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Abstract. Our study is mainly devoted to a natural diagonal metric G on the total space TM of the tangent
bundle of a Riemannian manifold (M, g). We provide the necessary and sufficient conditions under which
(TM, G) is a space form, or equivalently (TM, G) is projectively Euclidean. Moreover, we classify the natural
diagonal metrics G for which (TM, G) is horizontally projectively flat (resp. vertically projectively flat).

1. Introduction

The natural lifts on the total space of the tangent bundle of a (pseudo-)Riemannian manifold, introduced
in [10], were intensively studied in the last decades, e.g. in [1]-[11], [16]-[20], [27].

A general natural metric on the total space TM of the tangent bundle of a Riemannian manifold (M, g)
is obtained in [16] by lifting the metric g to TM, using six coefficients, which are smooth functions of the
energy density t on TM. With respect to a metric of this kind, the horizontal and vertical distributions of
the tangent bundle to TM are not orthogonal to each other. If the two coefficients involved in the mixed
component of the metric vanish, then the metric becomes a natural diagonal metric, i.e. a metric with
respect to which the horizontal and vertical distributions are orthogonal.

In [5], it was shown that TM, endowed with a general natural metric is a space form if and only if the
base manifold is flat, and the metric depends on a real constant and two smooth functions of ¢ .

In the present paper we prove that TM endowed with a natural diagonal metric G has constant sectional
curvature if and only if the base manifold is flat, and the metric has a certain expression, involving a
constant, two smooth functions of ¢, and their derivatives. Moreover, it follows that TM is flat.

We recall that two linear connections having the same system of geodesics, are obtained one from
another, by a projective transformation (see [28]), generalized by the notion of geodesic mapping (see [13],
[14], [24], [25], and the references therein). The projective curvature tensor field, obtained by Weyl, is an
invariant of any projective transformation on a real manifold. Other invariants of Weyl type, namely the
holomorphically-projective (H— projective) curvature tensor fields in the context of the Kahler manifolds
and resp. para-Kdhler manifolds were studied e.g. in [29], [23], and resp. in [21], [22]. The notion of
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holomorphically-projective transformation was generalized by that of holomorphically—projective mapping
(see e.g. in [13] and the references therein). Moreover, in the almost contact case, the C—projective
transformations (which preserve the C—flat paths of an adapted connection without torsion) led to the
notion of C—projective curvature tensor filed, which is an invariant of any C—projective transformation (see
[12], [16]).

It is known that a connected (pseudo-)Riemannian manifold of dimension grater than 3 is a space form
if and only if it is projectively Euclidean (see [23]).

We prove that there exist two classes of natural diagonal metrics G such that (TM, G) is horizontally
projectively flat. Moreover, we classify the natural diagonal metrics G such that (M, G) is vertically
projectively Euclidean.

2. The sectional curvature of the tangent bundle with natural diagonal metric

On a Riemannian manifold (M, g), denote by V be the Levi-Civita connection of g, by 7 : TM — M the
tangent bundle of M, and by (x,...,x") (resp. (x!,...,x", y',...,y")) the local coordinates on M (resp. on
™).

The horizontal (resp. vertical) lift of a vector field X = X’ - € F(TM) to TM has the expression X! = X2 7

(resp. XV = X' £ 1), where I'(x) are the coefficients of V and L= -Thyf ayh Vi=1,n.
Consider a natural d1ag0nal metric G on TM, given by:
G(X}, YY) = 19x)(X, Y) + d1 ) (X, 1) G (Y, 1),
G(Xy,Yy) = Cz_t]n(y)(X Y) + d2gn()(X, Y)Fn (Y, v), 1)
G(X,,Y}) =

forall X,Y € I'(TM), y € TM, where c;, ¢, d1, dy are smooth functions depending on the energy density ¢
of y, defined as

1
t= Egn(w(y, v (2)

The metric G is positive definite provided that

c1, >0, 1 +2td1, Co +2td2 > 0.

