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Multivalued Operator with Respect Generalized Distance
on Menger Probabilistic Metric Spaces

Reza Saadati®

*Department of Mathematics, Iran University of Science and Technology, Tehran, Iran

Abstract. In this paper, we recall the concept of r-distance on a Menger probabilistic metric space. Further
we prove a fixed point theorem for contractive type multi-valued operators in terms of a r-distance on a
complete Menger probabilistic metric space.

1. Introduction and Preliminaries

K. Menger introduced the notion of a probabilistic metric space in 1942 and since then the theory
of probabilistic metric spaces has developed in many directions [19]. The idea of K. Menger was to
use distribution functions instead of nonnegative real numbers as values of the metric. The notion of a
probabilistic metric space corresponds to situations when we do not know exactly the distance between
two points, but we know probabilities of possible values of this distance. A probabilistic generalization of
metric spaces appears to be interest in the investigation of physical quantities and physiological thresholds.
It is also of fundamental importance in probabilistic functional analysis. Probabilistic normed spaces were
introduced by Serstnev in 1962 [21] by means of a definition that was closely modelled on the theory of
(classical) normed spaces, and used to study the problem of best approximation in statistics. In the sequel,
we shall adopt the usual terminologies, notations and conventions of the theory of probabilistic normed
spaces, as in [2-6, 10, 11, 13, 14, 16, 18, 19, 23].

Throughout this paper, the space of all probability distribution functions (briefly, d.f.’s) is denoted by
A" ={F : RU {—0co,+o0} — [0,1] : F is left-continuous and non-decreasing on R, F(0) = 0 and F(+o0) = 1}
and the subset D™ C A* is the set D* = {F € A" : ["F(+00) = 1}. Here I” f(x) denotes the left limit of the
function f at the point x, I” f(x) = lim;_,- f(t). The space A* is partially ordered by the usual point-wise
ordering of functions, i.e., F < G if and only if F(t) < G(f) for all f in R. The maximal element for A* in this
order is the d.f. given by

if t <
eo(t)z{ 0, ift<0,

1, ift>0.

Definition 1.1. ([19]) Amapping T : [0,1]X[0, 1] — [0, 1] is a continuous t-norm if T satisfies the following
conditions:
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(a) T is commutative and associative;

(b) T is continuous;

(¢) T(a,1) =aforallae[0,1];

(d) T(a,b) < T(c,d) whenevera < candc <d,anda,b,c,d € [0,1].

Two typical examples of continuous t-norm are T(a, b) = ab and T(a, b) = min(a, b).
Now t-norms are recursively defined by T! = T and

Tn(xll e /xn+1) = T(Tn_l(xll e /xn)/ xn+1)
forn>2and x; €[0,1], foralli € {1,2,...,n+1}.

Definition 1.2. ([19]) A mapping S : [0,1]x[0, 1] — [0, 1] is a continuous s—norm if S satisfies the following
conditions:

(a) Sis associative and commutative;

(b) S is continuous;

(c) S(a,0)=aforallae[0,1];

(d) S(a,b) < S(c,d) whenevera < cand b <d, foralla,b,c,d € [0,1].

Two typical examples of continuous s—norm are S(a, b) = min(a + b, 1) and S(a, b) = max(a, b).

Definition 1.3. A Menger Probabilistic Metric space (briefly, Menger PM-space) is a triple (X, ¥, T), where X
is a nonempty set, T is a continuous t-norm, and ¥ is a mapping from X x X into D* such that, if F,
denotes the value of ¥ at the pair (x, y), the following conditions hold: for all x, y,z in X,

(PM1) F,/(t) = eo(t) for all t > 0 if and only if x = y;

(PM2) Px,y(t) = Fy,x(t);

(PMB3) Fy.(t +5) > T(Fyy(t),F,.(s)) forall x,y,z € X and t,s > 0.

Definition 1.4. A Menger Probabilistic Normed space (briefly, Menger PN-space) is a triple (X, u, T), where X
is a vector space, T is a continuous t-norm, and u is a mapping from X into D* such that, the following
conditions hold: for all x, y in X,

(PN1) ux(t) = eo(t) for all t > 0 if and only if x = 0;

(PN2) pax(t) = yx(ﬁ) fora #0;

(PN3) prsy(t +8) = T(px(t), uy(s)) forall x, y,z € X and t,s > 0.

Definition 1.5. Let (X, ¥, T) be a Menger PM-space.

