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Abstract. In this paper we introduce and study a new class of analytic and p-valent functions involv-
ing higher-order derivatives. For this p-valent function class, we derive several interesting properties
including (for example) coefficient inequalities, distortion theorems, extreme points, and the radii of close-
to-convexity, starlikeness and convexity. Several applications involving an integral operator are also con-

sidered. Finally, we obtain some results for the modified Hadamard product of the functions belonging to
the p-valent function class which is introduced here.

1. Introduction, Definitions and Motivation

Let A(p) denote the class of functions of the form:

fle)=2"+ Zakzk peN=1{1,23,--}),

(1.1)
k=p+1

which are analytic in the open unit disk

U={z:zeC and [z]<1}

A function f(z) € A(p) is said to be in the class UST (p, a, f) of p-valent p-uniformly starlike functions
of order « in U if and only if
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On the other hand, a function f(z) € A(p) is said to be in the class UCV(p, o, f) of p-valent f-uniformly
convex functions of order « in U if and only if

R (1 Zj:;(j) ) B ‘1 + Z;,;(j P' (zeU;, -psa<p;, p20). (1.3)

The above-defined function classes UST (p,a,p) and UCV(p,a,B) were introduced recently by
Khairnar and More [10]. Various analogous classes of analytic and univalent or multivalent functions were
studied in many papers (see, for example, [2], [4] and [9]).

We notice from the inequalities (1.2) and (1.3) that

f(z) e UCV(p,a,B) = # e UST (p,a,p). (1.4)

Now, for each f(z) € A(p), it is easily seen upon differentiating both sides of (1.1) g times with respect to
z that

fOR) =6(p, 2 + Y ok, a™ (g€ No:=NU{0}; p>g), (1.5)
k=p+1

where, and in what follows, 6(p, 4) denotes the g-permutations of p objects (p = g = 0), that is,

p! pp—-1)---(p—g+1) (9 #0)
o(p.q) == = )

-9 (G=0),
which may also be identified with the notation {p}, for the descending factorial.

Let
—-o(p—qgm)Sa<dp-qm), p=0 and p>q+m (p € N; q,m € Np).

We then denote by US,.(p,q;a,B) the subclass of the p-valent function class A(p) consisting of functions
f(z) of the form (1.1), which also satisfy the following analytic criterion:

M f(q+m)(z) M f(q+m)(z)
%(ﬂw>‘%ﬁ f()

We also denote by 7 (p) the subclass of A(p) consisting of functions of the following form:

~5(p-qm)| (el (16)

o)

flz)=2" - 2 aZr (12 0; peN). (1.7)

k=p+1

Further, we define the class UST ,(p, q; a, B) as follows:

UST wm(p, g;, B) = USu(p, q; 2, f) N T (p). (1.8)

For suitable choices of p,q, m and , we obtain the following known subclasses:
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(i) It is easily verified that (see Liu and Liu [11] (with y = 1and n = 1))

WSTITI (p/ q/ a/ 0) = ﬂ;,p (Wl, q, 0(, 1)

(0§a<6(p—q,m); p € IN; m,q € Ny; p>q+m);
(ii) We observe that (see Khairnar and More [10])

UST 1(p,0;a,p) = UST (p,a,p) (-psa<p, p20; peN)

and

UST(p, La, p) =UCV(p,y,B) (-p<y=a+1<p;p20;peN)
(iii) It is easy to see that (see Aouf [3] (withf=1andn = 1))

UST1(p,q,2,0)=81(p,g,2,1) Osa<p-qpeN; geNp p>q+1)

and

UST1(p,q,2,0)=C1(p,t,7,1) Oza<p-qgpgeN,p>qg+1Lt=g-1, y=a+1);
(iv) We notice that (see Chen et al. [5] (withn = 1))

UST1(p,q,2,0) =81 (p,q,@) Osa<p-qgpeN;,geNy p>qg+1)

and

UST1(p,q,2,0)=C1(p,t,y) Osa<p-qgpgeN;p>q+1,t=g-1, y=a+1).

In this paper we obtain several properties (including the coefficient inequalities, distortion theorems,
extreme points, and the radii of close-to-convexity, starlikeness and convexity) of the class UST .(p, 3; a, B).
We also consider some applications involving an integral operator. Finally, we obtain some results for the
modified Hadamard product of functions in the class UST .(p, g; a, B).