The matrix of the metric G w.r.t the local adapted frame {%, aiyi} i,j=in 18
@
G O _ [ ©1gij + d190ig0j 0 3)
0 Gf.]?) 0 C29ij + d240ig0j
having the inverse
ij ij
H(l) 0 o= é(.q] - c1+2td1 W'y L 0 (4)
0 H(]Z) 0 E(gl] N Cz+2d2f)y y

From [19, Theorem 3.1], by imposing the Vamshmg of the mixed component of the metric and by using
the expressions of the blocks G(“) (resp. H” ) a =1,2, from (3) (resp. (4)), we obtain the following;:

Proposition 2.1. The Levi-Civita connection V of G has the following expression in the local adapted frame
2 5 .
{ayi’ ox/ }i,j=ﬁ'

i_rfti.,.ph o

2
va%i y’ ij oyt V& y Y jioxh
o _ ph_o O _1hb h _d_
vf/i oxl Pijéxh’ Vﬁ oxl T 1-‘1](335" + ij oy’
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where 1"1.". are the Christoffel symbols of V and the coefficients involved in the above expressions are given as

Qh = 10iGY +9;G} - AGHE,
1) @
2(3 Gy + R’O]kGh JHE:,

I ~@
2(8 Gl + ROz]le )H(Z)’

where R’;l.]. are the components of the curvature tensor field of the Levi Civita connection V of the base manifold (M, g),
and J; denotes the derivative w.r.t. the tangential coordinates y'.

The curvature tensor field K of the connection V, defined by the well known formula

K(X,Y)Z = VxVyZ - VyVxZ - VixyZ X, Y,Z € T(TM),

o d

has the following components w.r.t. {5 oy b T

o b h gl h gl ) h h
K( oxt’ oxI )5xk (Ple]k Pljszk + R()1/Plk + sz]) ol

o b | ch I ch 1 i h
K(g’ bT) (ijsll Pktsﬂ * ROI] * qu)ay
J 0 h ] [ ph [ ph
K(W W)é—k (9P = 9Pl + P, Pl — P Ph) 5
K(3% 32 = 0iQl - 9,Q% + Q,Ql QﬁkQ )
d b h I [ gh @) 771
K(Q_y" 6_)6x" @i S + S Q PtkS]l Vi R(r)szrl H )By
Jd o h | ph [ ph
K( Ay’ ox )By (a P + Pk]Pll szl]) oxl
6 9

In the local adapted frame {3, oy b iy the curvature tensor field Ky of a Riemannian manifold (TM, G)
of constant sectional curvature k, given by:

Ko(X, V)Z = K[G(Y, 2)X - G(X, 2)Y],
has the components:

5 0.\ 0 oo b 5 0.\ 0
—,,—,—:kG.—,—G.—.,K _—,
0(6x1 (Sx/)éxk ko oxi Tk Sy 0(6xl 6x1)

o ="
RERY. B 2 2
(5 3y = O Kol5g 57) 3 = MG 57 ~ G 51

Jd 6,0 @ 9 d 6,0 @ 0
GO KL, 2) L = k2
(8}/ 5x])6xk jk ayz O<8yl 5x])ayk ik §xi
Studying the conditions under which the difference K — K, vanishes, we prove the following results.

Proposition 2.2. Let (M, g) be a Riemannian manifold. If the tangent bundle TM endowed with a natural diagonal
metric G is a space form, then the base manifold is flat.

Proof: Since (K — KO)( 3 ) (;jk must vanish for every y € TM, it follows that it vanishes for y = 0, too, case

when it reduces to Rh The curvature of the base manifold do not depend on the tangent vector y, hence

RZ” =0, i.e. the base marufold is flat.

