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Abstract. In this paper, we study the behaviour of submanifolds in statistical manifolds of constant
curvature. We investigate curvature properties of such submanifolds. Some inequalities for submanifolds
with any codimension and hypersurfaces of statistical manifolds of constant curvature are also established.

1. Introduction

Statistical manifolds introduced, in 1985, by Amari have been studied in terms of information geometry.
Since the geometry of such manifolds includes the notion of dual connections, also called conjugate con-
nections in affine geometry, it is closely related to affine differential geometry. Further, a statistical structure
being a generalization of a Hessian one, it connects Hessian geometry.

Let (1\71, g~) be a Riemannian manifold and M a submanifold of M. If (M,V, g) is a statistical manifold,

then we call (M, V, g) a statistical submanifold of (]\7[, g~) , where V is an affine connection on M and g is the
metric tensor on M induced from the Riemannian metric § on M. Let V be an affine connection on M. If
(1\71, g, V) is a statistical manifold and M a submanifold of M, then (M, V, g) is also a statistical manifold by

induced connection V and metric g. In the case that (]\71, g~) is a semi-Riemannian manifold, the induced
metric g has to be non-degenerate. For details, see ([11], [12]).

In the geometry of submanifolds, Gauss formula, Weingarten formula and the equations of Gauss, Co-
dazzi and Ricci are known as fundamental equations. Corresponding fundamental equations on statistical
submanifolds were obtained in [12]. A condition for the curvature of a statistical manifold to admit a kind
of standard hypersurface was given by H. Furuhata [6] and he introduced a complex version of the notion
of statistical structures as well.

On the other hand, B.-Y. Chen [4] established basic inequalities for submanifolds in real space forms,
well-known as Chen inequalities. In particular, a sharp relationship between the Ricci curvature and the
squared mean curvature for any n-dimensional Riemannian submanifold of a real space form was proved
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in [5], which is known as the Chen-Ricci inequality. Morever, Chen’s inequalities for submanifolds of real
space forms endowed with a semi-symmetric metric connection were obtained in [9].

In this paper, we obtain some inequalities for submanifolds with any codimension and hypersurfaces
of statistical manifolds.

2. Basics on statistical submanifolds

Let (M, 57) be a Riemannian manifold of dimension (1 + k) and V an affine connection on M. Let us denote
the set of sections of a vector bundle E —> M by T (E). Thus, the set of tensor fields of type (p,q) on M is
denoted by T (TM(”'q)).

Definition 2.1. [6] Let T € F(TM(1'2)) be the torsion tensor field of V. Then a pair (W, 57) is called a statistical
structure on M if (1) (ngj) v, Z) - (Wyg”) (X,Z) = gj(T(X, Y) ,Z) holds for X,Y,Z € T (TM) ,and 2) T = 0.

A statistical manifold is a Riemannian manifold (]\7[, g”) of dimension (n + k), endowed with a pair of
torsion-free affine connections V and V" satisfying

Z5(X,Y) = (V2% Y)+5(X, V3Y) 2.1)

forany X,Yand Z € T (TM) .Itis denoted by (M, g, V) . The connections V and V* are called dual connections,

and it is easily shown that (V*)* = V. If (V, g) is a statistical structure on M, then (V*, 57) is also a statistical
structure ([1], [12]). )
On the other hand, any torsion-free affine connection V always has a dual connection given by

V+ V=2V, (2.2)

where V? is Levi-Civita connection for M.
Denote by R and R* the curvature tensor fields of V and V*, respectively.

