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Intrinsic Equations for a Relaxed Elastic Line of
Second Kind in Minkowski 3-Space

Ergin Bayram?, Emin Kasap?

?Ondokuz Mays University, Faculty of Arts and Sciences, Department of Mathematics, 55139 Kurupelit/Samsun, TURKEY

Abstract. Let a be an arc on a connected oriented surface S in Minkowski 3-space, parameterized by arc

length s, with torsion 7 and length I. The total square torsion H of a is defined by H = ﬂ 72ds. The arc a is
called a relaxed elastic line of second kind if it is an extremal for the variational problem of minimizing the
value of H within the family of all arcs of length [ on S having the same initial point and initial direction
as a. In this study, we obtain the differential equation and boundary conditions for a relaxed elastic line of
second kind on an oriented surface in Minkowski 3-space. This formulation should give a more direct and
more geometric approach to questions concerning relaxed elastic lines of second kind on a surface.

1. Preliminaries and Introduction
In this section, we give some fundamentals required for this paper.

Definition 1.1. R" equipped with the metric
v n
(u,wy = _Zuiﬂh' + Z uwj, u,weR", 0<v<n,
i=1 j=v+1

is called semi-Euclidean space and is denoted by R}}, where v is called the index of the metric. For n = 3, RS is called
Minkowski 3-space [3].

Let a (s) denote an arc on a connected oriented surface S in R?, parameterized by arc length's, 0 <s </,

with curvature « (s) and torsion 7 (s). Let the energy density be given as some function of the curvature and
torsion, f (k, 7). Then

H=ff(1<, T)ds (1)
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is an Hamiltonian for curves [1]. Thus the following integral can be taken as a special case of Hamiltonians
for curves:

H= f 72ds. (2)

Ekici and Gorgtili [2] handled the problem of minimization of the integral f x?7ds in Minkowski 3-space.
In [4] authors defined relaxed elastic line of second kind on an oriented surface in Minkowski space and
for a curve of this kind lying on an oriented surface, the Euler-Lagrange equations were derived. In this
paper, we give intrinsic equations for a curve of this kind. Particularly, we obtain the differential equation
and boundary conditions for a curve to be a relaxed elastic line of second kind on an oriented surface.

Definition 1.2. The arc « is called a relaxed elastic line of second kind in Minkowski 3-space if it is an extremal for
the variational problem of minimizing the value of H within the family of all arcs of length | on S having the same
initial point and initial direction as o in Minkowski 3-space [4].

In this study, we would like to calculate the intrinsic equations for the curve a which is an extremal for
(2). We shall require that the coordinate functions of S are smooth enough to have partial derivatives and
coordinate functions of «, as functions of s, are smooth enough in these coordinates.

Definition 1.3. A tangent vector v in RS is
spacelike if (v, v) > 0orv =0,
null if (v, v) = 0and v # 0,
timelike if (v, v) <O0.
Definition 1.4. At a point a(s) of a, let T denote the unit tangent vector to a, n the unit normal to S, and

nxXT=¢eQ(s), ¢==1, 3)

respectively. Then {T, Q, n} gives an orthonormal basis in R3. If S is a spacelike surface then Tx Q =n, QX n =
=T, n x T = =Q. Similarly, if S is a timelike surface then T x Q = —n, Qxn =+T, n x T = FQ [5].

Theorem 1.5. Let S be a surface in RS and o be a curve on S. The analogue of the Frenet-Serret formulas is given by

T’ 0 ex; &3k T
Q |= —€1Ky 0 €3y Q1 (4)
n’ —&1ky — &7, 0 n
where &1 = (T,T), &2 = (Q,Q), €3 = (n,n). Here ky(s) = (T'(s),Q(s)), T4(s) = (Q'(5),n(s)) and ku(s) =
{II(T (s), T (s)),n(s)) are geodesic curvature, geodesic torsion and normal curvature of o, respectively.

Theorem 1.6. Let a be any regular curve on a surface in R3. Then we have

”al X a//” B <a/ x al/l al//>

| lla’ x a’|?
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2. Derivation of equations

Suppose that « lies in a coordinate patch (u,v) — x(u,v) of a surface S, and let x, = dx/du, x, =
dx/dv. Then «a is expressed as

a(s)y=x(u(s),v(s)), 0<s <],
with

dv
ds

du
T(s)=a'(s) = %xu + =X

and

Q@Bs)=p(s)xy +g(s)xy

for suitable scalar functions p (s) and g (s) .

