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Sobolev Type Spaces Based on Lorentz-Karamata Spaces
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?Ondokuz Mayis University, Faculty of Sciences and Arts, Department of Mathematics, 55139 Kurupelit, Samsun-TURKEY

Abstract. In this paper, firstly Lorentz-Karamata-Sobolev spaces W’Z )
duced and some of their important properties are emphasized. Also, Banach spaces A’z

(R") of integer order are intro-
R") = Ll R"

() (R") (R")

ﬂW’Z (ra0) (R") (Lorentz-Karamata-Sobolev algebras) are studied. Using a result of H.C.Wang, it is showed

that Banach convolution algebras A’£
Ak
L(pab)

) (R") don’t have weak factorization and the multiplier algebra of

(R") coincides with the measure algebra M(IR") for 1 <p < coand 1 < g < co.

1. Introduction and Preliminaries

A new generalization of Lebesgue, Lorentz, Zygmund, Lorentz-Zygmund and generalized Lorentz-
Zygmund spaces was studied by D.E.Edmunds, R.Kerman and L.Pick in [12]. By using Karamata theory,
they introduced Lorentz-Karamata (or briefly LK) spaces and compared corresponding quasinorms on these
spaces. Also J.5.Neves studied LK spaces L (p,q;b) (R, p) in [22] where p, g € (0, 0], b is a slowly varying
function on [1, ) and (R, i) is a measure space. These spaces include the spaces generalized Lorentz-
Zygmund spaces Ly ga,,..a,, (R) (introduced in [11]), Lorentz-Zygmund spaces L4 (log L)" (R) (introduced in
[2]), Zygmund spaces L? (log L)* (R) (introduced in [3, 25]), Lorentz spaces L (p, 9) (R) and Lebesgue spaces
L7 (R) under convenient choices of slowly varying functions and parameters p, 4. In [10] and [22], it is
proved that L(p, q;b) (R, i) space endowed with a convenient norm, is a rearrangment-invariant Banach
function space and has an associate space L (p’, q; b‘l) (R, p) if (R, u) is a resonant measure space, p € (1, o)
and g € [1, c0]. Also it is showed that when p € (1, 00) and g € [1, o), LK spaces have absolutely continuous
norm.

If one looks for ”Sobolev algebras” in literature, he sees that there are a lot of published papers about
Sobolev algebras obtained by using different function spaces that are defined over different groups or sets.
These spaces have been investigated under several respects, and mostly applied to the study of strongly
nonlinear variational problems and partial differential equations.

In the sense of our study, we attach importance to [7-9, 15]. In [8], Orlicz-Sobolev spaces that are
multiplicative Banach algebras are characterized. In [9], it is showed that the space LI (G) N L*® (G) is an
algebra with respect to pointwise multiplication where G is a connected unimodular Lie group. Also,
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sufficient conditions for the Sobolev spaces to form an algebra under pointwise multiplication have been
given.

In [7], Chu defined AZ (R") = L' (R") N Wk? (R™) spaces and showed some algebraic properties of these
spaces (Segal algebras). Moving from this paper, the results are carried to Sobolev-Lorentz spaces in [15].
In this paper, we will generalize his results to Lorentz-Karamata-Sobolev spaces and Lorentz-Karamata-
Sobolev algebras.

Throughout this paper, G,R" and dx will stand for a non-compact locally compact abelian group,
Euclidean n-dimensional space and Lebesgue measure, respectively. Besides these, Cy (R") will denote
the space of all continuous functions that vanish at infinity. For any two non-negative expressions (i.e.
functions or functionals), A and B, the symbol A 5 B means that A < ¢B, for some positive constant c
independent of the variables in the expressions A and B. If A < Band B 5 A, we write A ~ B and say that A
and B are equivalent. Certain well-known terms such as Banach function space, rearrangement invariant
Banach function space, associate space, absolutely continuous norm, etc. will be used frequently in the
sequel without their definitions. However, the reader may be found their definitions e.g., in [1, 3, 10, 23, 24]
and [25]. For the convenience of the reader, we now review briefly what we need from the theory of
Lorentz-Karamata spaces.