A statistical structure (v, g) is said to be of constant curvature ¢ € R if
RXYV)Z=clg(,2)X-G(X,2)Y). 23)

A statistical structure (V, g”) of constant curvature 0 is called a Hessian structure.
The curvature tensor fields R and R* of dual connections satisfy

iR (XN ZW)=-5(ZRX)W). (2.4)

From (2.4) it follows immediately that if (V, g) is a statistical structure of constant structure ¢, then (V*, g) is

also a statistical structure of constant c. In particular, if (7, 57) is Hessian, so is (V*, g“) [6].
Let M be an n-dimensional submanifold of M. Then, for any X,Y € I'(TM), according to [12], the

corresponding Gauss formulas are:
VxY =VxY +h(X,Y), (2.5)

ViY = ViY+1 (X,Y), (2.6)

where & and /i*are symmetric and bilinear, called the imbedding curvature tensor of M in M for V and the
imbedding curvature tensor of M in M for V*, respectively.

In [12], it is also proved that (V, g) and (V*, g) are dual statistical structures on M, where g is induced
metric on I' (TM) from the Riemannian metric § on M.
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Let us denote the normal bundle on M by I'(TM™). Since h and h*are bilinear, we have the linear
transformations A; and A; defined by

gAX,Y)=§(h(X,Y), &), 2.7)

g(AX,Y) =g (X)), 2.8)

for any & € T(TM*) and X, Y € I'(TM). Further, in [12], the corresponding Weingarten formulas are as
follows

Vx& = —A X + V&, (2.9)
Vi = —AcX + ViFE, (2.10)

for any & € I'(TM*) and X € I'(TM) . The connections Vy and V}* given by (2.9) and (2.10) are Riemannian
dual connections with respect to the induced metric on T (TM™*).
The corresponding Gauss, Codazzi and Ricci equations are given by the following result.

Proposition 2.2. [12] Let V be a dual connection on M and V the induced connection on M. Let R and R be the
Riemannian curvature tensors of V and V, respectively. Then,

FREYZW)=gRXY)Z W)+ G0 (X,2), I (Y, W) -G (X, W),h(Y,2)), (2.11)
(Rx,Y) z)i = VEh (Y, Z) — h(VxY, Z) — h (Y, VxZ) - {v¢h (Y, 2) - h(VyX,Z) - h(X,Vy2Z)}, (2.12)
R X&) = F(RK ) En) +g([AL Ay X, Y), (2.13)

where R* is the Riemannian curvature tensor on TM*, &, n €I (TM*) and [AZ,A,)] =ALA, - A,)AE.

<
For the equations of Gauss, Codazzi and Ricci with respect to the dual connection V* on M, we have

Proposition 2.3. Let V* be a dual connection on M and V* the induced connection on M. Let R* and R* be the
Riemannian curvature tensors for V* and V*, respectively. Then,

J(RXNZW) = gR (X, NZ,W)+ 300 (X,2), W) -G XW), 1 (L2),  (214)

(R x 1 z)l = Vil (%, 2) - 1 (ViY, 2) - i (Y, Vi Z) = (Vi (v, 2) - e (Vy X, Z2) - e (X, V3 Z)) (2.15)

FR XYV &N =g(R X&) +g([As Ay X Y), (2.16)
where R** is Riemannian curvature tensor for V+* on TM*,&, n €I (TM™*) and [Ag,A:]] = AA} — AjA:.

3. Statistical hypersurfaces

Let (]\7[, 7 V) be a statistical manifold and f : M — M be an immersion. We define a pair g and V on M
by
7=£4 g90x%2)=g(VxfY, £.2) (3.1)

forany X, Y, Z € I'(TM) , where the connection induced from V by f on the induced bundle f*TM — M is
denoted by the same symbol V. Then the pair (V, g) is a statistical structure on M, which is called the one

induced by f from (¥, §) (cf. [6]).
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Definition 3.1. [6] Let (M, g, V) and (M, g, v) be two statistical manifolds. An immersion f : M — M is called a
statistical immersion if (V, g) coincides with the induced statistical structure, i.e., if (3.1) holds.

