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Abstract. The space of the structure (0,3)-tensors of the covariant derivatives of the structure endomor-
phism and the metric on almost contact B-metric manifolds is considered. A known decomposition of
this space in orthogonal and invariant subspaces with respect to the action of the structure group is used.
We determine the corresponding components of the structure tensor and consider the case of the lowest
dimension 3 of the studied manifolds. Some examples are commented.

Introduction

The idea of decomposition of the space of the structure (0,3)-tensors, generated by the covariant deriva-
tive of the fundamental tensor of type (1,1), is used by different authors in order to obtain classifications
of manifolds with additional tensor structures. For example, let us mention the classification of almost
Hermitian manifolds given in [4], of almost complex manifolds with Norden metric — in [2], of almost
contact metric manifolds — in [1], of almost contact manifolds with B-metric — in [3], of Riemannian almost
product manifolds — in [8], of Riemannian manifolds with traceless almost product structure — in [10], of
almost paracontact metric manifolds — in [7], of almost paracontact Riemannian manifolds of type (1, 1) —
in [6].

The almost contact structure is well studied, especially in the case when it is equipped with a compatible
Riemannian (or pseudo-Riemannian) metric, i.e. the almost contact endomorphism ¢ acts as an isometry
with respect to the metric in each tangent fibre of the contact distribution H = ker(1), where 7 is the contact
1-form. An indefinite counterpart is the almost contact B-metric structure, i.e. ¢ acts as an anti-isometry
with respect to B-metric in H.

The goal of this work is the description of the structure tensor generated by the covariant derivative of
@ and the B-metric by its components in the different basic classes of the classification of the almost contact
B-metric manifolds made by G. Gancheyv, V. Mihova, K. Gribachev in [3]. The case of the lowest dimension
3 of the studied manifolds is considered and it is establish that four of the basic classes are restricted to the
spacial class with zero structure tensors.

The paper is organized as follows. In Sect. 1 we recall some facts about the almost contact manifolds with
B-metric. In Sect. 2 we decompose the vector space of the structure tensors on the considered manifolds.
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In Sect. 3 we deduce the components of the structure tensor in the case of the lowest dimension 3. In Sect. 4
we comment some examples in relation with the above investigations.

1. Almost contact manifolds with B-metric

Let (M, ¢, &, 1, ) be an almost contact manifold with B-metric or an almost contact B-metric manifold, i.e.
M is a (2n +1)-dimensional differentiable manifold with an almost contact structure (¢, £, n) consisting of an
endomorphism ¢ of the tangent bundle, a vector field ¢, its dual 1-form 71 as well as M is equipped with a
pseudo-Riemannian metric g of signature (1 + 1, n1), such that the following algebraic relations are satisfied:

(3]
pé=0, ¢*=-1d+n®E noe=0, &) =1, glex,ey)=—g(x,y)+nx)ny) (1)

for any x, y of the algebra X(M) of the smooth vector fields on M. Further x, y, z will stand for arbitrary
elements of X(M) or vectors in the tangent space T,M at p € M.

The associated metric § of g on M is defined by 4(x, y) = g(x, py) + n(x)n(y). The manifold (M, ¢, &, 7, §)
is also an almost contact B-metric manifold. Both metrics g and 4 are necessarily of signature (1 + 1, 7). The
Levi-Civita connection of g and § will be denoted by V and V, respectively.

Let us denote the structure group of (M, ¢, &, 1, 9) by G. It is determined by G = O(n; C) X I, where I is
the identity on span(&) and O(n; C) = GL(n; C) N O(n, n), i.e. G consists of the real square matrices of order
2n + 1 of the following type

A|B |97 ATA-B'B=1
-B|A[97 |, BTA+ ATB — 5 A,Be GLmR),
S19] 1 "

where 9 and its transpose 97 are the zero row n-vector and the zero column n-vector; I, and O,, are the unit
matrix and the zero matrix of size n, respectively.

