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Probability that an Autocommutator Element of a Finite
Group Equals to a Fixed Element

Zohreh Sepehrizadeh®, Mohammad Reza Rismanchian?

*Department of Pure Mathematics, Shahrekord University, Shahrekord, Iran

Abstract. In this article we introduce a formula for the probability which an autocommutator element of
a finite group G, equals to a fixed element g of G and derive some properties of this formula. Moreover, we
obtain a lower bound and an upper bound for this probability in the special cases. This generalizes some
results of Das et al. in 2010 and Moghaddam et al. in 2011.

1. Introduction

The concept of commutativity degree started by Gustafson in 1975, which is probability that two
elements of a finite group G commute. In this article G denotes a finite group, H a subgroup of G, and g an
element of G. In [6], Moghaddam et al. have considered the probability Paut(H, G) for an element randomly
chosen of H, which is fixed by an automorphism randomly chosen of Aut(G). On the other hand, in [2],
Das and Nath have studied the probability

l{(x, y) e HX G : [x, y] = g}l

Pry(H,G) = HIC] ’

where [x, y] = x"'y~1xy. We will study the ratio

{(x,a) € Gx Aut(G) : [x,a] = gl

Poaut(G) = ICIAu(G)] '

where [x,a] = x"1x9, is called autocommutator element of G (see also [7]). Moreover, we extend some of the
results obtained in [2]. We also develop and characterize a formula for probability of the pair (H, G), which
generalizes the formula for Pr;(H, G) given in [2].

Note that if H = G then Paut(H, G) = P,aut(G), which coincides with autocommutativty degree Paut(G) of
G, if we take g = 1, the identity element of G. We note that this case is treated in [7]. It may be recalled that

Paut(G) = % where k denotes the number of disjoint orbits of G under the group automorphism Aut(G)
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(see also [3-5] for commutativity degree and generalization). Among the other results, we particularly
determine an upper bound for relative autocommutativity degree of a finite group.

Let G be a group and Aut(G) be the full automorphisms group of G, for all @ € Aut(G) and g € G, we have
the following map

Aut(G)x G — G
(a, 9) — g°.

For an element g € G, the set of automorphisms {a € Aut(G) | g* = g } denoted by Cauc)(g) is a subgroup of
Aut(G) and the equivalence classes {g* |a € Aut(G) } denoted by Orbauc)(9).
Let H be a subgroup of G, we introduce two subgroups of Aut(G) and H as follows, respectively,

Cauey(H) = la € Aut(G) | h* =h, Y h e H),

Cu(Aut(G)) ={he H|h* =h, ¥ a € Aut(G) }.
In this notation we introduce a subgroup of G as follows,
L(G) ={geGllg,al =1, Ya € Aut(G) },

which is called absolute centre of G, see also [6].

2. Main Results

In this section we first give the following definition which generalizes definitions of Das et al. and
Moghaddam et al., see [2, 6].

Definition 2.1. Let G be a finite group, H a subgroup of G and g an element of G then the probability Pyaut(H, G)

is defined as follows:
(x,a) € Hx Aut(G) : [x,a] = g}

H||Aut(G)|

Pyaut(H,G) = I

where [x, a] = x 1x.

Let [H, Aut(G)] be the subgroup of G generated by autocommutators [x,a] = x~!x* with x € H and
a € Aut(G). Also, for the sake of simplicity let us write P1aut(H, G) = Paut(H, G). Clearly,

Paut(H,G) =1 < [H,Aut(G)] = {1},and
Pyaut(H,G) =0 < g¢{[x,a] : x€ H a € Aut(G) }.
It is also easy to see that if Cauxc)(x) = {1} for all x € H — {1} then

1 1 1
Paut(H, G) = iH T Aw©) ~ HIAG)

We now derive a computing formula, as generalization of Theorem 2.3 of [2], which plays a key role in the
study of Pjaut(H, G).

Theorem 2.2. The following statement holds

1 1 _t
Pguut(H, G) = m Z ICaute)(V) = H Z Orba, @l

xeH xeH
xg€0rba (x) xg€0rba (x)

where Orby (x) = {x* : a € Aut(G) }.
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Proof. We have {(x,a) € H X Aut(G) : x"'x* = g} = Uyepix} X Ty, where T, = {@ € Aut(G) : x"'x* = g}. Note
that, for any x € H, we have

Ty # @ & xg € Orba.(x).