Let us assume that f : (M, g,V) — (]\71, g, V) is a statistical immersion of codimension one and & €

r ( f *TM) is a unit normal vector field of f. Also we denote the dual connection of V with respect to § by V*.
Thus, from [6], we have the following Gauss and Weingarten formulas:

Vx£.Y = £VxY +h(X, )&, (3.2)
Vxé = —fAX + 1 (X) &, (3.3)
VY = £ViY + 1 (X, Y) €, (3.4)
Vié = —fAX +1(X) &, (3.5)

where b, i* € T (TM<0'2)) LA A eT (TM(M)) and 7, 7" € T (TM") satisfy
HXY) = g(AX,Y) B (X,Y) = g(A'X,Y), (3.6)

T(X)+7°(X) =0, (3.7)

forany X, Y e I'(TM). y
Denote by R,R*,R and R* the curvature tensor fields of the connections V,V*,V and V*, respectively.
Then, for the Gauss equation of a statistical hypersurface, we calculate

RXY)Z=R(X,Y)Z-h(Y,Z)A'X +h(X,Z) AY + (Vxh) (Y, Z) & (3.8)
—(Wwh) (X, 2)E+ T (X)h (Y, 2)E-T (V) h (X, 2) €.
From (3.8), the normal component of R (X, Y) Z is
(RENZ) = (Vxh) (Y, 2) &~ (W) (XD E+T (DY, 2)E T Nh(X,2)E, (3.9)

which is known as Codazzi equation. Similarly we get the Ricci equation of a statistical hypersuface as
follows 3
RXY)E=-(VxA)Y + (VYA X - T (V) A X+ T (X)A'Y (3.10)

(X, AY)E+R(AX,Y)E+dT (X, Y)E.

The equations of Gauss, Codazzi and Ricci with respect to the dual connection V* on M are
R(X,Y)Z=R(X,Y)Z-I (Y, Z)AX + I (X, Z) AY + (Vih') (Y, Z) & (3.11)
~(V) XD E+ TN (Y 2)E =TI (X, 2)€,
(R (x,Y) z)l = (V;(h*) %,2)& - (Vyh ) (X, 2) E+ (X (L, 2) E- (VI (X, 2)€, (3.12)

R (X, YV)& == (VXA Y + (VyA) X =T (V) AX +T(X)AY = I' (X, AY) E+ I (AX, V) S +dT (X, V)& (3.13)

In the case when the ambient space is of constant curvature ¢, the equations of Gauss, Codazzi and Ricci
reduce to

REXNZ=clgV,2)X-g(X,2) Y} +{h(,Z)A'X - h(X,Z) A"Y}, (3.14)
(Vxh) (Y, Z) + T (X)h (Y, Z) = (Vyh) (X, Z) + T (V) (X, Z), (3.15)
(VA Y = 7° (X) A*Y = (VyA) X — T (Y) A*X, (3.16)

h(X,AY) - h(A*X,Y) = dt* (X, Y), (3.17)
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and the dual ones reduce to

RXNZ=clg(,2)X-g(X,Z) Y} +{h* (Y, 2) AX - " (X, Z) AY}, (3.18)
(Vi) (4, 2) + T (X) I (v, Z) = (V') (X, 2) + T (D I (X, Z), (3.19)
(ViA)Y -1 (X) AY = (VyA) X - 7(Y) AX, (3.20)

W (X, AY) - " (AX,Y) = dt (X, Y). (3.21)

4. General inequalities for statistical submanifolds

Let M be an (1 + k)-dimensional statistical m~anifold of constant curvature ¢ € R, denoted by M (c), and
M an n-dimensional statistical submanifold of M (c).
We use the notations
RXY,ZW)=gR(XY)W,2)

and
R (XY,ZW) =g XY)W2),

where R and R* are the curvature tensor fields of V and V*. We mention that R (X, Y, Z, W) is not skew-
symmetric relative to Z and W.

Let {ey, ..., e,} and {e,+1, ..., €44k} be orthonormal tangent and normal frames, respectively, on M.

The mean curvature vector fields are given by

gl

H= % ; hei,e;) = % ; hg]em, i = g(h(eie)) ensa), 1)

1l
—_

a

and

n k n
b= Y = L T =300 ) ). @2

a=1

Then we have the following.