A classification of the almost contact B-metric manifolds is given in [3]. This classification, consisting of
eleven basic classes ¥1, >, ..., F11, is made with respect to the tensor F of type (0,3) defined by

F(x,y,2) = 9((V+) ,2), ()
which have the following properties

F(x,y,z) = F(x,z,y) = F(x, py, pz) + n(y)F(x, &, z) + n(2)F(x, y, &). 3)

The intersection of the basic classes is the special class ¥ determined by the condition F(x, y,z) = 0.
Hence ¥y is the class of the almost contact B-metric manifolds with V-parallel structures, i.e. Vp = V& =
Vn=Vg=V4§=0.

If {e;; &} (i=1,2,...,2n) is a basis of T,M and (gif ) is the inverse matrix of the matrix (gij) of g, then the
following 1-forms are associated with F:

0(z) = g'F(ei,ej,2), 0°(2) = g'F(ei, pej,2),  w(z) = F(E,&,2). (4)

These 1-forms are known also as the Lee forms. Obviously, the identities w(£) = 0and 8 o = -0 o (pz are
always valid.
Further we use the following characteristic conditions of the basic classes: [5]

Fi: Fy,2) = 1[0, 09)0(@2) + glpx, 9y)0(9%2) + g(x, 92)0(py) + glpx, p2)0(9y)};

F2: F&,y,2)=Fx&2)=0, F(x,y,9z)+F(y,z ¢x)+F(zx,0y)=0, 0=0;

Faz: F(&,y2) =Fx&2)=0, F(x,y,z)+F(y,zx)+F@zxy) =0; (5a)
Fi: F(x,y,2) = -%0E)|a0x, oy + 9(ox, p2m»)};

Fs: F(xy,2) = —%0(O{g6 oyn@) + 9, p2nm)};
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Fo: F(x,y,2) =F(x,y,&nz) + F(x,z, E)ny),
F(x,y,&) =F(y,x,&) = -F(px,py, &), 0=0"=0;
F7: Flx,y,z) =F(x,y,Enz) + F(x,z,On(y),  F(x,y,&) = -F(y,x,&) = =F(px, @y, &);
Fs: F(x,y,2) =Fx,y On@) + Flx,z,Ony), Fx,y, &) =Fy,x &) = Flex, oy, &); (5b)
Fo: F(x,y,2z) =F(x,y,&nz) + F(x,z, Eny), Fx,y,&) = —F(y,x, &) = Flpx, py, &);
Fro: Fx,y,2) = F& ey, e2)n(x);
Fu: Fxy,z) =n() {ny)e@) + n@oy)}.

2. A decomposition of the space of the structure tensors

Let us consider T,M at arbitrary p € M as a (21 + 1)-dimensional vector space equipped with almost
contact B-metric structure (¢, £, 1, 9). Let ¥ be the vector space of all tensors F of type (0,3) over T,M having
properties (3), i.e.

F = {F(x, ¥,2) € R| F(x,y,2) = F(x,z,y) = F(x, py, pz) + n(y)F(x, &, z) + n(2)F(x, y, é)}. (6)
The metric g induces an inner product (-, -) on ¥ defined by
(F',F"y = gg7" §°F (ei ej, e0)F” (eq, €1, €5)

forany F',F” € ¥ and a basis {¢;} (i = 1,2,...,2n + 1) of T,M.
The standard representation of the structure group G in T,M induces a natural representation A of G in
¥ as follows

(A@)F) (x, y,2) = F(a”'x,a7'y,a7'2) ?)
foranya € Gand F € 7, so that for F/,F”’ €
((A@)F’, (Aa)F") = (F',F").

The decomposition x = —@?x +1(x)& generates the projectors i and v on T,M determined by h(x) = —p*x
and v(x) = n(x)&, having the propertieshoh =h,vov=0v,hov=v0oh =0.

Therefore, we have the orthogonal decomposition T,M = h(T,M) & o(T,M).

Bearing in mind these projectors on T,M, we construct a partial decomposition of ¥ as follows.

At first, we define the operator p; : ¥ — ¥ by

p1(F)(x, y,2) = —F(@*x, 9%y, ¢*2). (8)
It is easy to check the following
Lemma 2.1. The operator py has the following properties:
(i) propr =p1;
(ii) (p1(F’'),F"’) =<F',p1(F")), F,F'eF;
(iii) p1 o (Aa) = (Aa) o ps.