Let T, # @ for some x € H. Fix an element ag € Ty, then a ay Lo defines an one to one correspondence
between the set T, and Cauxc)(x). This means that |Ty| = [Cauc)(x)I.
Thus, we have

(@) € Hx Aut(G): x'x* = gl = Y [Tl = Y| ICauc@)l

xeH xeH
xg€0rba (%)

The first equality in the theorem follows from Definition 2.1.
For the second equality, consider the action of Aut(G) on G by the above discussion. Then, for all x € G, we
have Aut(G)
u
Orba.(x)| = |JAut(G) : Stab(x)| = —————.
|O7rbas(0) = |Aut(G) 9] Canc )
This completes the proof. [

As an immediate consequence, we have the following generalization of the well-known formula Paut(G) =

é, where k is the number of the disjoint orbits of G under the group automorphism Aut(G) (see also [6, 8]).
Corollary 2.3. If H is a characteristic subgroup of G, then
k(H)
Paut(H,G) = —=,
where k(H) is the number of the disjoint orbits of H under the group automorphism Aut(G).
Proof. Note that Aut(G) acts on H, for all @ € Aut(G) and x € H, we have the following map

Aut(G)xH — H
(a, x) — x“.

The orbit of any element x € H under this action is given by Orb,(x), hence H is the disjoint union of these

classes. Therfore, we have
_ k(H)

1 1
Paut(H,G) = — .
i, 6) = 17 ) Gt = Tl

Note that for g = 1, the condition xg € Orba,(x) is superfluous. [
Lemma 2.4. (]. H Christopher and L. R. Darren [1]) Let Gy and G, be two groups such that gcd(|G1|,|G2|) = 1, then
Aut(Gy X Gp) ~ Aut(Gy) X Aut(Gy).

Remark 2.5. Let G = G1 X Gy, H = Hy XHy, and forall h; € H;, i =1,2. One can easily see that any automorphism
a of Aut(G)), (i = 1,2) may be extended to an automorphism o of Aut(G), in such a way that (g192)" = 93192, for all
91,92 € G. We denote all such extended automorphisms in Aut(G) by Aut(GY), which are one-to-one correspondence
with the ones in Aut(G;). So it is clear that |Aut(GS)| = |Aut(G))|, for i = 1,2 and Aut(G]) N Aut(G5) =< idg >,
Aut(G))Aut(G3)Caurc)(hh2) € Aut(G). Hence
|Aut(GHAut(G)NICaucy ()l |Aut(GHIAut(G)IICaurc)(mh2)|
JAut(G)AU(GE) N Caucy (o)l 1AuK(G)Aut(GS) N Caucy(hiha)|
|Aut(GOIAut(G)IICaurc) ()|
[Aut(GS) N Caurc)(Mh2)|Aut(G5) N Caurcy(hiha)l
lAut(GIIAut(G)IICau) (1 h2)
ICautcy(MICauxc,) (ha)l
< |Aut(G)I,
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ICautc)(h1h2)l < [Cautc) (M)IICautc,) (h2)l

|Aut(G)| - |Aut(G‘i’)”Aut(G;)| , see alSO [6]

which implies that

The following theorem is a generalization of the work of Moghaddam et al. which in turn is similar to
Theorem 2.1 of [6].

Theorem 2.6. Let Hy and H, be subgroups of the finite groups G and Gy, respectively. Let g1 € G and g, € Gj.
Then

P(gl,gz)ath(Hl X Hy,G1 X Gy) < Pylaut(H1 X Gl)szaut(Hz X Gy).
In particular, the equality holds when gcd(|G1l,|1G,[) = 1.