Proposition 4.1. Let M be an n-dimensional submanifold of an (n + k)-dimensional statistical manifold M (c) of
constant curvature ¢ € R. Assume that the imbedding curvature tensors h and h* satisfy

h(X,Y)=g(X,Y)Hand I (X,Y) = g(X,Y)H,

forany X, Y € T'(TM). Then M is also a statistical manifold of constant curvature ¢ + g (H, H*) whenever g (H, H")
is constant.

Proof. From the Gauss equation given by (2.11), the proof follows directly. [

Definition 4.2. [10] Let M be an (n + k)-dimensional statistical manifold. Then the Ricci tensor S (of type (0,2)) is
defined by

$(Y,2) = trace (X — R(X,Y)Z}, (4.3)
where R is the curvature tensor field of the affine connection V on M.

Thus we have the following result.
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Theorem 4.3. Let M (c) be an (n + k)-dimensional statistical manifold of constant curvature c € R and M an n-
dimensional statistical submanifold of M{(c). Also let {ey, ...,e,} and {n1, ..., ni} be orthonormal tangent and normal
frames, respectively, on M. Then the Ricci tensor S and the dual Ricci tensor S* of M satisfy

k
SX,Y)=cinn-1)g(X,Y)+ Z [g (AnX, Y)trA, — g (An,.Y,A:,iX)] (4.4)
i=1

and .
SXY)=ctn-1)gXY)+ Z [7(45, %, Y)trA,, - g(AnX, 4;,Y)], (4.5)
i=1
where Ay, and A;, are linear transformations defined by (2.7) and (2.8) .
Proof. Let us assume that M is an n-dimensional submanifold of M (c). Denote by R the Riemannian
curvature tensor of M with respect to V. Then we write

n

S =Y g(R(e; X) Y.ey)
j=1
and by using the Gauss equation given by (2.11), we have

n

S(X,Y) = Z c {g (X, Y)g(ej, ej> -g (X, ej) g(Y, e]-)} (4.6)
=1

+ (1 (ere) (X)) = g (h(e;, Y), 1 (X, e7))
=cn-1)gXY)+ Z [g~ (h* (ej, ej),h(X, Y)) - gj(h (ej, Y),h* (X, ej))] .
j=1

On the other hand we get

k
g (eres) hX ) = Y 9 (A X, ) g (A eje)) (4.7)

i=1
and ;
(e ). (Xe)) = Y 9 (Ar X e5) g (AnYoe5). (4.8)
i=1
By substituting (4.7) and (4.8) into (4.6), we obtain

nk
SN =ci-DgX N+ Y [1(4X ) g(Areie) —g(AnX e5) g (45 e))]
j=1 i=1

k
=cn-1gX )+ ) [7(AnX ) trA;, —g(4nX A3Y)],
i=1
which gives the equality (4.4) . For dual Ricci tensor S*, similar calculations can be done.
Thus the proof is complete. [

Definition 4.4. [10] Let V be a torsion-free affine connection on a Riemannian manifold M that admits a parallel
volume element w. If w is a volume element on M such that Vo = 0, then (V, w) is called an equiaffine structure on
M.
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Proposition 4.5. [10] An affine connection V with zero torsion has symmetric Ricci tensor if and only if it is locally
equiaffine.

Thus we have the following result for statistical manifolds having equiaffine connection.
Lemma 4.6. Let M (c) be an (n + k)-dimensional statistical manifold of constant curvature ¢ € R and M an n-

dimensional submanifold of M (c) . Assume that the affine connection V of M is equiaffine. If Ay, and A}, are the linear
transformations satisfying (2.7) and (2.8) , then