(1) A sequence {x,}, in X is said to be convergent to x in X if, for every € > 0 and A > 0, there exists
positive integer N such that F,, «(€) > 1 — A whenever n > N.

(2) A sequence {x,}, in X is called Cauchy sequence if, for every e > 0 and A > 0, there exists positive
integer N such that F, ., (e) > 1— A whenever n,m > N.

(3) A Menger PM-space (X, ¥, T) is said to be complete if and only if every Cauchy sequence in X is
convergent to a point in X.

A subset U of X is said to be F-bounded if there exists t > 0 and 0 < r < 1 such that F, ,(t) > 1 —r for all
x,yeU.

Definition 1.6. Let (X, ¥, T) be a Menger PM space. For each p in X and A > 0, the strong A — neighborhood
of p is the set

Ny,(A) = {geX:FpA)>1-A4],
and the strong neighborhood system for X is the union U,ey N, where N, = {N,(1) : A > 0}.
The strong neighborhood system for X determines a Hausdorff topology for X.
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Theorem 1.7. ([10, 20]) If (X, F, T) is a PM-space and {p,} and {q,} are sequences such that p, — p and q, — q,
then limy, o Fp, q,(t) = Fp4(t).

Remark 1.8. We say the t-norm T has ¥ property and write T € ¥ whenever, Suppose for every o €]0, 1[ there exists
a B €]0, 1[ (which does not depend on n) with

11 - B,..,1=p)>1—aforeachne{l,2,..}. (1)

2. r-distance

Recently, Kada, Suzuki and Takahashi [9] introduced the concept of w-distance on a metric space and
proved some fixed point theorems. In this section, using the concept of w—-distance, we define the concept
of r-distance on a Menger PM-space.

Definition 2.1. Let (X, ¥, T) be a Menger PM-space. Then the function f : X? X [0, 0] — [0,1] is called a
r-distance on X if the following are satisfied:

(11) foz(t +5) 2 T(fr,y(t), fy(s)) forall x,y,z € Xand t,s > 0;
(r2) forany x € Xand t > 0, f;, : X X [0, o] — [0, 1] is continuous;
(r3) for any ¢ > 0, there exists 6 > O such that £, ,(t) > 1 -0 and f, ,(s) > 1 - 6 imply F, ,(t +s) > 1 - &.

Let us give some examples of r-distance.
Example 2.2. Let (X, F,T) be a Menger PM-space. Then f = F is a r-distance on X.
Proof. Now (r1) and (r2) are obvious. We show (r3). Let € > 0 be given and choose 6 > 0 such that
T1-61-0)>1-¢.
Then, for F,,(t) 21 -6 and F, ,(s) > 1 — 6 we have

T(Fzx(£), Fz,y(s))

Frylt+s) 2=
> T1-61-0)>1-¢.

O

Example 2.3. Let (X, %, T) be a Menger PM-space. Then the function f : X* x [0,00) —> [0,1] defined by
foy(t) =1 —c forevery x,y € X and t > 0 is a r-distance on X, where c €]0, 1[.

Proof. Now (r1) and (r2) are obvious. To show (r3), for any ¢ > 0, put 6 = 1 — ¢/2. Then we have that
forx(t) 21=c/2and f, ,(s) 21 —c/2imply F, ,(t +s) 21 -¢. O

Example 2.4. Let (X, u, T) be a Menger PN-space. Then the function f : X* X [0,00) —> [0,1] defined by
fry(t +8) = T(ux(t), uy(s)) for every x,y € X and t,s > 0 is a r-distance on X.

Proof. Letx,y,z € X and t,s > 0. Then we have
fx,z(t +5) T(Hx(t)/ HZ(S))

T(T(ux(t/2), 11y (t/2)), Ty (5/2), p1=(s/2)))
T(fry(D), fy,2())-

Hence (r1) holds. Also (r2) is obvious. Let ¢ > 0 be given and choose 6 > 0 such that

v

T(1-61-6)>1-c¢.
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Then, for f,,(t) 21— 06and f,,(s) 2 1 - 6 we have
Fx,y(t +s) = ,Uxfy(t +8) > T([Jx(t)r ,Uy(s))

> T(T(ux(t/2), p=(t/2), T(py(5/2), p=(5/2))
= T(for(D), fo,(5))
> T(1-461-08)>1-c¢

Hence (r3)also holds. O

Example 2.5. Let (X, u, T) be a Menger PN-space. Then the function f : X* X [0,00] —> [0,1] defined by
fry(t) = ux(t) for every x,y € X and t > 0 is a r-distance on X.