Now we will define variational fields for our problem. In order to obtain variational arcs of length /, we
need to extend « to an arc a* (s) defined for 0 < s < I, with I > [ but sufficiently close to I so that a* lies in
the coordinate patch. Let p1(s), 0 <s < I, be a scalar function of class C2, not vanishing identically. Define

ns)=u)p (), C6)=uB)q (s).
Then

1) xu + C(s)xp = 1 (s) Q(s) (5)

along a. Also assume that

©(0) =0, u (0)=0,u"(0) =0. (6)

Now define

B(o;t) =x(u(o) +tn(0),v(0) + 1L (0)), @)

for 0 < ¢ <I". For || < &1 (Where ¢; > 0 depends upon the choice of @* and of y), the point f (o;1) lies in
the coordinate patch. For fixed t, §(o;t) gives an arc with the same initial point and initial direction as
a, because of (6). For t = 0, $(0;0) is the same as " and ¢ is arc length. For ¢ # 0, the parameter ¢ is not arc

length in general.
For fixed t, |t| < €1, let L* (t) denote the length of the arc f(o;t), 0 < o <I". Then

e [ |112B 9B

with

L'O)y=Ir>L )
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By (7) and (8) L* (t) is continuous and differentiable in ¢. Particularly, it follows from (9) that

%

s 0 for <e (10)

for a suitable ¢ satisfying 0 < ¢ < &1. Because of (10) one can restrict f(o;t) , 0 < |t| < ¢, to an arc of length /
by restricting the parameter o to an interval 0 < ¢ < A (f) < I" by requiring

A(t) aﬁ aﬁ B
[ ,/K%,%»da—l. (1)

Note that A (0) = I. The function A () need not be determined explicitly, but we shall need

da
dt

!
zslfykgds. (12)
t=0 0

The proof of (12) and of other results will depend on calculations from (7) such as

9P

% _T,0<S<l’ (13)

t=0

which gives

i

35 =T = e2x,Q + €3k, (14)

t=0

Also

9%

5| =HQ (15)

t=0

because of (5). Further differentiation of (15) gives

82‘8 = 82‘8 =u'Q+uQ =-¢ T+uQ+¢ 16
9o, = do0t|_, " " Q+pQ = —e1pry T+ 'Q + esutgn (16)
and using (4),
7 = (—2£1y’K — 1K), — E1E31UKLT )T + (p” - 8182[11(2 - 82£3y72) Q (17)
o0tdo? <0 g g g g g

+ (253}1'@ + 83‘11’1?; - 6163[,1Kg1<n)n.
Also using (14) we have

’B
dod

=- (slezxé + 81631(31) T+ (szK’g - €2€3Kn’lfg) Q+ (63K; + é‘zé‘g,Kng) n (18)
t=0
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and by (15)
a4ﬁ ” ’ ! 77 ’ ’ ’ 2
ETER . = (—351y Ky — 31 Ky = E1UKy — E1E30UK, Ty — ZelegyKn’cg —3e163U Ky Ty + E3UK Ky, (19)

3 2 " ’. 2 ’. 2 ’ ’
+ep i, + €1€2£3y1<g79) T+ (y = 3e160u Ky = 3erezld T, — 3€1€2ngKg —352€3y1grg) Q
2
+ (—38153}1/1{?1@1 - 281€3y1<,11<; — E162E31K, Ty + Besp’ T, + 3£3y”[; + 53/,1’[;’ — £1E3UK K,

3 2
—EiT, — €1yKnTg) .

Now, let H (t) denote the functional of a relaxed elastic line of second kind for the arc (o;t), 0 < ¢ <
A (), |t| < €. Since, in general, ¢ is not the arc length for ¢ # 0 functional (2) can be calculated as follows:

pz) |

do 9027 903

A(t)
H(t):fo (2 8) (78 P8y (7 @Y 4o

da’ do [ \ da2’ do? do2’ do

A necessary condition for a to be an extremal is that

dH
ey =0

for arbitrary u satisfying (6). We have

B Pp PP 2
4 A % X 927 90
’ t -
® dt B P\ JPp PP > ap\2
EnEH-3y)
o=

B P PP 2
9o 7 9%’ Iad

do’ do [ \ o2’ do?