Theorem 2.3. Let TM be the total space of the tangent bundle of a Riemannian manifold (M, g), endowed with a
natural diagonal metric G. Then (TM, G) is a space form if and only if the base manifold is flat and the metric G is

given by (1), provided that cy is a real constant, dy = 0and dp = c (1 + t—) Moreover, (TM, G) cannot have nonzero
constant sectional curvature.
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Proof: If (TM, G) is a space form, it follows from Proposition 2.2 that the base manifold (M, g) is flat. On
the other hand, all the components of the difference between the curvature tensors K and Ky must vanish.
By imposing R} = 0, we obtain

P) dit I I
(K- KO)(bx” 6x/)¢9y 2cZ(cl]+ztd1)(9ik6; = gjk0;)+

d1(01d1—2C4d1t+2C1d4 t) h h
tfaEr) (790 = 6} goj)gok+

10202 =2, Codi 4201 codrd t=201d7dot h
4ClC2(C1 +2fd1) (glkg()] g]kgOl)y :
By applying [19, Lemma 3.2], it follows that the above expression vanishes if and only if all its coefficients
vanish, i.e. if and only if d; = 0.
Then, the component K — Ky corresponding to all horizontal arguments becomes

2
5 cit

R S Ch o <h
( O)<6xl 6x1)6xk [2C1(Cz+2tdz) +kc1](g’k61 9jk0;),

and from its vanishing condition it follows that

ct

S 6
2C%(C2 + Zdzt) ©)

Replacing the obtained value of k into the expression of (K — Ko)(aiy,, 61) this component takes the

Ox! Sk 7
form

o6y0 c1c] o o
(K O)<8y 6x1)6xk_ 2(C1Cz+ciczt+clcét)g]k5i agjkgory s )

where « is a rational function depending on cy, ¢y, their first two order derivatives, and the energy density
t.

Since all the terms of a contain c] or ¢, the expression (7) is zero if and only if c; is a real constant. Then,
after replacing k from (6), the Component of K — Kj corresponding to all vertical arguments becomes

d a ) 9 (20 +cyt) = 200dp
(9 8y1 (9]/ 2C2(C2 + thz)

(K - Ko)(5— (g1 — gedl)+

+B(90,0; — g0id)gox + Y (Gixgoj — gixgo)y",

where 8, ) are two rational functions depending on ¢y, ¢, ¢}, ¢7, d», d}, and the energy density f.
The above expression is zero if and only if

/Zt
dy = - 8
2 Cz + 2C2 ( )

and then all the components of the difference K — K vanish, hence the proof is completed.

3. The projective curvature of (TM, G)

On a differentiable manifold, the projective curvature tensor field associated to a linear connection V is
invariant under a projective transformation of V, i.e. a transformation which preserves the geodesics (see
[23]). In the particular situation of a connected (pseudo-)Riemannian manifold of dimension n < 3, the
manifold has constant sectional curvature if and only if it is projectively flat.
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Definition 3.1. On an n-dimensional differentiable manifold M, the projective curvature tensor field associated to a
linear connection V, is a (1, 3)—tensor field P defined by:
P(X,Y)Z = R(X,Y)Z - L(Y, Z)X + L(X, 2)Y + [L(X, Y) - L(Y, X)|Z, VX, Y, Z € T(TM),

where R and Ric are respectively the curvature tensor field and the Ricci tensor field of V, and L is the Brinkman
tensor field, given by:

{1RMXYyHMMXXHVXYeHﬂm.

LX,Y) = —
Since the Ricci tensor associated to the Levi-Civita connection is symmetric, it follows that the projective
curvature tensor field associated to the Levi-Civita connection has the expression:

_MKWZ=MXYM+;%TRMXZW—RMKZMLVXKZEHWW. (9)

Remark: Let (M, g) be a Riemannian manifold, and TM the total space of its tangent bundle, endowed
with a natural diagonal metric G. Then (TM, G) is a space form if and only if it is projectively flat w.r.t. the
projective curvature tensor field associated to the Levi-Civita connection of G.

Definition 3.2. The Riemannian manifold (TM, G) is called horizontally (resp. vertically) projectively flat if the
projective curvature tensor field associated to the Levi-Civita connection of G vanishes on the horizontal (resp.
vertical) distribution of TTM.

By using Theorem 2.3 and the expression (9) of the projective curvature tensor field, we prove the
following results.