Proof. Letx,y,z€ X and t,s > 0. Then we have

fx,z(t +5) Hz(t +5)
T(py(t), p=(s))

T(fey(B), fy,2(5))-
Hence (r1) holds. Also (r2) is obvious. Let ¢ > 0 be given and choose 6 > 0 such that

vV

T(1-561-06)>1-c¢.

Then, for f,,(t) 21— 06and f,,(s) 2 1 — 6 we have

Foy(t+5) ta—y(t +5)

T(Hx(t)r Hy(s))

= T(for(D), fo(5))
T1-61-0)21-¢.

Hence (r3) holds. O

[\

\%

Example 2.6. Let (X, 7, T) be a Menger PM-space and let A be a continuous mapping from X into X. Then the
function f : X?> x [0, 00] — [0, 1] defined by

fx,y(t) = min(FAx,y(t)/ FAx,Ay(S))
forevery x,y € Xand t,s > 0 is a r-distance on X.

Proof. Letx,y,z € Xand t,s > 0. If Fay(t) < Fayay(t) then we have

fx,z(t + S) = FAx,z(t + S) 2 T(FAx,Ay(t)r FAy,z(S))
T(min(FAx,y(t)/ FAx,Ay(t))/ min(FAy,z(s)/ FAx,Ay(s))
T(fry(D), fy,2())-

With this inequality, we have

[\

fra(t+9) Faxaz(t +8) = T(Fax,ay(t), Fay,a2(5))
T(in(F ax,y(t), Fax,ay(2)), min(F ay,2(8), Fax,ay(5))

T(fry(B), fy,2())-

Hence (r1) holds. Since A is continuous, (r2) is obvious . Let € > 0 be given and choose 6 > 0 such that

v

T(1-61-06)>1-c¢.
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Then, from f,,(t) 21 -6 and f,,(s) 21— 6 we have F4,,(t) 2 1 — 6 and Fa,,(s) > 1 — 6. Therefore

Fx,y(t + S) 2 T(FAz,x(t)r FAz,y(S))
> T(1-861-8)>1-c¢.

Hence (r3) holds. O

Next, we discuss some properties of r-distance.

Lemma 2.7. Let (X, F,T) be a Menger PM-space and let f be a r-distance on it. Let {x,} and {y,} be sequences in X,
let {av,} and {B,,} be sequences in [0, oo) converging to zero, and let x,y,z € X and t,s > 0. Then the following hold:

(1) if fr,y(t) 21—y and fy, .(s) 2 1 = By, for any n € N, then y = z. In particular, if f,,(t) = 1and f,.(s) =1,
then y = z;

Q) if fr, () 21— ayand fy, .(s) 2 1 =By foranyn € N, then Fy .(t +s) = 1;

if froxn(t) =1 = ay, for any n,m € IN with m > n, then {x,} is a Cauchy sequence;

(4) if fyx,(t) 21— ay, for any n € N, then {x,} is a Cauchy sequence.

Proof. We first prove (2). Let ¢ > 0 be given. From the definition of r-distance, there exists 6 > 0 such that
fuo(t) 2 1=06and f,.(s) > 1—06imply F,.(t +5) > 1 — €. Choose ny € N such that @, < 6 and , < 0 for

every n > ng. Then we have, for any n > ng fy,,,(t) 21 -a, 21-06and f;, .(t) 21—, > 1 -6 and hence
Fy,-(t +s) 21— ¢. This implies that {y,} converges to z. It follows from (2) that (1) holds. Let us prove (3).
Let ¢ > 0 be given. As in the proof of (1), choose 6 > 0 and then 1y € IN. Then for any n,m > ny + 1

foge) 21 —an, >21-6 and f, v () =21—ay >21-0

and hence F,, ,, (t +5) > 1 — ¢. This implies that {x,} is a Cauchy sequence. [

Lemma 2.8. Let f : X? X [0,00] —> [0, 1] be a r-distance on (X, F,T) in which T € X. If we define E, 5 : X* —
R* U {0} by
Eyf(x,y) =inf{t > 0: f,,(t) > 1 - A}

foreach A €]0, 1] and x, y € X, then we have the following:
(1) For any p €]0, 1], there exists A €]0, 1[ such that

Epr(x1,xk) < Ej p(x1,x2) + Ep (22, X3) + -+ - + E) p (%1, Xk)

forany x1, ..., xx € X;

(2) For any sequence {x,} in X, we have, f., «(t) — 1if and only if Ej s(x,,x) — 0. Also the sequence {x,} is
Cauchy w.r.t. f if and only if it is Cauchy with E, .