A(t) (9
+f0 ot <9ﬂ 9ﬁ><92ﬁ a2ﬁ>_<82ﬁ «9ﬁ>2

In calculating dH/dt; we give explicitly only terms that do not vanish for t = 0. The omitted terms are those
with factor

7B 9
(a2
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which vanishes at t = 0 because (T, T’) = 0. Thus, using (11 — 14) and (16 — 19) we get

! !
H 0) = et (l)f i ds + Zf Az {(elezké + £1£3Kf,) [y (—31<§1<,’1 - 282K;Tg + 31<5,1<n1<;
0 0 (EQK? + e3K2

2
9

3 2
K, + 2,7, — €3KK, Ty + 82631{;1’; —4erk,TyT

’ 144

+E>T g —82831(!77? + 81821(_,71(%7?)

7

2 .3 e X 2 . X e ,
+u’ (—KgKn + 1%, + 2&2&3Tg1<; —5earn Ty — 362637{ng) -y’ (égK; + 4&2&31<ng) + é3y’”1<n]

2
9

’

. ! e . . e . 3 . 2
+ [éng (631(” + 62631{ng) — &€3Ky, (ézkg 62631(,,’19)] [—462ng —dezunyic, + 2UK,T
+2¢&1 €3y1cn’c; +4dereap’ K, Ty + 261;1”1<g]} ds
! !
27 (s)
_ 2 B S 2 .3 /
= fo u (61’5 0 Kg)ds + fo py——— [(é1éz1<g + 6163191) (—3K9Kn — 285K, T + 3KgKn Ky

(ezkg + £3K%)

2.7 3 2 i ’ ” 2
+EaT Ky, + 2Ky T, — E3KgK, Ty + E2E3K, T, — 4E2KnTyTy —€2E3K, T, + €1€2Kg1<n’[g)
3 2 2
+ [Sng (£3K;, + 8283Ky’[g) —&3Ky, (821(; - 82531@17?)] (—4€2Kg —deskyi, +2K,T; + 281831{”’[;)]} ds

5 g

!

27 (s

+f u % [(81621{; + €1€3Ki) (—K;Kn + 511<,31 + 2€2€3Tg1<’g — Beak, T2
0 (621{; + €3Kn)

—3€2€3Kg’[;) +4de1€3K,T, [Eng (831<;1 + €2€3Kg’l'y) —&3Ky (EzK; - £2€3Kn’[g)]]} ds

!

27 (s

+f u” #2 [(61621{; + 81631{%) (—€3K; - 462631<ng)
0 (821(; + €3K%)

I
2e183K,T (S
+2¢€1%, [eycg (zég,K,’1 + 828319,,@) — &3K, (ezk’ - 82831{”1’9)”} ds+ | u” 2e1£3K0T (5) ds.
g 0 €2K3 + £31C7

However, using integration by parts and (6) we get

!

27 (s

f o % [(glgzxé + 5183Kfl) (—K;Kn + ek + 262637,k
0 (821{; + 531<§,)

2 ’ N ’
—5€2Kn’tg - 362831{ng) +4e163K,Ty [62Kg <531<n + €2£3Kﬂg)

27 (s)

—&3K, (821{; - 62831<n19))]} ds = u(l) 5 [(8182K§ + elegkﬁ) (—K;Kn

2 2
&K + E3K
+61K“Z + 262531g1<; - 5821(7,1'; - 382831(_[77;)

+hee3%,T, (sng (53K; + €2€3Kg’[g) — &Ky, (EQK; - 6263KnTg))]}s:l
I
27 (s
—f u % [(81621{; + €1€3K31) (—K;Kn + €1Ki + 2€2€3Tg1<’g
0 (ezxé + eyc%,)
2 ’ ’
—582Kn’[g - 382831<ng,) +4e163K, Ty [821(5, (831<,, + 82831(ng)

/’
—&3Ky (EZK; - €2£3KnTg))]} ds



and

and
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!