Various other papers were dedicated to the study of such aspects of analytic function theory as we have
considered in this paper. For example, in the paper [1] several interesting properties of closed-to-convex
functions with negative coefficients were investigated by using the familiar Sdldgean derivative operator,
in the paper [8] a certain subclass of univalent functions with negative coefficients was introduced and
studied by using a generalization of the Sdldgean derivative operator, and so on and so forth. Another class
of analytic and multivalent functions was studied in the paper [12] by applying the Hadamard product (or
convolution) and the widely-investigated Dziok-Srivastava operator, where the class was proved as being
closed under convolution and some integral operators (see also the recent works [6], [14] and [15]).

2. Coefficient Estimates

Unless otherwise mentioned, we assume throughout this paper that

—S(p—gqm)2a<dp—-qm), pz0, gmeNy, peN and p>g+m.

Our firstresult (Theorem 1 below) provides the coefficient inequalities for functions in the class US,.(p, g; a, B).

Theorem 1. A function f (z) of the form (1.1) is in the class US,(p,q; a,p) if

Y, [+ Ptk —g,m) = 5p — q,m)] + [8(p — g, m) — al]5k, g)ax < [5(p — 4, m) - a] 6(p, g). 2.1

k=p+1
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Proof. 1t is easy to show that

me(q+m)(z) me(lﬁm) (2)
G G)

which implies the result (2.1) asserted by Theorem 1. [

—6(P—q,m)‘—%( —6(p—q,m))§[6(p—q,m)—a],

Theorem 2. A necessary and sufficient condition for f(z) of the form (1.7) to be in the class UST .(p,q;a,p) is
that

Y [+ Pt —q,m) = 6(p - q,m)] + [6(p — q,m) - al|o(k, ax < [5(p - q,m) — a] 5(p, 9). 22)

k=p+1
Proof. In view of Theorem 1, we need only to prove the necessity. If f(z) € UST (p, q; @, B) and z is a real

number, then

me(q+m) (Z) . me(q+m)(z)
fa@E) a= f@)(z)

By making some calculations and letting z — 1— along the real axis, we have the desired inequality (2.2). O

—o(p —q,m)|.

Remark 1.

(i) Taking B = 0, Theorem 2 extends the result for the coefficient estimates related to the class A; , (m,q,a,1),
which is due to Liu and Liu [11] (with y = 1and n = 1);

(ii) Taking g = 0 and p = m = 1, Theorem 2 extends the result for the coefficient estimates related to the class
87 (a, B), which is due to Frasin [7] (with a; = 1);

(iii) Takingp =m =1,9 = t+1,t = 0and a = y — 1, Theorem 2 extends the result for the coefficient estimates
related to the class UCT  (y, B), which is due to Frasin [7] (with a; = 1);

(iv) Taking f = 0 and m = 1, Theorem 2 extends the result for the coefficient estimates related to the class
Si1(p, g, @, 1), which is due to Aouf [3] (with =1 and n = 1);

(v) Taking  =0,m =1,q =t+1and a = y — 1, Theorem 2 extends the result for the coefficient estimates
related to the class C; (p, t, 7, 1), which is due to Aouf [3] (withf =1and n = 1);

(vi) Taking f = 0 and m = 1, Theorem 2 extends the result for the coefficient estimates related to the class
S(p,q, @), which is due to Chen et al. [5] (withn = 1);

(vii) Taking f=0,m=1,9 =t +1and @ = y — 1, Theorem 2 extends the result for the coefficient estimates
related to the class C (p, f, ), which is due to Chen et al. [5] (withn = 1).

Corollary 1. Let the function f(z) defined by (1.7) be in the class UST 1 (p, q; o, B). Then

[6(p — q,m) — a] 6(p, q)

a =
[+ Bk~ g,m) — 5p — g, m)] + [0 — g, m) — a5k )

(kzp+1). 2.3)
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The result is sharp for the functions fi(z) given by

[6(p — q,m) — a] 5(p, q) k

fi(z) =2 -
|1+ B3k = g,m) = 5(p =, m)] + [5(p — q,m) = a1]5(k, 9)

kzp+1). 2.4)

3. Distortion Theorems
Theorem 3. Let the function f(z) defined by (1.7) be in the class UST (p, q; @, B). Then, for |z| =r < 1,

