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Abstract. In this paper, we further investigates Ulam’s type stability of Hadamard type fractional integral
equations on a compact interval. We explore new conditions and develop valuable techniques to overcome
the difficult from the Hadamard type singular kernel and extend the previous Ulam’s type stability results
in [27] from [1, b] to [a,b] with a > 0 via fixed point method. Finally, two examples are given to illustrate
our results.

1. Introduction

The stability of functional equations originated from Ulam who posed this important question in 1940,
concerning the stability of group homomorphisms. In 1941, Hyers gave a partial affirmative answer to the
question of Ulam in the context of Banach spaces, that was the first significant breakthrough and a step
toward more solutions in this area. Since then, a large number of papers have been published in connection
with various generalizations of Ulam’s type stability theory or the Ulam-Hyers stability theory. For the
advanced contribution on Ulam’s type stability, we refer to [1-3, 6, 7, 10, 11, 13, 18, 19, 21, 22, 26, 27] and
other stability results [12, 17, 24, 25].

Fractional calculus has played a very important role in various fields such as mechanics, electricity,
biology, economics, and signal and image processing. Recently, fractional differential and integral equations
appear naturally in the fields such as viscoelasticity, electrical circuits, nonlinear oscillation of earthquake
and etc. There are some remarkable monographs provide the main theoretical tools for the qualitative
analysis of this research field, and at the same time, show the interconnection as well as the contrast
between classical differential and integral models and fractional differential and integral models, are [4, 5,
9,15, 16, 20, 23].

In [27], the authors firstly offered Ulam’s type stability of Hadamard fractional differential equations
and derived the Ulam-Hyers stability results on [1, b] by using standard method provided in [21]. However,
the corresponding Ulam-Hyers stability results on [a,b] where a > 0 has not been studied. In order to fix
this gap, we will apply another method, fixed point method, to investigate Ulam’s type stability of the
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following Hadamard type fractional integral equations [15] in the space of continuous functions:
0=y U n i L f iy 2 M
Y T Te-j+D) 4 T@J, "t YT

wherea € (n —1,n],n =1,2,---, T() is the Gamma function, a, b and b; are fixed real numbers such that
0<a<x<b<+coand f:[a,b] xR — R is a continuous function.

To achieve our results, we will explore new conditions and develop valuable techniques to overcome
the difficult from the Hadamard type singular kernel (In ¥)*~! and extend the previous Ulam’s type stability
results in [27] from [1, b] to [a, b].

Definition 1.1. If for each function y satisfying

- bj X 1 (Y x dt
y(x) = ]:21 l“m——jJrl)(ln E) J——— | (In ?) i ]/(t))T

F(a) . < (P(X),

where @ is a nonnegative function, there is a solution yq of the equation (1) and a constant ¢ > 0 independent of y
and yo such that

|]/(x) - ]/O(x)| < C(P(x)/ X € [a/ b]/

then the equation (1) is called Hyers-Ulam-Rassias stable.
In the case where @ takes the form of a constant function, the equation (1) is called Hyers-Ulam stable.

For a nonempty set X, a function d : X X X — [0, +o0] is called a generalized metric on X if and only if
d satisfies d(x,y) = 0 if and only if x = y, d(x, y) = d(y, x) for all x, ¥ € X and d(x,z) < d(x,y) + d(y, z) for all
x,y,z€X.

Theorem 1.2. (see [8]) Let (X,d) be a generalized complete metric space. Assume that T : X — X is a strictly
contractive operator with the Lipschitz constant L < 1. If there exists a nonnegative integer k such that d(T*'x, Tkx) <
+o0 for some x € X, then the followings are true:

(a) The sequence {T"x} converges to a fixed point x*of T;

(b) x* is the unique fixed point of T in

X = {y € X | d(T'x, y) < +0<>};

(c) If y € X*, then

. 1
d(y,x") < md(Ty, Y).

2. Ulam’s type stability results

In this section, we will study Hyers-Ulam-Rassias stability and Hyers-Ulam stability of the equation (1)
on a compact interval [a, b].

—p\1- -
LetO<a<bO<p<l,n-l<as<np<aand M= ﬁ(;—_’;) p(lnf)a g
We introduce the following assumptions:

[H1]: f:[a,b] xR — Ris a continuous function and for any ¢ € [4,b] and y,z € R,

[f(t,y) = f(t,2)| < LiPly — z|. ()
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[H2]: There exists a continuous function y : [4,b] — R satisfies

1

. x X, dt
v Zna—]n)‘ " T ), TS vOT <000

forall x € [a,b], and ¢ : [a,b] — (0, +00) satisfies

X " p
(f ((p(t))vdt) < Ko(x).

[H3]: 0 < KLM < 1.
Now we are ready to state our first result.

1325

(4)

Theorem 2.1. Assume that [H1], [H2] and [H3] are satisfied. Then there exists a unique continuous function

Yo : [a,b] = R such that

a— a— dt
o) = Zr Zn Dy s [Can D

and

P(x)

ly(x) — yo(Jf)I_1 KLM

forall x € [a, b].