21 (s) By 9

f u” —_— [(8182Kg + 81€3Kn) (—83K;1 - 482831{ng)
0 (eyc? + e;m%)

+2e1K, I:é'zkg (83K’n + €2€3Kg’fg) — 3K, (SZK; - 82831<n7g)]]} ds =

() 21 (s)

2 2 ’
> [(8182Ky + 81831{”) (—83Kn — 482831{ng)
(€2K; + £3%2

+2¢e1%, [fzkg (SsKln + €2€3Kﬂy) ~ &3Kn (SZK; - £2€3K”79)]]}s=1

27 (s)

—u (l) > [(6182K§ + €1£3Ki) (—E3K:1 - 4£2€3K9Tg)

(EzK + 831(
’
+2€1K9 [Eng €3K + €2€3Kg’[9) — E3Ky (Eng €2€3KnTg)]]}S:l
o 2t(s) ,
[(€1€2K + 13K )(—e;,xn - 4€2€3K9Tg)
(EQK + 631{

’”
+2€1Ky Eng 831( +é2€3KgTy) E3Ky (SzK;—€2€3KnTg)]]} ds

9 4 9

l 4
| 2e1€3%,T (s . 2¢e1€3%,7T () , 2¢e1€3K,T(S)
f“ ,123 n,(z) ds = " () ,123 — —# (D) ,123 —
0 E2Ky + E3Ky, EaKy + E3Ky, - E2Ky + E3Ky, o

(D) 2e163%,T () 3 ! 2e163%,T (8)
H EaK2 + e3%2 Ml e 1 ¢
2Ky T &Ky | 0 E2Ky + E3K5

499
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Thus H’ (0) can be written as

27 (s)

’

2 2 2. 3
5 ((€1€2Kg + 5153Kn) [(—BKgKn - 2521<ng + 31<g1<n1<g

]
H (0) = fy Elkg’fz(l)+
0 62K§+63Kﬁ

’” 2
g —82831<ng + Slé’zkg?{n’l’g)

2.1 3 2 ’
+ET Ky, + 21<5,Tg — €3KgK; Ty + €2€3K,T, — derK, Tyt

+ [Eng (£3K,’1 + €2€3Kg’fg) —&3ky, (EQK; - €2€3Kn’(g)] (—452@ - 4531<g1<i + 21<g7§ + 2£1€3KHT;))

27 (s)
2 2 2 3 2
- — [(€1€2Kg + 8183Kn) (—KgKn + &1%;, + 26283Tg1<; —5eaunt, — 362531<g7’)

2 g
»(EZKE + 831{,21)

’
+4e183K,T, (ezkg (831(;1 + 82831<ng) —&3ky, (621{; - €2€3Kn’[g>)”

27 (s
+ % [(81821{; + 61831{%) (—€3K; - 482631{ng)
(szké + 53K%)
2 ( ) 1244
/ , " e163K,7 (s
+2e1%, (821<g (83Kn + 82831<ng) — &3Ky (Sng - 82€3Kn’fg))]] | ds

821<§ + e3%2
27 (1)

2

(263 () + e3x2 (1)

—5earn Ty — 362637{?7;) +4ere3K,T, (ezxg (agk; + ézégKng) —&3Ky (éng - 5263KnTg))]S=l

’

g

+u (D) [(81821(; + 8163Kﬁ) (—K;Kn + elkﬁ + 2e283T,K

27 (s
(s) > [(61621{; + 6163Kﬁ) (—<€31<,’1 - 462831(ng)
(£2K§ + E3K%)

7
’ ’ / 2€1€3KVLT (S)
+281Kg (Ezkg (Sgkn + 82831<g’fy) —E&3Ky (821{? - €2€3KnTg))]) - + %
5= &Ky + €3K;, ol

27 (s
+u' () (s) > [(€1€2K; + elegkﬁ) (—£3K; - 482831<ng)
(821(5 + £3%2

’

+2¢e1K, (é'zkg (631<,’1 + 5263@15,) — &3k, (Sng 8283KnTg))]

’
2€1€3KnT (S) + ” (l)
2 2 ¢
Sng + €3K;; i

2e163%,T (8)
2

2
Eng + 3K =1
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2.1. Intrinsic equations for a relaxed elastic line of second kind on a spacelike surface

On a spacelike surface n is timelike. So, T and Q are spacelike and €1 =(T,T) =1, &, =(Q,Q) =1, &3 =
(n,n) = —1. Hence H’ (0) can be written as

1
2
H (0) = j(; L {Kg’l'z 0+ ( () [( ; n) (—31<§1<; - ZK;Tg + 3KgKn iy + T;K; + 21<ng + 2K, T,