[6(p —gq,m) — ald(p, q) el

@z - 3.1)
[(L+ PG — g+ 1,m) = (p = q,m)] + [5(p — q,m) = al]o(p + 1,9)
and
f] <77+ 0 —g.m) ~ 210 ) -, (2)
[0+ B6(p - g+ 1,m) = 5(p — g,m)] + [5(p — g,m) - a]]5(p + 1,9)
The equalities in (3.1) and (3.2) are attained for the function f(z) given by
f(Z) = [6(P =4, m) - 0(] 6(p/ ‘7) Zp+1 (33)
[0+ B - g+ 1,m) = 5(p — g,m)] + [5(p — g,m) - a]|5(p + 1,9)
at z=r and z = re >V (s € Z).
Proof. For kzp+1, wehave
[(1+BI6(p =g+ 1,m) = 5(p = q,m)] + [5(p — q,m) = al]6(p +1,9)
< [+ )oKk = g,m) = 6(p — 4, m)] + [6(p - q,m) - a5k, q).
Now, using the hypothesis of Theorem 2, we get
Y s (oG —q,m) — a](p, 9) ‘ (3.4)
Sh [+ — g+ 1,m) = 5(p - g,m)] + [5(p - g,m) — al[5(p + 1,9)
Lastly, by using the form (1.7) of the function, the proof of Theorem 3 is completed. [J
Theorem 4. Let the function f(z) defined by (1.7) be in the class UST (p, q; &, B). Then, for |z| = r < 1,
F@)| 2 pr - (p+ D) [6(p —g,m) —alo(p,q) ” (3.5)
[(1 +B)o(p —q+1,m)—6(p —q,m)] +[6(p —g,m) — a]]é(p +1,9)
and
F@<pr+ (p+1)[o(p —g,m) — a]5(p, q) " (3.6)

[(1+ PG — g+ 1,m) = (p = q,m)] + [6(p — g, m) - al]o(p + 1,9)
The result is sharp for the function f(z) given by (3.3).
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Proof. Using similar techniques as in our demonstration of Theorem 3, we get

(o)

Y oy < (p+ ) [6(p — q,m) - a]5(p, 9)
Gh | BIsp — g+ 1,m) = (p —g,m)] + [5(p — g,m) — al]6(p + 1,9)

which leads us to the completion of the proof of Theorem 4. [

Remark 2. Taking 8 = 0, in the above theorems, we obtain results similar to those obtained by Liu and Liu
[11] (withy =1 and n =1).
4. Convex Linear Combinations

By applying Theorem 2, we can prove that our class is closed under convex linear combinations as a

corollary of the next result.

Theorem 5. Let p, 20 forv=1,2,---,1 and
I

Z pv =1
v=1
If the functions f,(z) defined by
f2) =2 - Z A (20, v =120, 4.1)

k=p+1

are in the class UST (p,q; o, B) forevery v =1,2,--- 1, then the function f(z) given by

00 1
fo=2-Y% {Z yvak,VJzk,

k=p+1\v=1
is also in the class UST w(p, 9; @, B).

Proof. In order to proof this result, the assertion of Theorem 2 is used. [J
Theorem 6. Let f,(z) = z¥ and

fie) =2 - [ = g,m) = a] 5(p. 9) o (kzp+1). 4.2)

(1 + Bk = q,m) = 5(p = q,m)] + [6(p — 4, m) — al]5(k, 9)

Then f(z) is in the class UST ,(p,q; a, B) if and only if it can be expressed in the following form:

[e9]

f@) =) mfia), 43)

k=p

where
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Proof. The part related to sufficiency is easily proved by using again the assertion of Theorem 2. For the
necessity condition, we can see that the function f(z) can be expressed in the form (4.3) if we set

[(1+ Bk = q,m) = 5(p — q,m)] + [5(p — 4, m) — a5k,
[6(p —q,m) = a]o(p, 9)

Ui = kzp+1)

and
pp=1- Z Fks
k=p+1

such that u, = 0. This is already assured by Corollary 1. [J

Corollary 2. The extreme points of the class UST (p,q;a, p) are the functions f,(z) = 2 and

fe) =2 - [o(r = 9,m) — a]5(p, 9) * (kzp+1).

|1+ Bt — g, m) = 5(p — 4, m)] + [5(p — 4,m) - a1]5(k, q)

5. Radii of Close-to-Convexity, Starlikeness and Convexity

Theorem 7. Let the function f(z) defined by (1.7) be in the class UST (p,q;a,B). Then f(z) is a p-valent
close-to-convex function of order & (0 £ & <p) for |z| £ ni(p,q; @, B; &), where

-y [+ )16k — q,m) = 5(p — q,m)] + [5(p — 4,m) - al|5(k, q) (p - g) o 5
r = in . .
ke [6( —g,m) ~ al&(p, 9) k
The result is sharp and the extremal function is given by (2.4).
Proof. By applying Corollary 1 and the form (1.7), we see that, for |z| £ 71, we have
"(z
;,(71) - p‘ Sp-¢& forlzZl snip, g, B; ), (5.2)

which completes the proof of Theorem 7. [

Theorem 8. Let the function f(z) defined by (1.7) be in the class UST ,(p,q; ¢, B). Then f(z) is a p-valent starlike
function of order & (0 £ & <p) for |zl £rp,q,a,B,E), where

