | 0.0026 | 0.94 | 0.75 | 9.86 |3.34(0.71| 0.0025 | 0.94 | 0.76 | 9.86
n= 34110.71| 0.0011 | 097 |0.73 | 9.74 |3.34|0.71{0.00083 | 0.97 | 0.73 | 9.71 |3.41|0.71| 0.0011 | 0.97 | 0.73 | 9.74 |3.41|0.71| 0.0011 | 0.97 | 0.73 | 9.74
n= 3.55(0.71 0.00067 | 0.98 | 0.72 | 9.75 |3.49|0.71]0.00049 | 0.99 | 0.72 | 9.73 | 3.55|0.71|0.00066 | 0.98 | 0.72 | 9.75 |3.55|0.71|0.00066 | 0.98 | 0.72 | 9.75
n=9 3.6910.71|0.00041 | 0.99 | 0.72 | 9.78 | 3.62|0.71{0.00029 | 0.99 | 0.72 | 9.77 |3.69|0.71|0.00041 | 0.99 | 0.72 | 9.78 |3.69|0.71|0.00041 | 0.99 | 0.72 | 9.78
n=10 3.82(0.71|0.00025| 0.99 | 0.72 | 9.82 |3.74]0.72]0.00018| 0.99 | 0.72 | 9.82 | 3.82|0.71|0.00025 | 0.99 | 0.72 | 9.83 |3.82|0.71|0.00025 | 0.99 | 0.72 | 9.83

Table 1: Optimum solution to Example
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Our results suggest use of reliable method of economic statistical design of X bar control chart based on
Pearson’s VII or Johnson’s SU approximations in the case when distribution of the data is symmetric but
non-normal. Survey of literature (see for instance Li and Lin, 2013; Wu and Govindaraju, 2014; Wu et al,,
2014) indicates possibilities of application of our method in statistical quality control.

7. Conclusions

We considered optimum economic statistical design of X bar control chart when quality characteristic
has one of the following non-normal symmetric distributions: Student distribution with 5 and 10 degrees of
freedom, logistic distribution and Laplace distribution with 1 = 1. We calculated theoretical distribution of
standardized sample mean (or its best approximation) and approximated it with normal, Pearson type VII
and Johnson SU distribution. Constrained minimization of expected loss function was done using genetic
algorithm ga from R package GA. For considered example, we got table of results for optimal values of
parameters k and h, values of type I error probability, power, ATS and minimal value of expected loss, for
sample sizes from 3 to 10. For all chosen distributions of quality characteristic, Pearson type VII distribution
and Johnson SU distribution provide results which are very close to results based on theoretical distribution
of standardized sample mean, while normal distribution gives much worse fit.

Although our results of economic statistical design of X-bar chart are based only on three types of non-
normal symmetric distributions, we would recommend use of Pearson type VII distribution or Johnson SU
distribution in general case, when distribution of quality characteristic is non-normal but symmetric. Other
cases will be in scope of our future research.
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