Proof. We mimic the framework in [14] to consider the space of continuous functions
X ={g:[a,b] = R gis continuous},

endowed with the generalized metric on X defined by
d(g,h) = inf {C € [0, +oo] | |g(x) ~ h(x)| < Cop(x) for all x € [, b]}.

It follows [14] that (X, d) is a complete generalized metric space.
Define an operator T : X — X by

Y bj LT N A dt
1009 = Y, a3 g [ s o,

for all y € X and x € [a,]. Clearly, T is a well defined operator.

(5)

(7)

Next, we shall verify that T is strictly contractive on X. Note that the definition of (X, d), forany g,h € X,

it is possible to find a Cy;, € [0, +o0] such that

lg(x) = h(x)| < Conp(x),

for any x € [a, b].

(10)
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From the definition of T in (9) and (2), (4), and (10), we obtain
I(Tg)(x) = (Th)(x)]

1 f (inx— In 0" T, 9(6) ~ F( o)1t

IN

a—1,-14p
r( )f(lnx In )21 g(8) — h(t)|dt

LCy—

IA

r( ) f (Inx —Int)* ' p(t)dt
- chhr( ) fﬂ (Inx — In L (e

— - : _ % a-1
= chhr( ) f [(Inx — In T[4 gp(t)dt

1 1-p Y
ghl"( )(f [(lnx—lni.‘)t*1 ) (f ((p(t))!’dt)

KLCyh(p(x)r( )(f (Inx - lnt)1 54 1dt)

IN

IA

1-p
= KLCpp(x)=— (lnx —Inf)> = d(nx —In t))

r()

= KLCpp(x)=—

I'(a)

a-p
< KLCghgo(x)r() = P) ( ) .

This yields that
[(Tg)(x) = (Th) ()l < KLMCrip(x),

for all x € [a,b]. That is, d(Tg, Th) < KLMC,. Hence, we can conclude that d(Tg, Th) < KLMd(g, h) for any
g,h € X, and since 0 < KLM < 1, the strictly continuous property is verified. Let us take gy € X. From the
continuous property of go and Tgy, it follows that there exists a constant 0 < C; < +o0 such that

[(Tgo)(x) = go(x)l

>—‘ Q

a-p 1=p
[ (lnx—lna)lﬂ]

_)a ]+ ml (ln %)a_lf(t/gO(t))% _gO(x) = Cl(P(x)

for all x € [a, b], since f and go are bounded on [4, b] and @(x) > 0. Thus, (8) implies that
d(Tgo, go) < +00.

Now, we can use the Banach Fixed Point Theorem and conclude that there exists a continuous function
Yo : [a,b] = R such that T"gy — yp in (X, d) as n — +o0 and Ty = yo, that is, y, satisfies equation (5) for
every x € [a,b]. We will now verify that {g € X | d(go,9) < +o0} = X. For any g € X, since g and g are
bounded on [g, b] and min,e(, ) @(x) > 0, there exists a constant 0 < C; < +oo such that

lgo(x) — g(x)| < Cyep(x)

for any x € [a,b]. Hence, we have d(gy, g) < +oo for all g € X, thatis, {g € X | d(go,9) < +c0} = X. Hence,
we conclude that yy is the unique continuous function with the property (5). On the other hand, from (3) it
follows that

d(y, Ty) < 1. (11)
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At last,

a(y, vo) £ ———d(Ty,y) <

1 1
~ 1-KLM = 1-KLM’
which means that the inequality (6) holds true for all x € [4,b]. O

Next, we try to reduce [H1] to the following assumption:
[H1*]: f:[a,b] Xx R — Ris Carathéodory function and there exists M. > 0 such that

If¢t, Pl < MtP(Inb—Int)?, p—a<g<0.
Moreover, for any t € [4,b] and y,z € R,

Ift,y) - f(t,2)] < L#¥(nb—-Int)T|y —z|, p—a < g <0.

A\ 1- -
Theorem 2.2. Let M* = F(a) (aiqu) ’ (ln g)aﬂ] p. Assume that [H1*], [H2] and 0 < KLM* < 1 are satisfied. Then

there exists a unique continuous function y : [a,b] — R such that

Y60~ 9o < T

forall x € [a, b].

Proof. Firstly, we show that the second integral term in (9) is bounded. In fact,

1 X dt
e | e

IA

L ' - a=1g=1yp - q
F(a)j;(lnx Int)* "t (Inb — In t)TM.dt

IA

1 X
— Inx — In)* ' '¥(Inx — Int)IM.dt
f |, (nx=ino e eny - ng)

= % f (lnx—lnt)"“q_l(t“i;l)“*q_lM*dt

IA

@ )f [(lnx—lnt)tw 1]\ dt

gl vl -P X Y
@([ [(Inx — In)ta1] vdt) (f (M*)ﬂdt)

1-
M(f (Inx—Inf) T £ 1dt) ’

X a+q-1 1_P
- A%(—f;(lnx—lnt)H’d(lnx—lnt))

M.(b—al | 1-p
I'(a) a+q-p

IA

IA

atg-p =p
(Inb - lna)l-ﬂ] .
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Secondly, we follow the framework in Theorem 2.1 to prove this result. Note that