1
C([a+pst—g,m) 5 — g,m)] + [5(p - q,m) - al]otk,q) (p—£\] "
rp = inf . (5.3)
kzp+l [6(p —g,m) —a]o(p,q) k-¢&
The result is sharp and the extremal function is given by (2.4).
Proof. Using the same steps as in the proof of Theorem 7, it is seen that
zf'(2)
;(Z) - p‘ <p-¢&  (lE=n@qapd) (54)

which evidently proves Theorem 8. [
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Corollary 3. Let the function f(z) defined by (1.7) be in the class UST ,(p,q; o, B). Then f(2) is a p-valent convex
function of order £ (0 £ & < p) for|z| £ r3(p,q,a,B, &), where

(5.5)

r3 = inf
kzp+1

[+ POk — g, m) — 0p — g, m)] + [o(p — g, m) — |50k, ) (P(p - e)) )
[6(p — q,m) — a] 5(p, 9) ol

The result is sharp and the extremal function is given by (2.4).

6. Integral Operators
In view of Theorem 2, we see that the function:
zF - Z di "
k=p+1

isin the class UST 1 (p, g; o, B) aslongasO < dy < ay forallk = p+1, where a; is the coefficient corresponding
to a function which is in the class UST (p, g; @, B). We are thus led to the next theorem.

Theorem 9. Let the function f(z) defined by (1.7) be in the class UST 1 (p, q; o, ). Also let c be a real number such
that ¢ > —p. Then the function F(z) defined by

Fz) = C:—CP fo EdE (> -p) ©6.1)

also belongs to the class UST (p, q; o, B).

Proof. From the representation (6.1) of F(z), it follows that

F(z) =2 - Z diZr,

k=p+1

where

d=(C+p)a <o (kzp+1)
k k+c k = dk zp ’

which completes the proof of Theorem 9. [

Putting ¢ = 1 — p in Theorem 9, we get the following corollary.

Corollary 4. Let the function f(z) defined by (1.7) be in the class UST (p, q; o, B). Also let F(z) be defined by

Fz) = zli—v 0 J%dt. 6.2)

Then F(z) € UST w(p, q; o, B).

Remark 3. The converse of Theorem 9 is not true. This observation leads to the following result involving
the radius of p-valence.
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Theorem 10. Let the function

(o]

F(z) =2 - Z a2k (ar 2 0)

k=p+1

be in the class UST (p,q; a, B). Also let ¢ be a real number such that ¢ > —p. Then the function f(z) given by (6.1)
is p-valent in |z| < R}, where

p = Jonf) 6.3)

Rh_mf[ﬂ+mww—mm%ﬁ@—mmn+w@—%mywﬂah@«@+m)&
) [6(p — q,m) — a] 5(p, q) k(c + k) '

The result is sharp.

Proof. From the definition (6.1), we have

f(Z)ZMZZP—ZIC{+Caka (c>-p).

+
crp k=p+1

In order to obtain the required result, it suffices to show that

zp-1

p‘gp for |z <R,,

where R} is given by (6.3). Making use of Theorem 2, we get that the required inequality is true if

o < (L0 PG~ = g ] + 1o(p —q,m) 1ok ) (m + p>) )
i [6(p = ,m) = a]o(p, q) k(e +K)

(kzp+1).

(6.4)

The result is sharp for the function f(z) given by

(c+k)[6(p —q,m) - a]b(p, q) &
(c+p)| (1 + PGk = q,m) = 5(p = g, m)] + [5(p — ,m) - a1|6(k, 4)

fl@)=2"- kzp+1). (65

O

7. Modified Hadamard Products

Let the functions f,(z) (v = 1,2) be defined by (4.1). The modified Hadamard product of fi(z) and f»(2)
is defined by

(o)

(ixf)@ =2 = ), aaapa?. 7.1)

k=p+1

Theorem 11. Let the functions f,(z) (v = 1,2), defined by (4.1) be in the class UST w(p,q;a,p). Then
(fr* f2)(z) € UST w(p, q; 1, B), where
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[5(p — 9,m) — al(1 + B)O(p — g + 1,m) — 5(p — q,m)15(p, q)

1n="0(p—q,m)~- > :
[+ PG — g+ 1,m) = (p = qm)] + [5(p — q,m) = 1] 6(p +1,4) = [6(p — 4,m) — al? (p, )
(7.2)
The result is sharp when
h@) = fa2) = f(2),
where the function f(z) is given by
f@) =2 - [0(p —q,m) — a]5(p, 9) ey 73)