According to Lemma 2.1 we have the following orthogonal decomposition of # by the image and the
kernel of py:

Wi =im(py) ={FeF |p(F) =F}, Wi =ker(py) ={FeF |pi(F) =0}. )
Further, we consider the operator p, : Wi — W, defined by
p2(F)(x,y,2) = n(F(@*x, &, 9°2) + N2)F(@°x, 9y, &) (10)

for which we obtain
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Lemma 2.2. The operator p; has the following properties:
(i) ppopa =p2;
(ii) {po(F"), F") =(F',po(F")), F,F’ € W;
(iii) pp o (Aa) = (Aa) o pa.

Then, bearing in mind Lemma 2.2, we obtain

Ws =im(pa) = {Fe Wi | pa(F) = F}, Wi =ker(pa) = {F e Wi | pa(F) = 0}..

Finally, we consider the operator ps; : ' Wy — ‘W; defined by
ps(P)(x, y,2) = N(OF(E, 9%y, ¢*2)
and we get the following
Lemma 2.3. The operator p3 has the properties:
(i) psops =ps

(i) {ps(F'),F") =(F',ps(F")), F,F" € Wy;

(iii) p3 o (Aa) = (Aa) o ps.
By virtue of Lemma 2.3 we have

Ws =im(ps) = {F € Wy | ps(F) = F}, Wi =ker(ps) ={F € W5 |ps(F) =0}

From Lemma 2.1, Lemma 2.2 and Lemma 2.3 we have immediately

430

(11)

(12)

Theorem 2.4. The decomposition ¥ = W1 & W, & W3 & W, is orthogonal and invariant under the action of G.

The subspaces W; (i = 1,2,3,4) are determined by
Wit F(x,y,z) = —F(p?x, p*y, p*z),
Wi i Fx,y,2) = n(y)F@*x, & ¢*2) + n@F(@*x, 9*y, £),
W5 : F(x,y,z) = n(x)F(E, 9y, p*z),
Wit F(x,y,2) = -1(0) {[1()F(E, &, ¢%2) + 1@F(E, 97y, 8)}
Obviously, we have
F = p1(F) + p2(F) + p3(F) + pa(F).
Corollary 2.5. The subspaces W; (i = 1,2,3,4) are characterized as follows:
Wi = {F e F | Fo(x), y,2) = F(x,0(y),2) = F(x,y,0(2)) = 0},
W, = F € F | Fo(x), y,2) = F(x, h(y), h(z)) = 0},
W; = {F € F | F(h(x),y,z) = F(x,v(y),z) = F(x, y,v(2)) = 0},
Wiy ={F e F | F(h(x), y,2) = F(x, h(y), h(2)) = 0}.
According to (13), (15) and (4) we obtain the following

Corollary 2.6. The Lee forms of F have the following properties in each of the subspaces W; (i = 1,2, 3, 4):

() IfFe Wi thenBov=00ov=w=0;
(i) IfFe Wy thenOoh=0"och=w=0;
(ii))y IfFeWs, then0 =0"=w =0;

(iv) IfFe Wy, then0=0"=0.

Further we continue the decomposition of the subspaces W, (i = 1,2,3,4) of .

(13)

(14)

(15)
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2.1. The decomposition of W,

Let us consider the 2n-dimensional distribution H = ker(n) of the tangent bundle of (M, ¢, &, 1, g), the
endomorphism | = ¢|y and the metric & = g|y, where @|y and g|y are the restrictions of ¢ and g on H,
respectively. Let us remark that | and / are an almost complex structure and a Norden metric on H,
respectively, i.e.

P =-1d, h(xJy) = ~hx,y). (16)

Then (H, ], h) can be considered as an almost complex manifold with Norden metric.