Theorem 3.3. Let (M, g) be a Riemannian space form. The total space TM of the tangent bundle of M, endowed with
a natural diagonal metric G, is horizontally projectively flat if and only if the base manifold is flat and G is given by
(1), provided that its coefficients satisfy one of the following cases:
Case I) ¢ is an arbitrary real constant, di = 0, ¢ and d, are two arbitrary smooth functions of the energy density;
Case II) On the nonzero tangent bundle of (M, g),

2c1¢hk — ¢kt + 2c1¢kt — 2¢2dot + der ) dot?
2cic)3

czchO,dle,dé:

7

and c1 is an arbitrary smooth function of the energy density.

Proof: On (TM, G), consider the projective tensor field P associated to the Levi-Civita connection V. The
component of P corresponding to all horizontal arguments is given by:

6 640 6 640 1 (6 06 .6 6,0
M5 505w = Mo 5o * i 1lRe(se 55w ~ Kl 53
where K is the curvature tensor field of V and Ric is the corresponding Ricci tensor, obtained by the
contraction of the components of K as follows:

RZC(E, g) = Kihk + Kiflk’

where the indices i, j, k, i correspond to the horizontal arguments and / to the vertical argument.

Vi, jkhh=1n,

Now we study the conditions under which (TM, G) is horizontally projectively flat, i.e. P(i l) -

Sxi’ ol ) oxk
vanishes.

By replacing into (9) the component K(i 2

&t B
expression of the Ricci tensor, we obtain the following expression:

)ﬁ and the components of the curvature involved in the

5xi7 5x7 ) oxF

P, &) = (As + Bin)(gpd! — gudl)+
+(Ay + an)(5l;90i — "g07) g0k + As(gixgoj — Gikgon)y",
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where A,, @ = 1,3, B,, a = 1,2 are some quite long functions, depending on the coefficients of the metric
G, their first two order derivatives, the constant sectional curvature ¢ of the base manifold, and the energy
density t of y € TM.

According to [19, Lemma 3.2], the above expression vanishes if and only if Ay + B, = 0, a = 1,3.

o 0O
oxt7 Oxl

bundle of a Riemannian manifold of arbitrary dimension #, it follows that A,n + B, =0, a = 1,_3 for every
n>1,ie ifandonlyif A, =B, =0, a = 1,3.
The numerator of the coefficient B; has the form

Moreover, since we study the conditions of vanishing of the expression of P( )& for the tangent

ClCi(CQ + Céf)(Cl + 2tdy)(cy + 2tdy),

and therefore the condition B; = 0 yields two cases: Case I, when the function c; is a real constant, and Case

II, when ¢, = %, where ¢y € R. We mention that the second case holds good only on the nonzero section of

the tangent bundle.
In Case I, the conditions of vanishing of A;, B, and A3 lead to the following system of equations:

cidy + At +dit =0

(c1 + 2td1)(c2 + 2tdy)(c*c; — 2cc3dy — 201¢hdy + Cod3 — 2c100d)+
+4C1d1d2 - 2C1C§dit + 262(1%(121' - 4CC2d1d2t + Zd%dzt) =0

323 + 2ccody — df = 0.

(10)

If the curvature of the base manifold is ¢ # 0, it follows that (10) has the solution

9¢; 3¢ ~ —27¢% + 450cci cyt? + 15001} > — 500cc,d; t*

d = ——, = ——, =
TT 0 2T 10 2 720cc, 12

By replacing the above values and c¢] = 0 into the expression of P(%, %)5‘57, this reduces to
(2, 2)> &
oxi” dxi/ ok 5t

which is nonzero since ¢ # 0.
If the base manifold is flat, we obtain that A;, A3, B, vanish simultaneously if and only if:

(5?% - 8"g0;) ok,

dl(Cl + l’dlt) =0, dl =0,
—2C1C£d1 + Czd% - 2C1C2di +4cididy — 2C1C/2d1t + 2d%d2t =0,

i.e. dl =0.
In Case II, the numerator of B, is

(C1 + 2d1t)(C2C(2) + 2C1d1t - 2Cd1C0t + d%tz)(CO + 2d2t2)2.