[0+ B6(p - g+ 1,m) = 5(p — g,m)] + [5(p — g,m) - a]]5(p + 1,9)

Proof. Employing the technique used earlier by Schild and Silverman [13], we need to find the largest 1
such that

= |1+ )6tk — g, m) = 5(p — q,m)] + [5(p — 4,m) = n]]5(k, 9)
[6(p = q,m) = n]6(p, q)

ﬂk,laklz é 1. (74)
k=p+1

Using the inequalities for the coefficients of the functions in the class UST ,.(p, 7; 1, B), and by applying the
Cauchy-Schwarz inequality, it is sufficient to show that
(0% — g, m) — aI* (1 + RISk — g,m) — (p — 9, m)15(p,9)
2
[+ )6tk — q,m) = 5(p — g, m)] + [(p — 9, m) — al| 5(k, 9) = [5(p — q,m) — a]* 6(p, q)

Now, defining the function G(k) by

n<o(p—q,m)— . (7.5)

[6(p — q,m) — al’ (1 + P)[6(k — q,m) — 5(p — q,m)15(p, q)

[+ B)I6Gk — g, m) — 5(p — g, m)] + [5(p — g, m) — 1] 500, 0) ~ [5p — g, m) — T 6(p,)
(7.6)

G(k) = 6(p—¢q,m) -

we see that G(k) is an increasing function of k (k = p + 1), which obviously completes the proof. [

Using arguments similar to those used in the proof of Theorem 11, we obtain the following result.

Theorem 12. Let the function fi(z) defined by (4.1) be in the class UST ,,(p, q; o, B). Suppose also that the function
fo(z) defined by (4.1) be in the class UST (p, q; ¢, B). Then

(fr* f2)(2) € UST w(p.4; C, B),

where

_ _ _ [5(p—g.m)—a][6(r—g.m)~@](1+B)[5(p—q+1m) =0 (p—q,m) |6(p.4)
C = 0P =4 ™) = (gt rimo-gmib-gm-al[AHI0e-7+Lm-0p-g i op-gm-glor LG @.7)

with

Q = [6(p — q,m) — a][6(p — g, m) — plo(p, 9)-
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The result is sharp for the functions f,(z) (v = 1,2) given by

filz) =2 - L0 = g,m) = afolp.g) 2 (7.8)
[(1 +B)o(p —q+1,m)—06(p —q,m)] +[6(p —q,m) - oc]]é(p +1,9)
and
he) =2 [0(p —g,m) — ] o(p, 9) ey 7.9)

[(1+ B = g+ 1,m) = 5(p = g,m)] + [6(p — 4,m) = p1]5(p + 1,9)

Theorem 13. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the class UST ,(p,q; , B). Then the
function h(z) given by

h@) =2 - Y @ +a2,)7 (7.10)
k=p+1
belongs to the class UST (p,q; x, B), where
K =0(p — q,m)
2[6(p — q,m) — alP(1 + B)[6(p — q + 1,m) — 6(p — q,m)]6(p. 9)

[+ B3 = +1,m) = 5(p — g, m)] + [5(p — q,m) - a]]zé(p +1,9) ~2[6(p — g, m) — aPo(p, )
(7.11)

The result is sharp for
[ = f(2) = f(2),
where the function f(z) is given by (7.3).

Proof. If we combine the assertions of Theorem 2 for both of the functions fi(z) and f,(z), we get

21 ([ otk = g,m) = 6(p — g m)] + (62 = q,m) = al]olk,q)
[6(p —g,m) — ald(p, q)

2
(g, +a,) < 1. (7.12)
k=p+1

Therefore, we need to find the largest x = x(p, g, &, f) such that
|1+ B3k = g,m) = 3(p = q,m)] + [6(p — q,m) = 1|5k, 9)
[6(p —g,m) = x15(p, )
1([@+ Lotk —g,m) — op — qm)] + [ = g,m) - al]o(k,q) ’
2 [6(p — q,m) = alo(p, q) ’

IIA

(7.13)

Since D(k) given by
D(k) = 6(p — g, m)
2[6(p — q,m) — al*(1 + B)[6(k — q,m) — 5(p — q,m)16(p, q)
[+ B3k = g,m) = 5(p = g, m)] + [6(p — q,m) - a]]zé(k, q) = 2[6(p — q,m) — al?o(p, q)

is an increasing function of k (k = p + 1), we obtain x £ D(p + 1). The proof of Theorem 13 is thus
completed. [
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