Zk: A, Ay | = 4.9)
i=1

ni‘ tn;

where [Ay, A, | = AnA;, - A3, A,

Proof. Denote by S the Ricci tensor of the manifold M. Since M is an equiaffine submanifold of M (c), the
Ricci tensor S is symmetric and we have

k
0=8(XYV)-SX) ==Y [7(AnY4;X) - 7(AnX A5 Y)]

ig Y, (An Ay, - A3 A ) (X)) = [ Z[An, A, ]x

i=1

which implies

Zk: [An. A5 =
i=1
O

Corollary 4.7. Let M (c) be an (n + k)-dimensional statistical manifold of constant curvature c € R and M an
n-dimensional equiaffine submanifold M of M (c) . Let S and S*denote the dual Ricci tensors of M. Then we have

k
(S=8) (X =Y g((An = 43) X Y)tr (4}, - An)
i=1

for the linear transformations A, and A;, defined by (2.7) and (2.8) .
Proof. 1t is easily seen by using (4.4), (4.5) and (4.9). O

Proposition 4.8. Let M (c) be an (n + k)-dimensional statistical manifold of constant curvature c € R and M an
n-dimensional statistical submanifold of M (c) . Then

2t > n(n—1)c+n?g(H H*) - |[h]| |IF°]], (4.10)
where T is the scalar curvature of (M, V, g), i.e., T = Li<icj<n 9(R(ei €))ej, €:).
Proof. From (2.11), we have the Gauss equation as follows
RX,Y,ZW)=c[g(X,Z2)g(Y, W) - g (X, W) g (Y, 2)]

+g(h* (X,Z),I’l(Y, W)) - ﬁ(h (X/ W)/h* (Y/Z))/
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where X,Y,Zand W € I' (TM) . Putting X =Z =¢;and Y = W =¢;j,i,j = 1,...,n, we write
R (e,-,ej, e,-,ej) =c [g (ei,e) g (ej,ej) - g(el-, ej)z] + g(h* (e;,e),h (ej, ej)) - q(h (ei, e]-) S (ej,e,-)) . (4.11)

We denote by ||]|* = Z’;zl Z‘Z].zl(hg.)2 and similarly ||i*]|. By summing over 1 < i, j < n, it follows from
(4.11) that

27 = (nz - n)c +n2g (H,H') - Z Z B = n(n—1)c+n’g (H,HY) = [l 1], (4.12)

i,j=1 a=1

for H and H* defined by (4.1) and (4.2), which gives (4.10). O
Remark 4.9. On any statistical submanifold M of M(c) one has © = T*.

Let V° be the Levi-Civita connection of an n-dimensional submanifold M in an (n + k)-dimensional
statistical manifold M (c) of constant curvature c. Denote by H° the mean curvature vector field. Then a
sharp relationship between the Ricci curvature and the squared mean curvature obtained by B.-Y. Chen [5]
is the following:

Ric® (X) < — ||H0|| e, (4.13)

which is known as the Chen-Ricci inequality.
From (2.2), we get 2H? = H + H* and thus

[0 = 5 (IR + IR + 29 (L, E), (4.14)

where H and H* are defined by (4.1) and (4.2) . Therefore, from (4.13) and (4.14),, we derive

n2

Ric’ (X) < —
ic® (X) 8

H +—H*
_16|| I+ g 11 +

G(HH)+(n—-1)c. (4.15)

5. Inequalities for statistical hypersurfaces
By analogy with Proposition 4.8, we have an inequality for statistical hypersurfaces as follows:

Proposition 5.1. Let M be a statistical hypersurface of an (n + 1)-dimensional statistical manifold M (c) of constant
curvature ¢ € R.We have
2t 2 n(n="1)c+n? |HINHI = I, (6.1)

where T is the scalar curvature of M.

Proof. Let {ey, ..., e,} be an orthonormal frame of M and e, unit normal vector to M. From (3.14) , we get

R (ez-, ej, e, ej) =c [g (ei,e) g (e]-, e]') -g (ei, ej)z] +4 (h" (e, e),h (ej, ej)) -4 (h (ei, e]-) S (e]-, ei)) . (5.2)

We define the mean curvature vector fields H and H* by

= % (; hii] en+1, hij = gj(h (ei,ej) ,€n+1)
and

= % [; h:i] €n+1, h:j = !7(}1* (Ei/ej)/enﬂ) .
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After summing (5.2) over all i, j = 1, ..., n, we obtain
n
27 = n(n—1)c+n? ||H||H| - 2 hijh. (5.3)
ij=1

Applying Cauchy-Buniakowski-Schwarz to (5.3), we deduce

2t = n(n—1)c+n [HIIH| - kI IF] .