Definition 1.1. Let f be a measurable function defined on a measure space (X, u) and finite valued almost everywhere.
The distribution function A of f is defined by

M) =ulxeX: [f@)]>y).
The nonnegative rearrangement of f is given by
f*(t)=inf{y>0:/\f(y)st}:sup{y>0:/\f(y)>t}, t>0

where we assume that inf @ = oo and sup @ = 0. Also the average(maximal) function of f on (0, c0) is given by

£ 1 t %
f@:EIf@@
0
Note that A¢ (-), f*(-) and f* (-) are nonincreasing and right continuous functions [6, 20].

Definition 1.2. A positive and Lebesgue measurable function b is said to be slowly varying (s.v.) on (0, o) in the
sense of Karamata if, for each € > 0, t°b (t) is equivalent to a non-decreasing function and t~b (t) is equivalent to a
non-increasing function on (0, co) [12].

Given a s.v. function b on (0, ), we denote by y; the positive function defined by

b(L), 0<t<1
yﬂﬂ:{b%l F>1

It is known that any s.v. function b on (0, o) is equivalent to a s.v. continuous function b on (0, o).
Consequently, without loss of generality, we assume that all s.v. functions in question are continuous
functions on (0, o) [17]. The detailed study of Karamata Theory, properties and examples of s.v. functions
can be found in [4, 10-12, 21, 22] and chapter 5 of [25].

Definition 1.3. Let p,q € (0, 00] and b be a s.v. function on (0, c0). The Lorentz-Karamata (LK) space L (p, q;b) (G)
is defined to be the set of all measurable functions f such that

ey =l 0] W

is finite. Here IIll:(0,00) Stands for the usual L, (quasi-) norm over the interval (0, o).
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Let us introduce the functional ” f “p ” defined by

l_l %
1Al = [l e 0 £ 0 @
this is identical with that defined in (1) except that f* is replaced by f*. It is easy to see that LK spaces
L(p,q;b) (G) endowed with a convenient norm (2), are rearrangment-invariant Banach function spaces and
have absolutely continuous norm when p € (1,0) and g € [1,00). It is clear that, for 0 < p < oo, LK
spaces contain the characteristic function of every measurable subset of G with finite measure and hence,

by linearity, every p—simple function. From the definition of ||-||(p,q;b), it follows that if f € L(p,q;b) (G) and

4:0,00)

p,q € (0, ), then the function A (y) is finite valued. In this case, with a little thought, it is easy to see that
it is possible to construct a sequence of (simple) functions which satisfies Lemma 1.1 in [4]. Therefore, if
we use the same method as employed in the proof of Proposition 2.4 in [20], we can show that Lebesgue
dominated convergence theorem holds and so the set of simple functions is dense in LK spaces. Also, we
can see the density of C. (G), the set of all continuous and complex-valued functions with compact support.

Lemma 1.4. [[22], Lemma 3.1] Let b be a s.v. function on (0, c0). Then

(1) U is also a s.v. function on (0, o) for any r € Rand yy (t) =y, (t) for all t > 0.
(ii) Given positive numbers ¢ and x, yy(xt) = yp(t),i.e., there are positive constants c, and C, such that

cemin{x™, k°Yyp(t) < yu(xt) < Comax{x™¢, x}yp(t)
forallt > 0.

(iii) Let a« > 0. Then

f 17y (b dt ~ sup tyy (1) ~ 1%y (1) forall T > 0;
0

O<t<t

f t—a—lyb () dt ~ sup T‘“)/h t) ~ T_a]/b (1) f01" all > 0.

T<t<oo

Lemma 1.5. [[10], Lemma 3.4.49] Let 1 <p < 00,1 < g < oo and b be a s.v. function. Then C7’ (R"), the space of
all smooth functions with compact support, is dense in L (p, q; b) (R").

The following lemma is a generalization of Lemma 4.1 of [19].