If d; = 0, it follows that B, = 0 is equivalent to the flatness of the base manifold: ¢ = 0, and then the

PR . . i i i
condition of vanishing of P( 7 5 ) i

becomes
c1cot(2e1¢,co — teiPco + 2teic co — 283¢d, + 4P i) dy — 28¢1c)d))

2cico(co + 282d,)%(n — 1)

(g0 = gx0}) = 0.

Since in Case II the coefficient ¢; is non-constant, the above relation is equivalent to

2016} cg — CFcot + 2616y cot — 2¢2dx P + 4oy do
2c1¢,t3 ’

dy =

If d; # 0, then the numerator of B; is zero if and only if

(Cl + 2d1t)(C2C3 + 2c1dqt — 2Cd1C0t + d%tz)(CO + 2d2t2)2 =0,
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i.e. if and only if
—c2cl + 2ccotdy — 123
2td, ’

which yields the following expression of the numerator of Aj:

1 =

SCd%cﬁ - td3co + 4tccod1d’ + 6t2cc0d2d2 + ZtZCCOd’2 2t3d§’d2.
In this case, we have that A3 = 0 is equivalent to
5ccid] — teods + dtccidid) + 22 ccqd!?
2t2d%(—3CC0 + tdl)

2= (11)

After replacing (11), the condition of vanishing of the numerator of A, becomes:
d1(19c3cg - 12tc2d1c(2) - 9tzcdfc0 + 6t3d§f) =0.

Solving the above equation w.r.t. d;, we obtain that its only one real solution is of the form:

ceorl 11 16 V3 — 69)1/3
d1=_0[§+ +( ) ]

12
231363 — 69)1/3 32/3 (12)

The expression ¢, + 2td, vanishes when c; is replaced by , dy by its value from (11), and d; from (12).
Hence the subcase d; # 0 is not a valid subcase of Case II, and then in Case II, the coefficients of the metric
have the expressions mentioned in the statement.

Theorem 3.4. Let TM be the total space of the tangent bundle of a Riemannian space form (M, g), and let G be a
natural diagonal metric on TM. Then (TM, G) is vertically projectively flat if and only if one of the following cases
hold good:

Case 1.1) The base manifold is flat, and the coefficients of G satisfy the following conditions: c1 is a real constant,
dy =0, ¢z is an arbitrary smooth real function of the energy density t, and

72 2 1 2 72 7
=3cacy” +2c5¢) + 4cady — e dat + deacl dot

dy =
2 205(c + c4t)
Case1.2) ¢} = % di=—ccr,dy =c (1 +t5% ) and c, is an arbitrary smooth real function of the energy
density t.

Case 1.3) On the nonzero section of TM, ¢1 = 2tccy, d1 = —ccy, and
i 3c1c3—6tecs +4tei oy —4t2ccach +212ci P -2 ccrcl?
, =

2tcy(— cl+4tccz)
7 ,
Case Il) c1 = (ccy —dq)t, ﬁ = E—Z, dy = ¢ + 2 and ¢y is an arbitrary smooth real function of the energy density t.

where Cy = —(k1 + e'ka), with ky and ky two arbitrary real constants.

Proof: On the vertical distribution of TTM, the component of the projective curvature tensor correspond-
ing to the Levi-Civita connection of G is:
d d\0d d dy 0 1 d d\0d .o d d\d
T O L O e e
where K is the curvature tensor field of V and Ric is the corresponding Ricci tensor, whose component on
the vertical distribution is given as:

d 9 C
Ric (a 8yk) K]hk+l<__ Vi khikh=

where the indices i, k, i correspond to the horizontal arguments and 1,k h to the vertical arguments.
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Let (TM, G) be vertically projectively flat, i.e. P( 1 3y )W =0,Vi,jk=1,n.
By similar computations to those in the proof of Theorem 3.3, we obtain:

P(3%, 35) 7% = (A1 + Bin)(g;d! — gud!)+
+(Az + Ban)(8g0: — 6] 907)ok + As(gjxg0i - gzkgo])yh],

where A,, @ = 1,3, B,, @ = 1,2 are some quite long functions, depending on the coefficients of the metric
G, their first two order derivatives, the constant sectional curvature ¢ of the base manifold, and the energy
density t of y € TM.