Moreover, the subspace ‘W coincides with the restriction of ¥ on H. By this reason the decomposition
of ‘W is made as the decomposition, known from [2], of the corresponding space of # for an almost
complex manifold with Norden metric. Then we obtain the following

Proposition 2.7. Let F € F and F; (i = 1,2, 3) be the projections of F on the subspaces F;, respectively. Then
1
Fi(x,y,2) = %{g(q?x, PYO(@’2) + g(x, pY)O(p2) + glpx, P2)0(9°y) + g(x, P2)O(Py);
1
Fax,,2) = =7 {F@™x, 0%y, ¢2) + F(@y, 97z, ¢%x) ~ Flpy, ¢°2,9x) + F@*x, 472, ¢"y)

1
+ E@2, 0%y, 9°%) ~ Flpz, 7y, 9| = 5-{0(px, 9)0(0°2) + 9(x, 01)6(2) )

+ 9(px, p2)0(9*y) + 9(x, 92)0(pY)};
F3(x,y,2) = —}L{F (@*x, 9%y, ¢°2) = F(@’y, 9*2, 9*x) + F(py, 9°z, ¢x) + F(@°x, 9*2,¢y)
— F(¢%z, 9%y, ™) + F(9z, ¢y, px)}.
Therefore, the component of F on Wi is
pi(F) =F1 + F, + Fs. (18)

2.2. The decomposition of ‘W»
Let us consider linear operators L; : ‘W, — W, (j = 1, 2) defined by

Li(F)(x, y, 2) = Fpx, py, £)n(2) + E(px, @z, )n(y), 19)
Ly(F)(x, y,2) = F(@*y, 9*x, E)1(2) + F(@’2, 9*x, E)(y).
It is easy to check the following

Lemma 2.8. The linear operator L; (j = 1,2) is an involutive isometry on Wy and it is invariant with respect to the
group G, i.e.

LioLj=Idqy,, (Li(F"),Li(F")) =<F',F"),  Lj((Aa)F) = (Aa)(L;(F)),
where F', F” € W, and Aa is determined by (7).

Therefore, L1 has two eigenvalues +1 and —1, and the corresponding eigenspaces
Wy ={FeWa|Li(F)=F}, W, ={FeWz|L(F)=-F

are invariant orthogonal subspaces of ‘W,.
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In order to decompose W, and ‘W, we use the operator L, on ‘W, and ‘W7, respectively. Let us denote
the corresponding eigenspaces Wy (k= 1,2,3,4) by

W= (Wi |L(F)=-F}, Wi ={W;|Ls(F)=-F},
Was = {W; | Lo(F) = F}, Was={W; | Lo(F) = F}.

Thus we establish the truthfulness of the following

Theorem 2.9. The decomposition Wy = Wy @ Woo @ Wos @ Woy is orthogonal and invariant with respect to
the structure group.

Proposition 2.10. Let F € ¥ and F; (j = 4,...,9) be the projections of ¥ in the classes F;. Then we have

Fi(x, y,2) = —2—){9(<pr PYNE) + 9%, p2)(y)};
(&)

Fs(,1,2) = =2 gtx, o)) + gtx, 92m(1)); (20a)

2n
) 6;(5) {9(x, eyIn(2) + 9(x, p2)n()}

Fo(x,y,2) = ( —9@x e + glox, p2)n(y)) +

1
+ 1 [F@™x, 0%y, ©) + F@Py, 0*x,€) = E@x, 0¥, &) = Flpy, 9%, ) |n(2)
1
+ 7 [F@x, 972, 8) + F(z, 97, &) = F@x, 02, &) = Fgz, 9%, &) |(v);
1
Fr(x, y,2) = 3[Fl9™x, 97y, €) = F@"y, ¢7x,) = F@x, 9y, &) + Flpy, ¢x, £)|1(2)
1
+ 7 [F@*x, 92,8 ~ (g2, 0%, &) = F(x, 02, €) + Flgz, 9%, &) |(v);
(20b)
Fs(x,y,2) = [ (9%%, ¢y, &) + F(@*y, *x, &) + F(px, @y, &) + F(py, x, &) n(2)
+ Z[F((sz’ 072, &) + F(9"2,¢%x, &) + F(px, 9z, ) + F(pz, 9%, )] (y);

1
F9(x/ v, Z) = Z[F(q)zx/ (szr é) - F((sz/ @Zx/ é) + F((P.X', Py, 5) - F(@y, PX, é)]f](Z)

1
+ Z[F((pzx, (pzz, &) - F((pzz, (pzx, &) + F(px, 9z, &) — F(pz, px, E)Jn(y).