Lemma 1.6. Let G be a non-compact locally compact abelian groupand 1 <p < o0,1< g < o0. If f € L(p,q;b) (G),
then

sll,rg, ||f + Lsf“p,q;b = 2% “f”p,q;b
where Lsf (x) = f (x —5s).

Proof. Suppose that g = Z;’Zl c;.)(g ; is a simple function where each E; is measurable and compact with
y(E]-) >0and E;NEy =9 for j# k. Letdy =0and d; = y(El)+lu(E2)+---+p(Ej)for1 <j<n If weset
cj = |c}|,thencl > > 2c, =20and

c1, 0<t< dl

gt)=9 ¢ di1<t<d
O, dn S t
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for 1 < j < n. Therefore, we get

lolly = g 0f = f 7y () (57 ()7 dt
1oy dy .
= fod By (00" @) dt + f; 7y () (g7 (O dE 4+ + f 7y () (77 (1) dt
<

1 n-1 [ ZP 1 p
q q . _ . _
el @) 5o+ Y ciﬂ(d,alth(dm gy e @) L q)

and similarly

1, dn i
lallg, ey = fod By (B (g7 (0)" dt + f: t 7y () (g () dt + - ﬁ B By (B (g7 (9) dt

;77/17 (d;)

\%

qd”ym (dl)

n—-1 p
Zz 1 i]+1 ( 1+17/b‘7 (d1+1) e+ q

2p +q)

3026

by using Lemma 1.4 and Proposmon 2.2, Remark 2.3 of [18]. If s ¢ |J" ik=1E jE;!, then the supports of 7 and

Tsg are disjoint and we get
n , .
g+ Lsg = Z]ﬂ CiXE USE; and (E]- U sEj) N(ExUsEy) =0 forj # k.

Also, we obtain

d]' = ‘U(ElUSE]‘)+[J(E2USE]')+"'+H<E]'USE]‘)
= 2([.1(E1)+[L1(E2)++y(E]))=2d]

and
c1, QS < Cplz _
(!] + Lsg)* (t) = Cj, l,i.j_l <t< d]
0, d,<t
where ¢; = c; andc; 2 ¢ >--->c¢, 2 0for 1 <j<n. Therefore, we have
+Lgllm o = |y (0 (9 + Lg) () —f £ (1) (g + Leg)” (1) dit
19+ Lelf 100 Ve () (9 + Lg)’ ” 0w = ), YOG+ L) )
2p n-1 ~4 ~ 2p ~ = P
‘I q . _ .
< dp')/bq (dl) 2p+q * Zi:l Cint (dipﬂ)/h" (d”l) 2p+q 'y (d’) p+ q)
Iie q
< 2p+ ! ”gH(p,q;b)
and

llg + LS?“ZP/q;b) fo 0 (9 +Lsg) (1))’ at

J

> 1 )/bq

a — 2
i=1 H'l( l+1ybq H—l)pz Yb ( )2}?5‘&])

> f—a

”gH(qu)

for some ¢ > 0 by Proposition 2.2 in [18]. This implies that 27 ¢ ”g”(prq;b) <|lg+ Lsg”(prq;b) <2 ”g”(p,q;b)' If

we use the density of simple functions in Lorentz-Karamata spaces, then we get the result. O
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Definition 1.7. Let G be a locally compact abelian group, and (B (G), ||-|lg) be a Banach space of complex-valued
measurable functions on G. B (G) is called a homogeneous Banach space if the following are satisfied:

H1. L;f € B(G) and ||Lsf”B = “f”Bfor all f € B(G) and s € G where Lsf (x) = f(x —5s).
H2. s — Lsf is a continuous map from G into (B(G), |||l -

Definition 1.8. A homogeneous Banach algebra on G is a subalgebra B (G) of L' (G) such that B (G) is itself a Banach
algebra with respect to a norm ||-||g > ||-||l; and satisfies H1 and H2.

Definition 1.9. A homogeneous Banach algebra B (G) is called a Segal algebra if it is dense in L' (G).

Definition 1.10. Let G be a locally compact abelian group with character group I'. A Segal algebra B (G) is called
isometrically character-invariant if for every character » and every f € B (G) one has » f € B (G) and ||% f ”B = “ f ||B.
In other words, if f — nf is an isometry of B(G), for all x € T..