Proof. Put G = Gy X Gy, H = Hi X Hy and g = (g1, 92), for all g; € G; and h; € H;,i = 1,2. Then from Theorem
2.2 and the above remark, it follows that

1 ICautc) (M)l
P aut(H, = — _—
R T My el
heH
hgeOrba (x)
1 ICautc)(hih2)l .
= ——————— wherei=1,2.
|H||H| h;H |Aut(G)|
hz’!]ieorbAGi (h,)
.11 Z Z ICautG) (M)l IC aut(Gy) (h2)
~ |Hy| |Ha [Aut(G1)l  |Aut(Gy)l

heH; hy€H,
’11_1]1€Orb/.\cl (hl) hngEOrbAcz (hz)

1 Z ICaucy()l 1 Z |Caut(G,) (h2)l
|H1| = |[Aut(G1)l |Hal =t |[Aut(Go)l
high eOrbAG1 (1) hzgzeOrbAGZ (h2)

= Pgaut(Hy, G1)Pgaut(H, Gy).
Now, using the assumption gcd(|Gi|,|G2[) = 1 and Lemma 2.4 the equality yeilds. 0O

Next, we present the following proposition which is similar to Proposition 3.1 in [2].

Proposition 2.7. If g # 1 then

. ICH(Aut(G))IICautc)(H)|
(i) Pyjaut(H,G) # 0 = Pjaut(H, G) > HIAUC) ,

) L(G)
(ii) Pguut(G) #0 = Pgaut(G) > M

Proof. Let g = [x, a] for some (x, @) € H X Aut(G). Since g # 1, we have x ¢ Cy(Aut(G)) and a ¢ Cauyc)(H).
Consider the left coset T(xa) = (x, ®)Cr(Aut(G)) X Caurc)(H) of Cu(Aut(G)) X Caurcy(H) in Hx Aut(G). Clearly,
T, = ICHAUt(G)IICaucy(H)I, and [a, ] = g for all (4, f) € T(xq). This proves part (i).

Similarly, part (ii) follows with H = G. [J

Now by using Theorem 2.2, we are able to generalize Proposition 3.2 of Das et al. as follows:

Proposition 2.8. Let H be a subgroup of group G and g € G then

Pyaut(H, G) < Paut(H, G)
with equality if and only if g = 1.
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Proof. By Theorem 2.2, we have

1
Pyaut(H, = ——
yank(H,G) = e Z}"I ICauc)(x)
xg€0rba (x)
1

= HIAuG) = Paut(H, G).
- IHllAut(G)|;{|CAut<G)(x)l aut(H, G)

Clearly, the equality holds if and only if xg € Orbs (x) for all x € H, that is the equality holds if and only if
g=1 103
As a generalization of Proposition 3.3 of [2], we establish the following theorem.
Theorem 2.9. Let p be the smallest prime dividing |Aut(G)|, and g # 1. Then,
IHl = [C(Aut@)| _ 1
piH| P
Proof. Without loss of generality, we may assume that C(Aut(G)) # H. Letx € H be such that xg € Orba(x).

Then, Since 7 # 1, we have x # Cy(Aut(G)) and |Orba,, (x)] > 1. Since [Orba, ()| = |Aut(G) : Stab(x)| = |c'ff,f§f3<i'>|f
50 |Orby (x)| is a divisor of |Aut(G)|. Therefore, |Orby,(x)| > p. Hence, by Theorem 2.2, we have

1 [HI - ICa(Aut @) _ 1

1
P,aut(H,G) < — - < ,
Wt O S Y, piH p

xg€0rby G (x)

Pyaut(H,G) <

which completes the proof. [

Proposition 2.10. Let Hy and H; be subgroups of a group G and Hy is contained in H,, then
Pjaut(Hy, G) < |Hy : Hq|Pjaut(H,, G).
The equality holds if and only if xg ¢ Orba,(x) for all x € H,.

Proof. By Theorem 2.2, we have

[FLllAut(G)IPyaut(Hy, G) Y. Cauo®)

xeH;
xg€0rba (x)

Z |Caurc)(x)]

x€H;
xg€0rba (x)

|Hal|Aut(G)IP,aut(Ha, G).

IA

The condition for equality follows immediately. [
Immediate consequence of the above proposition is as follows:

Corollary 2.11.
Pjaut(H, G) < |G : H|Paut(G),

with equality if and only if g = 1 and H = G.
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