[

Theorem 5.2. Let M be a statistical hypersurface of an (n + 1)-dimensional statistical manifold M (c). For each
X € T, (M) we have

Ric(X) = (n — 1) c + ng (" (X, X) , H) — Z hahty,
i=1

and

Ric* (X) = (n = 1) c + ng (h (X, X) , H') - Z hah,.
i=1

Proof. Let us choose the orthonormal frame {e;, ...,e,} suchthat X =Z =e;and Y = W =¢;,i = 2, ..., n. From
(3.14), we get

R(X, e, X,e) = c(g(X, X) g (e, e)) — g (X,e7) + G (X, X) I (i) = G (h (X, ), (X, e)),
and after summing over 2 < j < n, we derive
Ric(X) = (n — 1) c + ng (" (X, X), H) — Z hih,.
i=1
The proof is similar for Ric*. O

Example. Recall the example 5.4 from [6]. Let (IH, §) be the upper half space of constant curvature -1,

n+1

H = {y _ (yl, ym) e ™|y > 0},5? — (yn+1>‘2 Z dydy~.
k=1

An affine connection V on H is given by

T ayn+1 aynﬂ 4
. 0 T )
Vﬁ7:26ij(y+) _ay’”l’
v, -v., 2y

e (9]/”“ ay+l ay]

where, j = 1, ..., n. The curvature tensor field RofVis identically zero, i.e., ¢ = 0. Thus (]H, v, gN) is a Hessian
manifold of constant Hessian curvature 4.
For a constant 1y > 0, we consider the following immersion

fo:R" — H, f, (yl, . y”) = (yl, ey ]/0)-
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Let (V, g) be the statistical structure on R" induced by f; from (v, q). We then get that (V, g) is a Hessian
structure. In other words, fj is a statistical immersion of the trivial Hessian manifold (R",V, g) into the
upper half Hessian space (]H, v, g~). It is easy to calculate that

&=Yog . h=29, 1"=0, |H=0, (5.4)

yn+1 4

which means that the equality case of (5.1) is satisfied for (R",V, g) and (]I—I, v, g”) .

On the other hand this example can be generalized by using the Lemma 5.3 of [6]. Let (]H, v, g) be a

Hessian manifold of constant Hessian curvature ¢ # 0, (M, V, g) a trivial Hessian manifold and f : M — H
a statistical immmersion of codimension one. Then the following hold:

A'=0, h'=0, |H|=0, (5.5)

thus the immersion f has codimension one and satisfies the equality case of (5.1).

6. Chen-Ricci inequalities for statistical submanifolds in statistical manifold of constant curvature

Let M(c) be an (n + k)-dimensional statistical manifold of constant curvature ¢ € R and M an n-
dimensional statistical submanifold of M (c) . Then the Gauss equation is

By setting X =Z =¢;and Y = W =¢j,i,j = 1,..,n, and summing over 1 < i, j < n, then we have

nn—1)c=21-n g(HH)+Zg el,e]) h(ei/ej))r

i,j=1
where H and H* are the mean curvature vector fields defined by (4.1) and (4.2) . From this, we get

n(n—l)c—ZT——z[ (H+H',H+H")-§(H H)-g(H, H]

2 2 e,,e] +h (ez,e]) n (ei, ej) +h (e,', e]-))
ij=1
—g(l’l (Ei, 6]') ,]’l (ei, 6]')) — g(l’l* (6,‘, e]') ,h=6 (61', Ej))] .
From 2H° = H + H* it follows that