<Tg>(x> - (Th@)
~In ) 2£(6, 9(6) ~ £t Re)la

IA

m l (Inx —InH)* W (Inb — Int)7|g(t) — h(t)|dt

IN

— f x(lnx —Int)* Y (Inx — Int)7|g(t) — h(t)|dt

IA

LCph=— f (Inx — In)* 71~ p(t)dt

I'(a)
— - _ a+q-1 % a+q—1
LCghr(a)j;(lnx Int) (tos1) e()dt

X -1
= chhﬁ f [(Inx — In T |*9-1 ()t

* p-1 _a+g-1 1-p X ) P
chh%(ﬁ [(lnx—lnt)tW]Wdt) (l; ((P(t))pdt)

X a+q-1 1-p
KLCWp(x)ﬁ( f (lnx—lnt)lzpt_ldt)

IN

IA

1-p
= KLCpp(x)=— (lnx—ln t) T d(lnx lnt))

1"()

atg-p 1=p
= KLCup(x )F( )[a+q (Inx - lna)l-r’]
b a+q-p
F(a)( at+q- P) (nﬁ)
= KLMCyprop(x).

Then, one can complete the rest proof by proceeding the standard process in Theorem 2.1. O

< KLCp(x)

Now, we present Hyers-Ulam stability of the equation (1).
LetO<a<bn-1<a<n,setM = In2 )a.

We need the following assumptions:

[H1']: f:[a,b] X R = Ris a continuous function and for any ¢ € [2,b] and v,z € R,

Iftt,y) - f(t,2) < Lly —2|. (12)

[H2’]: There exists a continuous function y : [4,b] — R satisfies

F(a+1 (

a— 1 a—
y(x) — Zm( —) ]—m ln ) VE(t y( t))—

for all x € [a,b].
[H3]: 0 < LM’ < 1.

Theorem 2.3. Assume that [H1’], [H2'] and [H3'] are satisfied. Then there exists a unique continuous function
Yo : [a,b] = R such that

‘ bj Xoi 1Y x dt
Yo(x) = ]221 Fm——j+1)(ln E) T+ mfa (In ;) i l/o(f))T (14)

<0 (13)
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and

1909~ Yol < 77 (15)
forall x € [a, b].

Proof. We consider the space of continuous functions presented in (7) again and endowed with the
generalized metric defined by

d(g,h) = inf{C € [0, +00] | |g(x) — h(x)| < C for all x € [a,b]}. (16)

Define the same operator T in (9), we shall verify that T is strictly contractive on X. Note that the definition
of (X,d), for any g,h € X, it is possible to find a Cy, € [0, +oo] such that

lg(x) = h(x)| < Cyp, 17)
for any x € [a, b]. It follows the definition of T in (9) and our assumptions, we obtain
I(Tg)(x) = (Th)(x)l

1 x 1
| [ =m0 00 - £ el

1 wal
Lmj;(lnx—lnt) 1¥|g(t)—h(t)|dt

IA

IA

1 * a1l
LCgth(lnx—lnt) tdt

1 * o
ghm [— ja‘ (Inx —Int)*td(Inx - In t)]

- LCy—— [i(lnx - lna)"‘]

= LC

I(a)
(Inb —Ina)®
= o ra

Therefore, d(Tg, Th) < LM’Cy,. Hence, we can conclude that d(Tg, Th) < LM’d(g, h) for any g,h € X, and
since 0 < LM’ < 1, the strictly continuous property is verified. Similarly as in the proof of Theorem 2.1, one
can derive the results. O

3. Examples

In this section we give two examples to illustrate the usefulness of our main results.

Example3.1. Leta=1,p=3, a=3n=1,b=1-%In%, K=1,M=1257 < 3, set L = § < min{l,M™"}.
Clearly, 0 < KLM < 1.
We assume that a continuous function y : [1,1 — % In 2] —> R satisfies

IR
‘y(x) - @ (Inx) F(%) 1 (In

forallx e[1,1- §In %], Set f(t,y(t)) = %t%y(t),(p(x) = ¢72%, We obtain

x 3
(f e‘gtdt)
1

1

2 3 2 _:
= (57 -5eh) <ot
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1
foreachx € [1,1 - éln %], since (26_% - %e‘%x)a —er < Oforallxe[1,1- %lné].

and

forallx €[1,1-3In3].

3

According to Theorem 2.1, there exists a unigue continuous function yo : [1,1 — % In %] — R such that

100 = A (nxF + —— [ n )

£ (t)ﬂ
r(l) e 2 Y

|y(x) = yo(x)| < 4677,

5

Example3.2. Leta=1,b=2,a=4%n=1M =094and L = . Clearly, LM’ = 0.47 < 0.5.

Now, we assume that a continuous function y : [1,2] — R satisfies

bl _% 1 X x 11 dt
- ——(Inx) (In ;) 253/0)7

__1 < 18
) rd) =€ 18)

y(x)

forall x € [1,2] and some € > 0.

and

Then by Theorem 2.3, there exists a unique continuous function yo : [1,2] — R such that

A (S .
) = s+ s [ n

2

|y(x) = yo(0)| < 2¢,

forall x € [1,2].
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