Proof. Lemma 2.8 implies that the tensor % {F + L1(F)} is the projection of F € W5 in W = W1 & W;3 and

moreover 3 {F — L,(F)} is the projection of F € W} in ‘Ws;. Thus, we find the expression of the projection
p2,1 of F from W, to W, in terms of L1 and L,, namely

pZ,l(F) = 411 {F - Ll(F) + Lz(P) - L2 o Ll(F)} .

In a similar way we treat with the projections p, x(F) in ‘W5 (k = 2,3,4). After that, using (19), we get the
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following expressions
PN y,2) = 1@, 07y, €) + FpPy, 07, €) ~ Elpr 0y, ) - Floy, 9, 6)|n(@)

* E[F(qozx, 9072, + F@"z,¢°%,&) = F(px, 92, &) = Foz, 0%, &) |[n(y);
p22(F)(x,y,2) = }l[F(fpzx, 9%y, &) — F@?y, 9, &) = Fox, 0y, &) + Flpy, %, &) |(2)

1
+ 7[F@, 072, €) - F@Pz, 9%, &) ~ Flox, 92,€) + Flpz, 9%, &) |1(y);
(21)

1
P23, y,2) = 7[F(@*x, 97y, &) + F@%y, 9*x, &) + F@x, 0y, €) + F@y, o, &) |1(2)
1
+ 7 [F@x, 92,8 + F(gz, 9%, &) + F(x, 02, €) + Flgz, 9%, &) |n(v);
1
p24(F)(x,y,2) = Z[F(qozx, P*Y, &) = F(p%y, %%, &) + F(px, 9y, &) = Flpy, %, &) |n(@)

1
+ 7 [F@x,972,) = 92,07, &) + F(px, 92,&) = Flgz, ¢x, &) [1(1).

By virtue of Corollary 2.6, (4) and (21), we establish that the Lee forms 6 and 6" of F are zero in Wy
(k = 2,3,4). We have no additional conditions for 6 and 6" in W,1. Then, ‘W, can be additionally
decomposed to three subspaces determined by the conditions 8 = 0, 0* = 0 and 0 = 6" = 0, respectively, i.e.

Wor =Wy 10 Wop®Wags,
where
W11 ={Fe Wy |0 =0}, Waoip={FeWy110=0},
(W2,1,3 = {F € (W2,1 | 0= 0, 0 = 0}

According to (5), the classes F4 and F5 are defined by explicit expressions of F, which have the form of
p2,1(F) in (21). Hence we conclude that ¥, and #5 are the subspaces W, 11 and Wy 1, of W, 1, respectively,
and the projections of F on them have the form given in the first line of (20). Therefore, the equality for Fg
in (20) follows from the form of p, 1(F) in (21) and the fact that ¢ coincides with W5 3.

The form of p2>(F), p2,3(F) and py4(F) in (21) satisfies the conditions in (5) for the subspace 77, s and Fo,
respectively.

Thus, the subspaces W11, W12, Wai3, Wao, Wasz, Way correspond to the classes Fy, 5, Fo, F7, Fs,
Fo, respectively. [

Therefore, the component of F on ‘W is

p2(F) = F4 + F5 + F6 + F7 + Fg + Fg. (22)

2.3. The decomposition of W5 and W,y

Finally, since #1¢ and ¥71 are determined in (5) by an expression of F which coincide with the conditions
in (13) for ‘W3 and ‘W, respectively, we have the following

Proposition 2.11. Let F € ¥ and F; (I = 10, 11) be the projections of F in the subspaces F;. Then we have

Fio(x, y,2) = n(x)F(E, %y, ¢*2);

2 2 (23)
Fi(x, ¥,2) = =1(0) {10F(E, & ¢22) + nF(E, ¢y, )}
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Therefore, the components of F on ‘W3 and ‘W), are
ps(F) =Fin,  pa(F) =Fn, (24)
respectively. Then, bearing in mind (18), (22) and (24), we obtain that

11
F(x,y,2) = ) Filx,y,2),
i=1

where the components F; of F in the corresponding subspaces ¥; (i = 1,...,11) of ¥ are determined in
Proposition 2.7, Proposition 2.10 and Proposition 2.11.
In conclusion we give

Theorem 2.12. The almost contact B-metric manifold (M, ¢, &, 1, g) belongs to the basic class F; (i = 1,...,11) if
and only if the structure tensor F satisfies the condition F = F;, where the components F; of F are given in (17), (20)
and (23).