Definition 1.11. Let G be a locally compact abelian group with character group I, and u be a positive Radon measure
on T. A Banach algebra (B(G), |Illg) in L' (G) is an F¥—algebra if B(G) C L (G) for some p € (0, o0) where """
denotes the Fourier transform.

Definition 1.12. Let G be a locally compact abelian group with character group I, and u be a positive Radon measure
on T. A Banach algebra (B(G), ||llg) in L' (G) is a P*—algebra if there exist two sequences (A,) and (0,) in T, a
sequence (f,) in B(G) and a sequence c,, > 1 satisfying

pl. AinAj =@ ifi# j, 0, Clnt(Ay), 1 (0,) = a>0,u(A,) =p < oo forn=1,2, - .(Int:Interior)

p2.0 < ﬁ <1, Suppﬁ C Ay, ﬁ (On)=1forn=12,--.
p3. ”f””B < Cny Yod (Cl) <oo, Y, (Cl,,) = oo for some a,b € (0, o).

An algebra is an F*P*—algebra if it is both F* and P*—algebra. It is simply called FP—algebra if y is the
Haar measure on I

Definition 1.13. Let B be a Banach algebra. B is said to have weak factorization if, given f € B, there are
fi,o fur g1, gn € Bsuch that f =Y., figi.

Definition 1.14. Let G be a non-compact locally compact abelian group. The translation coefficient Kg of a homoge-
neous Banach space E on G is the infimum of the constants K such that

imsup | + 1], <K

£ VfeE.

2. The W* (R") and A* (R") Spaces
L(p.q:b) L(p.q:b)
If « = (a1, ..., ) is an n-tuple of nonnegative integers aj, then we call a a multi-index and denote by x*

o2 .- xy", which has degree |a| = ):;’:1 aj. Similarly, if D; = aix, for1 < j<n,then

the monomial xi“ x5

D* = D}'D3’...Dy"
denotes a differential operator of order |a|. For given two locally integrable functions f and g on R", we say
that % = g (weak derivative of f) if

5L wa=0 [ wpen

R

for all p € C7° (R").
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Definition 2.1. Lorentz-Karamata-Sobolev spaces are defined by
Wy oy R = 1 € L(p,g;0) (R : D' f € L(p, 4;b) (R) 3)

for all € N, with |a| < k where k is a nonnegative integer, p € (1,00) and q € [1,00). Also they are equipped with
the norm

A, = 2 10 @

lal<k

Clearly, if k = 0, then Wk L(pat) (R") = L(p,q;b) (R"). Besides this, if we define Wk’(op ) (R") as the space

of the closure of C;’ (R") in the space WE (va) (R™), then it is easy to see that WO(O 5 (R") = L(p,q;b) (R")

where p € (1,0) and g € [1, o). For any k, the chain of imbeddings
n k n . n
( ) (R") — WL(p,q;b) (R") — L(p,q;b) R") )

is also clear. Instead of dealing with Lorentz-Karamata-Sobolev spaces W ) (R"), we can pay attention

L(pa

to the completion of the set

{rec@y: iy, m<=]

with respect to the norm in (4). Because, it is easy to show that these spaces are equal.
Now, we are going to give two propositions without their proofs . One can prove these by using the
same methods used for abstract Sobolev spaces and Propositions 3.1 and 3.2 in [14].

Proposition 2.2. While W¥
I P 1t1on L(p,q;b)

(R") is not a Banach function space, it is a (homogeneous) Banach space with

|| ”wk )(]Rn)

Pr0p051t10n 23. If p,g € (1, ), then Wk )(]R”) spaces are reflexive. In other words, the associate space of

(
( )(IR”)zs (Hbl)(]R”)where—+——1and +——1

After this point, we are going to deal with the algebraic structures of L! (R") N W" ) (R") spaces. For

L(pa

this reason, we will call this intersection space as A (R") and endow it with the sum norm

L(p.g:b)
I = Uy,

forall f € AL( )(]R”).