2

n(n—1)c=2t- znzg(HO,HO) 5 g(H H) + =3 (H', H") (6.1)
+2)" 7(10 (e 1 ee) - (17 + 1°1P).
i,j=1

On the other hand we can write
k

k
P =Y ) + (i +vi) 42 Y () - e,

a=1 1<i<j<n a=12<i#j<n
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k
Z{ B4+ ) (= Ry = = )

k X L
2), ) (h?j)z—Z by hih?,—zn IHIP - ), [3hs, — (1.

a=11<i<j<n a=1 2<i#j<n a=12<i#j<n

I\)I»—x

We similarly derive
k
* 2 * * £\ 2
1P > Sn? IH)P Z_;z , Wi = G 7Y

Thus we have the following inequality

k
VIR + 1R 2 52 TP + 5 W = Y 3 (o ) 1+ 0

a=1 2<i#j<n

k k
)0 Y e YN 02+ 2

a=12<i#j<n a=12<i#j<n

Substituting (6.3) into (6.1) , we obtain

2 2 k
25770 170y , 1V o N s g 012 0a7,0
n(n —1)e < 20— 20°G(H", HY) + —g(H, H) + = §(H', H') + 21" +2§ 2 H

a=1 2<i#j<n

2 2
—”ZﬂH,H)—”Zg(H*,Hv—X Y hf:h;;*—— Y0+ 0521

a=1 2<i#j<n a=1 2<i#j<n
Since
Z R (ei ej,e16)) = (n = 1) - 2) C+Z Z (hsmre - ntiize),
2<i#j<n a=12<i#j<n

the previous inequality becomes

2
n(n — 1)c < 21 — 2n2G(H°, H) + —g(H H) + ”Z A(H, HY) + 2|10
1
+ZZ Z HOH — Z R(ei, ej, ei,ej) + (n—1)(n - 2)c — = Z Z (s, + 102
a=1 2<i#j<n 2<i#j<n a=1 2<i#j<n
Then we get
n? n? £
Rie(X) 2 mg(H", H') = T (L H) + S H) + (0= De = [P = ) Y Dl = ()

a=12<i#j<n

By the Gauss equation with respect to the Levi-Civita connection, we have

Y, Reiejei,e) =210 - n2g(H, HO) + W1,

1<i#j<n
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6.3)

(6.4)
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and, respectively,

Z R%ei e, €i€f) = Z R%e; e, € €)) — Z Z ho“ho"‘— hO].“ 2].

2<i#j<n 2<i#j<n a=1 2<i#j<n

Substituting in (6.4) it follows that

2 2
Ric(X) 22 = Y ROei e, ei,e) — - G(H, H) - = g(H, H')+
o 8 8
1<i#j<n
+(n—1)c — Z R%e; ej, ei,€7) + Z R%e; e, e ¢).
2<i#j<n 2<i#j<n
Finally we obtain
n? n? S
Ric(X) > 2Ric*(X) — gg(H, H) - §g(H*,H’*) +(n—-1)c-2 Z RO(X Ae)).

i=2

We denote by max K’(X A -) the maximum of the sectional curvature function of M(c) with respect to V
restricted to 2-plane sections of the tangent space T,M which are tangent to X.
Summing up, we can state the following.

Theorem 6.1. Let M be an n-dimensional statistical submanifold of an (n + k)-dimensional statistical manifold M(c).
For each unit X € T,(M), we have

Ric(X) > 2Ric®(X) — %29(1{, H)- %Zg(H*,H*) +(n—1)c - 2(n — 1) max RO (X A ).

Particular Case: M is a minimal submanifold. Because H’ = 0, we have H + H* = 0. Then the previous
inequality implies

Corollary 6.2. Let M be a minimal n-dimensional statistical submanifold of an (n+k)-dimensional statistical manifold
M(c). For each unit X € T,(M), we have

Ric(X) > 2Ric’(X) + g(H HY)+ (n—1)c —2(n — 1) max K2 (X A ).

Remark 6.3. Similar inequalities can be stated for the Ricci curvature Ric”.
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