@)
-« 41<n”cg7 + KT ) [ (K + Kg’l'g) + K, (K; + KnTg)] ( 41< + 41<g1< + 21<g — 2K, T g)]
(-

gty

_ l( 27 (s)) [( ) K2 i+ K - 274K, 5KnT + 31,7 ) 4,y (—Kg (K; + Kgfg)
2

+1<n K + Ky,Ty I( 27 (S) ; (K + 41<g"(y) + ZKg( Ky (K;, + Kng)

, ” 2 n 27 (1l
I [g i “] }ds ) {m [ - 2) (o2 +

’ 2 ’ ’ ’
—ngxg — SKHTg + SKng) — 4,7, (—Kg (Kn + Kg’[g) + Ky (Kg + Kn’[g))]s:l

_[ 21 (s) [( K2 - i) (k) + 4KgTq) + ZKg( Kg (Kf« + Kﬂa) + K (Kfa + K”T?))]]
s=I

(5-x)
e} ofg-acess

K—K

+21, (—Kg (K; + Kg’[g) + %y (K; + Kn"(g))] + (?;"_T (Sz)] } —u” (1) (an Sz)] )
s=1 n/s=l

g~ Kn Ky

In order that H'(0) = O for all choices of the function p(s) satisfying (6), with arbitrary values of u(l), u’(l)
and p”(I), spacelike arc @ must satisfy boundary conditions

(2 . o U5 2) (i =2 =5y 3~y (S o+ ) vl €0
+KnTg)]5=l - [ ZT (5)2 2 [(Ké - Kﬁ) (K; + 41<ng) + 25K, (—Kg (K;, + KyTg) + Ky (K; + KnTy))]] - (;”i(z)z) =0
(Kg - K”) o g nJs=|

[LS) [(K; - Kfl) (K% + 4797%) +2K4 (_Kg (K; + Kﬂg) +Kn (K.fz + K”TF))])S:I +( KZHT (S)Z) =0 (@D
s=l

2
2 2
(Kg - Kn)

ko (DT () =0, (22)
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and the differential equation

21 (s)
2 2_ .2 2 3 ’2
Kyt () + ———— [(Kg - Kn) (—SKgKn — 2K, Tg + 3KgKnky + T,
K2 —x32

g n

Ky, + ZKgT; + 2K, K0Ty — KTy — 4KnTyT, (23)

77 ’ ’ 3 2 2 ’
+1<ng) + [—Kg (Kn + Kng) + Ky (Kg + Kn’[g)] (—41<y + 4K, + ZKgTy - 21<,,Tg)]

_ ﬁ [(K§ — K%) (—K;Kn + Kﬁ - ZTyK; - 51<,47§ + 31<g7;) — 4K, T, (—Kg (K; + Kg’ty) + Ky (K; + any))]
[ \"g — n
21 (s) 2 2\ (., , , 72K, (s) "
tH———= [(Kg — Kn) (Kn + 4Ky’[g) +2K, (—Kg (Kn + Kg’fg) + Ky (Kg + KnTg))]] + [ﬁ] =0.
(K; - K%,) Kg = Ku

Theorem 2.1. The intrinsic equations for a relaxed elastic line of second kind on a connected oriented spacelike surface
in Minkowski 3-space are given by the differential equation (23) with the boundary conditions (20) — (22) at the free
end, where x;, K, and T, are the geodesic curvature, the normal curvature and the geodesic torsion as functions of the
arc length along the curve.

2.2. Intrinsic equations for a relaxed elastic line of second kind on a timelike surface for timelike arc o

Since « is timelike T is timelike. So, Q and 7 are spacelike and ¢ = (T, T) = =1, &2 = (Q,Q) =1, &3 =
(n,n) = 1. Hence H’ (0) can be written as

’

g

: : 2t (s)
H (0) = foy _KgTZ(l)—Fﬁ((K;

’” /7 _

/ 3 2 2 ’
+1<ng) + [Kg (K,, + Kg’(g) —Ky (Kg KnTg)] (—41<g —dicgx;, + 2Kng — 21<nrg))

+ K%) (3K§K; + 2K;Tg = 3KyKnk T;K’n - ZKng +2K,K0T,

i
—K, Ty + dicy Tyt

’

g
27 (s
- —( ) 5 [(Kz + Kﬁ) (szn + Ki - 274K +5Kn’£§ + 3Kﬂ;) — 4K,y (Kg (K,; + Kﬂg)

g g g
2 2
(Ky + K")