Proof. The proof is the same as in Lemma 1.6 of [15]. O

Lemma 2.9. Let (X, F,T) be a Menger PM-space, let f be a r-distance on it and let A be a mapping from X into
itself. Let {u,} be a sequence in X. Suppose that there exists k €]0, 1[ such that

qul/MVH-l (kt) Z fun—l/un (t)

for everyn € IN, t > 0. Then the sequence {u,} is Cauchy.

Proof. See Theorem 3.1 of [17]. O
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3. Main Results

Let (X, ¥, T) a Menger PM-space. We will use the following notations:
P(X)- the set of all nonempty subsets of X;
P(X)- the set of all nonempty closed subsets of X;
Py, 1(X)- the set of all nonempty bounded and closed subsets of X;
®: P(X) x P(X) — D*,
Dzy(t) = sup{Fy,(t): x€Z, yeY)
fort > 0inwhich Y, Z c X.

Definition 3.1. Let (X, ¥, T) a Menger PM-space. Assume that A : X — P(X) be a multi-valued operator
and f : X2 X [0,00] — [0,1] be a r-distance on (X, ¥, T). Define the function & : X x [0,00] — [0,1] as
he(t) = ¢Pxa0(t) , where

Pzaw(1) = suplfry(t) 1 y € A},

fort > 0.

For a positive constant b € (0, 1) define the set I; C X as follows:

I ={y € Ax) : froy(t) = raw(bh)},

for all £ > 0. We will present now a fixed point theorem for multi-valued operators on a complete Menger

PM-space endowed with a r-distance. Our result generalized and extend some recent results presented at
[1,7,8,12,22].

Theorem 3.2. Let (X, F,T) a complete Menger PM-space, A : X — Py(X) a multi-valued operator, f : X* X
[0, 00] — [0, 1] be a r-distance on X and b € (0, 1).

Suppose that:
(i) there exists ¢ € (0,1), with ¢ <b, such that for any x € X there is y € I} satisfying
fua(t) < Praw(ct)
forallt > 0.

(ii) the function hy(t) = ¢y aw(t) is continuous.
Then A has a fixed point in X.

Proof. Since A(X) C Py(X), then, for any x € X, I} is nonempty for any constant b € (0,1). For any initial
point xg € X, there is x; € I,’ such that

fxo,xl(t) < (le,A(xl)(Ct)
forall t > 0. For any x1 € X, thereis x; € IZ“ such that

fX1,xz =< (PXZ/A(XZ)(Ct)

for all £ > 0. We obtain an iterative sequence {x,},’ , where x,,1 € I;” such that

fxruxnﬂ (t) < (erHl/A(an)(Ct) (2)
forallt > 0 and forn = 1,2,---. Now, we show that the sequence {xa}), is Cauchy. Since x,41 € I, we
have

Frwinn () 2 P, a0, (bE) 3)

forallt >0and forn =1,2,---. Form (2) and (3) and since ¢ < b we have

[
¢xn,AX;,(t) < qunﬂ,A(xnﬂ) (Et) )
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allt >0and forn=1,2,---. Then

Pxo,Ax(£) < P, Ax,) ((g)” t) 6)

allt > 0and forn =1,2,---, which implies that the sequence {h, (t)}," = {¢x, a0, ()}, converges to 1.
On the other hand, by (2) and (3), we have

bt b
f;cnrxiwl (EE) 2 qumAxn (Et)

b
fxn—lrxn (C_zt) (6)
allt >0and forn=1,2,---. Then,

Frmr (51) 2 Fura® )

allt >0and forn=1,2,---. Hence, by Lemma 2.9 the sequence {x,},’ , is Cauchy. Since X is a complete

v

Menger PM-space, there exists a x € X such that x, converges to x. Since / is continuous, we have

for

for

1= lim hy () = ha(t)

all t > 0, then,

Pra0(t) =1 ®)
all t > 0. From A(x) € P4(X) and (8) we have that x € A(x). Hence, A has a fixed pointin X. [
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