It is easy to conclude that an almost contact B-metric manifold belongs to a direct sum of two or more
basic classes, i.e. (M, ¢, &,1,9) € Fi®F;@- -, if and only if the structure tensor F on (M, ¢, &, 17, g) is the sum
of the corresponding components F;, Fj, ... of F, i.e. the following condition is satisfied F = F; + F; + - --.

3. The components of the structure tensor for dimension 3

In this section we are interesting in the lowest dimension of the manifolds under consideration, i.e. we
consider the case of dim M = 3 for (M, ¢, &, 1, 9).
Let us denote the components F; = F(e;, ¢j,¢) of the structure tensor F with respect to a ¢-basis

{e,-}f:0 ={ep = &, e1 = ¢,z = e}, which satisfies the following conditions
9(60/ 60) = g(elrel) = _9(32; 62) = 1/ g(eir e]) = 0/ i# ] € {O/ 1/2} (25)

Then, using (4) and (25), we obtain the components of the Lee forms with respect to the basis {e,l}l-z=O as
follows

6o = F110 — Fxo, 01 = Fin1 — Fao1, 02 = Fi12 — Fo11,
0, = F120 + Fa10, 0] = Fii2 + Fona, 0; = Fii1 + Fan1, (26)
wg =0, w1 = Foo1, w3 = Fogp.

Let us consider arbitrary vectors x, y,z € T,M. Therefore we have x = x'e;, y= yiei, z = zle; with respect
to {ei}izzo.
By direct computations we obtain

Proposition 3.1. The components F; (i = 1,2, ...,11) of the structure tensor F in the corresponding basic classes F;
are the following

Fi(x,y,2) = <x161 - xz@z) (y121 + ]/222), 01 = Fi11 = Fia, 02 = —Fo11 = —Fox;

Fa(x,y,2) = F3(x,y,2) = 0;

Fa(x,y,2) = %Qo{xl (yozl + ylzo) - x? (yOZ2 + yzzo)}, 360 = Fio1 = F110 = —Fag2 = —Faoo;

Fs(x,y,2) = %Ga{xl (y022 + yzzo) + x? (yozl + ylzo)}, 165 = Fio2 = F1a0 = Fao1 = Fao;

Fe(x,y,2) = F7(x,y,2) = 0; (27)
Fs(x,y,2) = )\{xl <y021 + ylzo) + x? (y°z2 + yzzo)}, A = Fio1 = Fri0 = Fao2 = Faoo;

Fo(x,y,2) = y{xl (y022 + y2zo) - x? (yozl + ylzo)}, = Fi02 = F120 = —Fa01 = —F210;

Fio(x, y,2) = va® (ylzl + yzzz), v = Fo1 = Fom;

Fll(x, Y, Z) = xo{(ylzo + yozl)wl + (y220 + yOZZ) wz}, w1 = Fo10 = Foo1, w2 = Fopo = Fopa.
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Proof. Using Theorem 2.12 and the expressions of the components F; of F for the corresponding classes ¥;
(i =1,...,11), determined by (17), (20) and (23), the equalities (25), (26) and the properties (3) of F, we
obtain the corresponding explicit expression of F; for dimension 3. [J

According to Theorem 2.12 and Proposition 3.1, we obtain
Theorem 3.2. The class of almost contact B-metric manifolds of dimension 3 is
F10F10F50Fs@Fo®F10® F11,

i.e. the basic classes T, F3, T, F7 are restricted to the special class F.