—Kn (K; - KnTg))]], + ZT—(S) [(K; + Kfl) (K; + 41<g’cg> -2K, (Kg (K;1 + KgTy) - Ky (K’g - Kn’[g»]]”

2
2 2
(Kg + Kn)

2k,7 () ) 27 (1 ) )
+ (ﬁ] }ds + u(l) m K; + Kfl) (K;Kn +16 — 21,1, +5Kn’l'; + 31<g’cg)
4K, T, (Kg (K:1 + Kg’[g) —Kp (K; - Kn’l'g))] - LS)Z [(K; + K%Z) (K; + 41<y’cg)
G
2K (K (K’ +K,T ) —K (K' — KT ))]), _[Zar® ’
’ 27 (s) 2 2\ (. / ’
Dl —= [(Kg + Kn) (Kn + 41<ng> 2K, (KE, (Kn + Kﬂy) - Kn (Kg - Kn’l'g))]

2 2
(Kg + Kn)

2k,7(5) ) . 2x,7T (s
+[ o (2)]} —u (1)[ il (2)] _
Ktk ) ) Ky + % )
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In order that H’(0) = O for all choices of the function yu(s) satisfying (6), with arbitrary values of u(l), u’(l)
and p”’(l), spacelike arc @ must satisfy boundary conditions

T—(l)z [(K; + Kf,) (K;KH +1 - 2’[91(; +51<,,’c§ + 31<g’c’g) — 4,1y (Kg (K; + Kg’[g) (24)
(2 () +:2 )
~Kn (K; - Kﬂﬂ))L:l - (K;Jr(siz)z [(K; + Ki) (K; + 47977?)

g n

-2, (Kg (K; + Kg’[g) — Kn (K; - Kn"(g)))]);:l (:ni(Z) ) =0,
n/s=l

(K; sti%)z [(Ké + Kf,) (Ki, + 4Kng) -2k, (Kg (K; + Kg’[g) - Ky (K; - KnTg))])s:l + [:{‘ni (2 l | _0, (5
xp ()T () =0, (26)

and the differential equation

—1, T () + Ls)z ((K; + Kﬁ) (31<§1<:1 + ZK;Ty — 3Kk, — T;K; - ZKng + 2 KA T,y — KTy + 4KnTyT,
K5 2+ x2
+1<g7 ) [ Ky (K + Kng) —%Ky, (K; - Kn’l'g)] ( 4 41<g1< + 21<g7 — 2K, 7T g)) (27)
_ (Kzi(i) )2 [( )(K Ky + Ko 2Tg1<; +51<,,T§ + 31<y’f;) — 4,7, (Kg (K; + Kg’[g) —Ky (K’g - Kn’[g))]],
+ % [(K; + K%) (K; + 4:1{ng) —2K, (Kg (K; + Kng) - Ky (K; - KnTg))HN + [ig": S%)J =0.
[\Fg ™ *n

Theorem 2.2. Let « be a timelike arc. The intrinsic equations for o to be a relaxed elastic line of second kind on a
connected oriented timelike surface in Minkowski 3-space are given by the differential equation (27) with the boundary
conditions (24) — (26) at the free end, where x,, x, and T, are the geodesic curvature, the normal curvature and the
geodesic torsion as functions of the arc length along the curve.
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2.3. Intrinsic equations for a relaxed elastic line of second kind on a timelike surface for spacelike arc o

Now Q is timelike, T and 7 are spacelike. So, e1 =(T,T) =1, &, =(Q,Q) = -1, €3 = (n,n) = 1. Hence
H’ (0) can be written as

I

2

H (0) = fo I {Kﬂz 0+ 5 ) > ((Ki - K;) (—31<§1<{7 + 21Ty + 3Ky KnK) = ToK), + 2KgTy — 2K4K0 T,
Kn

K2
Ky
’ ’ 3 2 2 ’
Kg’[g + 41{,1’[_,7’[ +Kg’[ ) [ Ky (Kn — Kg’[g) —Ky (—Kg + Kn’l'g)] (41<g = dicgxc, + 21<ng + ZKnTg))

_[ 21 () [( )( Kokn + 15 — 2T4K) +5K,T, + 31,1 )"'4""”‘79( KH( KﬂTE’)