Proposition 2.4. ( L(pa) (R™), || ||A) is a Segal algebra on R" if p € (1, 00) and q € [1, 00).

Proof. Letp € (1,00)and g € [1, o). Since W[’i (pai) (R™) and L! (R") are homogeneous Banach spaces, it is easy
to see that A* Lpa) (R") is also a homogeneous Banach Space under the sum norm |||, > [I|l; by [11]. By a
result of [[23], 3.2. Theorem], we getA Lo
we know that C7’ (IR") is dense in L' (R") and is contained in Wk

algebraonR". O

2) (R") is a homogeneous Banach algebra. By [[1], 2.19.Theorem],

R"). Theref R") i 1
L )( ). Therefore, A (/q;b)( ) is a Sega
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Theorem 2.5. Ak (IR™) is an FP-algebra for p € (1, 00) and q € [1, o).

L(p.ait)
Proof. Firstly, we are going to show the P—algebra property of A Lpa) (R™) spaces.
(i) Let
1 1 1 1 .
Ay = [m—é—},m+z]x-~-x[m—1,m+z] (n — times)
1 1 1 1 .
Q, = [m—g,m+§]x-~-x[m—g,m+g] (n — times)
and

1 1 1 1
A;ﬂ:[m—z,mﬁ'zjl,Q;ﬂ:[m—g,mﬁ'g:l

form > 1. By [[23] 1.8. Theorem] there exists a generalized trapezium function f; € L' (R) such that
0< f1 <1,suppfy C A} and f; (Q’) = 1. If we let f,, (£) = €™ Dt (1), then it is easy to see that 0 < f,, <

suppfm c A, and fm (Q,) =1 for m > 2. If we define F,, by F,, (xl, ,Xn) = fm (x1) * fm (xn) form=1,2,..,
then F,, € L' (R"), F (t1, ..., tn) = fm (t1) - fm (ty) and 0 < F <1, suppF C Ay, F Q) =1 If
P (Ll (]R”)) is the set of all f in L! (R") whose Fourier transform f has compact support, then it is seen that

F,€P (L1 (]R”)). Since P (L1 (]R”)) is dense in every homogeneous Banach algebra [[23], 3.7.Theorem], we
have F,, € AF L(nait) (R"). For 1 < j < kand m > 2, the equality

Do = (o) g ({) ()0 i+
+ (é) () g0+ 4 (;) () £ @
il (m — 1)) ™D (1) + ({)if‘l (m — 1) (1) +

(é)if—z (m— 1)j—2 ei(m—l)tfll' " +..+ (;) (ei(m—1)t)fl(;‘) 0

is written. Since f,, € P(L! (R)) € A¥ o) (R), if

p.q;b }

()
1

M =max |, . I

b’

then, we get

() = i (o — 1y ol im=1)t) £0

I Hlj(m /&M (1) + o+ (6D £ (t)”p,q;b
< =1/ [fl],, + - 1)11() (O], - +||f1(]>(t)|| ©6)
< 2m-1)M

Again, for1 <|a|=j<kand0<j; <j, j1 +- -+ ju = j, it can be written by (6) that

”DaFm (X1/ ttYy xn)”p,q;b (h) (x )f(]Z) U fl1(1]n) (xn)

pa;b
(2 (m =1 M)" < (2¢(n -1 M)

IA



I. Eryilmaz / Filomat 30:11 (2016), 3023-3032 3030
and so

IEmlla

Il + Wy, ey = Il + ) 1Dl g

lar|<k

= WFlly + Pully g + Y WD Fullygo + Y D Fll g +
lal=1 Jar|=2

+ oot YD ol g

for m > 2 and some constant B > 0. Since we can take B and C; large enough such that C,, = B (m — 1)k" >1
form=2,3,...,C; > ||[F1l|4 and C; > 1, we have

0 1 0 1
Zm:l ey < o0 but Zm:l W = 0o, fork > 1.
Cm Cm

Thus we get the result.
Now letk = 0and say L' (R")NL (p, ; b) (R") = B(p, q;b) (R"). ThenAg(p ) (R") = L! (lR”)ﬁWg(p ) (R") =

B(p,q;b) (R"). Since B(p,q;b) (R") is a character invariant Segal algebra by [13] and every character Segal
algebra is a P—algebra by 4.9.Theorem of [23], we get that Ag (i) (R") is a P—algebra.