4. Some examples

4.1. Time-like sphere as a manifold from the class 4 ® Fs

In [3], an example of an almost contact manifold with B-metric is given. It is constructed as a time-like

]R2n+2

sphere of with complex structure and Norden metric. Namely, let R?*+2 = {(ul, cuthol v”*l) |

u, o' e ]R} be considered as a complex Riemannian manifold with the canonical complex structure | and the
metric g defined by

<z -2 <z __Z — 8. AT g
500 30 EL g(x,x) Oi AN + 6ju' 1/,

where x = /\% +u %. Identifying the point p in R?**? with its position vector Z, we define the unit time-like
sphere

S 9(7,7) = -1.
The almost contact structure is determined by
E=sint-Z+cost-JZ, Jx=@x+nx)]E,

where t = arctan(g(z, ]z)) € (—g ; g) and x, px € T,S*"*!. The metric on the hypersurface is the restriction

of g and it is denote by the same letter. Then (SZ””, o, &1, g) is an almost contact B-metric manifold. It
belongs to the class ¥4 @ ¥5 because the structure tensor has the following form

F(x,y,z) = — cost {g(px, pyIn(z) + glpx, pz)n(y)} — sint {g(x, py)n(z) + g(x, pz)n(y)},

where cost = %, sint = % and then we obtain the following expression of F, bearing in mind (20):
F=F;+Fs.

If we consider the 3-dimensional unit time-like sphere (S3, ¢, &, 7, g) then we have the following form of
the structure tensor, using (27):

P2 = 3{(006 + 05 (41 + ') + (035" - 002) (52 + =)

where %90 = F101 = PllO = —Fz()z = —F220 and %95 = FlOZ = F120 = F201 = Pz]() with respect to the orthonormal
@-basis {e;}2,.
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4.2. Lie group as a manifold from the class F9 © F1o
Let L be a (2n + 1)-dimensional real connected Lie group and its associated Lie algebra with a global
basis {Eo, E1, . . ., E2n} of left invariant vector fields on L defined by

[Eo, Eil = —=aiEi — au+iEnvi,  [Eo, Ensil = —aniEi + aiEnsi, (28)

where a1, ..., ay, are real constants and [Ej, Ex] = 0 in other cases. Let an invariant almost contact structure
be defined fori € {1,...,n} by

@Ey=0, @E;=E.. @E.i=-E, &=Ey, nEy)=1 n(E)=n(Ewn)=0. (29)

Let g be a pseudo-Riemannian metric such that fori € {1,...,n} and jk € {1,...,2n}, j # k the following
equalities are valid

g(EO/ EO) = H(Ei/ El) = _g(EnH/ En+1') = 1/ g(EO/ E]) = H(E]/ Ek) = 0 (30)

Thus, because of (1), the induced (21 + 1)-dimensional manifold (L, ¢, &, 1, g) is an almost contact B-metric
manifold.

Let us remark that in [9] the same Lie group with the same almost contact structure but equipped with
a compatible Riemannian metric is studied as an almost cosymplectic manifold.

Let us consider the constructed almost contact B-metric manifold (L, ¢, &, 1, g) in dimension 3, i.e. for
n=1.

By virtue of (28) and (30) for n = 1, and using the Koszul equality

2g (VE,-E]'/ Ek) = 9([51', Ejl, Ek) + g([Ek, Ei, Ej) +yg ([Ek/ Ejl, Ei) (31)
for the Levi-Civita connection V of g, we obtain
Vg, E1 = Vg, Ey = —a1Ey, Vg,E1 = —aEp, Vg,E; = —mE1, Vg Eo=mE1, VgE)=-amE,. (32)

Then, using the latter equalities, (29) and (2), we get the following nonzero components F;jx = F(E;, E;, E)
of the structure tensor:

Fo11 = Foxo = —2a2, Fro2 = F1o0 = —Fom = —F210 = a1.
Thus, we establish the following form of F for arbitrary vectors x = ¥'E;, y = y'E;, z = Z'E;

F(x,v,2) = —2a,x° (ylzl + yzz2) +m {zo (xlyz - xzyl) +1° (x122 - xZZl)} .

The latter equality implies that F is represented in the form
F(x,y,2) = Fo(x, y,2) + Fuo(x, ¥, 2),

bearing in mind (27) for u = a3, v = —2ay; or alternatively, the corresponding equalities from (20) and (23).
Therefore, we prove that the constructed 3-dimensional manifold belongs to the class #9 ® ¥1o.
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