In the same way as in the previous proof, we have that P(aiy” aiy/)ﬁ =0,Vijk= 1,7, if and only if
A,=B,=0,a=1,3.
After the computations, the numerator of the coefficient B; has the form:

Cz(CCQ + dl)(Cl —coot + dli’)(Cl + 2d1t)(C2 + 2d2l’)2.

The condition of vanishing of the above expression lead to the following cases: Case I) d; = —ccy, and
Case Il) ¢1 = (ccp — dq)t. )
In both cases we have that A3 = 0 if and only if

3czc 2C§C’2I - 4:C2d + 2c§d’ + 4c 2dot — deycl dot + 2cpchdst =

Notice that c; + cjt # 0, since ¢; = 70, with cg an arbitrary real constant, would lead to A; = ﬁ # 0.
Hence A3 vanishes if and only if

=320 + 2c3¢) + doads — Acdot + doocy dot

2¢o(c2 + cyt)

’
2

(13)
In the sequel we shall study the two cases, separately.
Case I) dy = —cc, implies that A; = 0 if and only if
cicr — 26C2 + cycht — 4ccpdart = 0,
which is equivalent to

Z(ch + 2ccpdat)

14
Cy +C£i’ ( )

Replacing the above value of ¢/ into the expression of P(aiy,-, ai)
form

7 Vi, jk = 1,1, this becomes of the

9 d\ao _ c(2cach— 2C2d2+(32 t) 3 ra
P(&yf’ ay/')ay 2¢y(c1-2ccat)?(ca+cht)? (n— 1)( 3C1C + 6CC t— 4C1C2C2t

—2c10odat + decscht? — 201c7 2 + Becydat? + 2cczc§2t3)(6;’goi - 6?90]-),

and it vanishes if and only if one of the following subcases holds good:
Case I.1) c = O leads to c; = 0, d; = 0 and the expression of d; remains (13).
On the nonzero section of the tangent bundle we have also other two subcases.
Case[.2)dy = ci(1+ 5 t) c; has the expression (14), and d; = —cc;.
Case L 3) i, _ 3ad 6tcc +4tc1 coch—4t2cclch +212 ¢ cF =283 ceocl?

2tc2(—c1+4tccz)
(13) if and only 1f

and then the value of d is the one given by the relation

3(ca + cht)>(c5 — beciort + 14c?ci 5t — 12¢%C3 1) ~
(=1 + deeot)? a
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Since we proved that ¢; + ¢} # 0, it follows that the above relation is equivalent to the equation
¢S — beciort + 14 ci oot — 1206 = 0,
which solved w.r.t. ¢; has only one real solution:
c1 = 2ccot.
By imposing the condition (14), we obtain
2¢(cp = 2¢cy + cht — cit) = 0. (15)

The subcase when ¢ = 0 leads to Case 1.1), which was already treated.
If ¢ # 0, (15) is equivalent to the second order differential equation:
co — 2} + cht

t 4

which has the solution

"o
C2 =

Cy = %(kl +k2€t), kl, kz e R.

Case II) ¢ = (ccp — dq)t yields
Bz = (CCZ + dl)z(Clel - C’Zdl)(CQ + Céi’)(Cg + Zdzt).

Since ¢, + c5t # 0 and the case d; = —cc, was studied at Case 1.2), the condition of vanishing of B; is

d; = éal (16)
1= ) 1

Replacing the value of d] from (16) into Aj, the relation A; = 0 becomes
2cy¢ — 2cpds + c’22t =0.

Hence (TM, G) is vertically projectively flat if and only if the coefficients of the metric G satisfy one of
the cases in the above theorem.
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