(ii) it is obvious from (5) that A’i () (R") ¢ B(p,q;b) (R"). Since B(p,q;b) (R") is a Segal algebra with
B(p,q/;b\)(IR”) c L(p,q;b) (R") for p € (1,00) and g € [1,00) by [13], we get B(p,q;b) (R") is an F—algebra
for p € (1,00) and g € [1, o) by 4.5.Definition of [23]. It is known from 4.6.Theorem of [23] that F—algebra
property is a going-down property. In other words, if B is an F—algebra and A is a subalgebra of B, then A
is also an F—algebra. Therefore, A’z (pa) (R") is an F—-algebra due to A’z (pi) (R") c B(p, q;b) R").

IA

n
sl + sl g + (28 (m - 1" M) 7)

B(m — 1)

IA

(i) and (ii) give the result. [

In 8.8.Theorem of [23], it is proved that an FP—algebra doesn’t admit the weak factorization property.
So, we can write the following theorem.

Theorem 2.6. A’z pa) (IR™) doesn’t admit the weak factorization property.

(

Remark 2.7. We know that a character invariant Segal algebra on the locally compact abelian group G has weak
factorization if and only if it is equal to L' (G) by Theorem 2.2 of [16]. For p € (1,00) and q € [1, o), we have
Alz (bi) (R") & LY (R"). Therefore, an alternative proof for the preceding theorem may be done by showing character

invariance of A’z () (R™).

Theorem 2.8. [5] Suppose S is a Segal algebra in L' (G) of the form L' (G) N E, where G is a noncompact locally
compact abelian group, E is a homogeneous Banach space on G. If the translation coefficient Kg of E is less than 2,
then the multipliers space of S is isometrically isomorphic to the space of all bounded regular Borel measures on G,
M(G).

Theorem 2.9. The multipliers space of A’i (hat) (R") is isometrically isomorphic to M (IR") for p € (1, 00) and
q €[1,00).
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Proof. Let f € A* 5 (R"). Since ||Ls f ”p/q}h = ” f ”p/q}b forall f € L(p,q;b) (R") and s € R" by Proposition 3.1

L(p;
of [14], we have
||f+Lsf”Wi< NGO Z [ (f+Lsf)”m;b
p.ab) lal<k
< ”f + Lsf”p,q;b + Z “Dapr,q;b + Z ||L5Daf||p,q;b
1<|al<k 1<al<k
= ”f + Lsf”p/q;b +2 Z ”Daf”p,q;b'
1<lal<k

If f =0 (a.e.), then it is trivial that

hmsup“f+Lsf||Wk (®) =0.

|s|]—00
Now let f # 0. By Lemma 1.6, we know that Kipamye = 27 for p €(1,0) and g € [1, o). Then, we get

hmsup“f+Lsf||Wk (&) < hmsup||f+Lsf”pqh+2 Z ‘D“f”qu

[s|—>e0 1<|a|<k

= 2 ”f“p,q;b 2 Z “Daf“w;b

1<|a|<k

= ”f“p,q;b +2 “f”p,q;b -2 ”f”p,‘i;b +2 Z ”Daf“%q?b

1<|a|<k
= (2% B 2) ”pr,q;b +2 Z HDapr,q:b
ler|<k
-y , 22
K N T ) (®)

Since 0 < ”f”pq_b < ||f“wk ) 0<2-2F <land0<?2 T < 2 forall p € (1, 0), we see that
47 b WL(p,q;h)URn)
Kyr  (rey < 2. Therefore, the multipliers space of A¥ b) (IR") is isometrically isomorphic to M (IR") by the

L(p q:b)

preceding theorem for p € (1, 00) and q € [1,00). [

L(p.g;
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