(- )

—Kn -x’ +1<nrg I

( K, + 41<g’cg)

+21c (=4 (1), = 1 Tg) = K (_K; + Kﬂg))”" ~ (21;,17 (s)) } s

2
Ky — Kj

+u(l) {ﬁ [(K% - K;) (—K;Kn + 1 — 274%; +51<,ﬂ§ + 31<gT’g) + 41<nTg( Kg< Kng)

—Ky, (—K; + Kn’l'g))]s:l - [ 27 (s) [(Kf, - K;) (—K,’1 + 41<ng) + 21<g( Ky( KgTy)

(K% - 1<§>2
’ 4 2 n ! ’ 2 ’
=t (=1 + 1ty ) )|, + (Kg = %) l_l} +u' (D) {[(K% T_(i); 5 (12 = 12) (=, + 4x47,)
, 2K, (s) ' 2%, (s)
+2Kg( Kg( Kng) Kn (—Kg + KnTg))] - ( 2 = K;) }S_l (l)[ P l l.

In order that H'(0) = O for all choices of the function p(s) satisfying (6), with arbitrary values of u(l), u’(l)
and p”’(I), spacelike arc @ must satisfy boundary conditions

(KZ (Z)T_(l1)<2 (l))z_ [(Kf, - K;) (—K?,Kn + K — 2141, +51<7,T§ + 3Kg’[;) + 4,7, ( g (€ ( KyTg) (28)
n g

— (—K; + Kn’[g))]s:l - [ () [(Ki - K;) (—K; + 41<ng) + 2K, ( (IS ( Kng)

2
(2 = x3)
( ) 124
/ K, (8
—Ky (—K’g + Kﬂg))]) +| = =0,
- 2 _ 2
Kn K? s=I

[ ) ,
m [(12 = 12) (=), + dicgTy) +21c (=1, (i), = K4Tg) = 10 (=) + 0Ty ) s:l_(:% T_(% ]s:l =0, (29)

ko (DT () =0, (30)
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and the differential equation

27 (s)
2 2 2 2. 3 ’ 2. 3 2 - ’
kgt () + ———— ((Kn - Kg) (—31<g1<n + 2K, Ty + BKgKnky, — Tyiy, + 25T, — 2KgK, Ty — KTy + 4Kn Ty Ty
Ky — K
+% T”) + [—K (K’ — K, ) —K (—K’ + K, T )] (41<3 — 41 K2 + 2K,T2 + 2K T’)) (31)
9%y g\*n = Kglyg n\Thyg T Kn'ly g 9%n 9% nty

27 (s
_| 2 [(Kfl - Kz) (—KZKn + 15— 27,K, +5KnT§ + 31(_,7’[;) + 4,7, (—Kg (K;, - Kg’[g)

A
—Ky (‘K; + an))”, + ﬁ [(Kﬁ - K;) (_K',1 * 41<ng)
n g
+25g (~1% (1, = wt0) = s (=16, sy )] (%T(ng] -

Theorem 2.3. Let a be a spacelike arc. The intrinsic equations for « to be a relaxed elastic line of second kind on a
connected oriented timelike surface in Minkowski 3-space are given by the differential equation (31) with the boundary
conditions (28) — (30) at the free end, where x,, x, and T, are the geodesic curvature, the normal curvature and the
geodesic torsion as functions of the arc length along the curve.

References

[1] R.Capovilla, C. Chryssomalakos and J. Guven, Hamiltonians for curves, J. Phys. A: Math. Gen. 35 (2002) 6571-6587.

[2] C.Ekiciand A. Gorgiilii, Intrinsic equations for a generalized relaxed elastic line on an oriented surface in the Minkowski 3-space
E3, Turk J. Math 33 (2009) 397 - 407.

[3] B. O’'Neill, Semi-Riemannian Geometry, Academic Press, London, 1983.

[4] A. Tutar and A. Sarioglugil, Relaxed elastic lines of second kind on oriented surface in Minkowski space, Applied Mathematics
and Mechanics (English Edition) Vol. 27 (11) (2006) 1481-1489.

[5] H.Ugurluand H. Kocayigit, The Frenet and Darboux instantaneous rotation vectors of curves on time-like surface, Mathematical
& Computational Appl. Vol: 1 No: 2 (1996) 131-141.



