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Abstract. In this paper, we discuss the global existence, uniqueness, continuous dependence and expo-
nential stability of random impulsive partial integro-differential equations is investigated. The results are
obtained by using the Leray-Schauder alternative fixed point theory and Banach Contraction Principle.
Finally we give an example to illustrate our abstract results.

1. Introduction

Many real life processes are impulsive in nature. Impulsive differential equations are systems that are
subject to rapid changes in the variables describing them. Impulsive control systems, impulsive differential
equations play an important role in stability analysis (see[1, 2]). It is occurring at fixed times arise in the
modelling of real world phenomena in which the state of the investigated process changes instantaneously
at certain moments. Further, the investigation of these differential equations uses ideas in the qualitative
theory of differential equations and probability theory (see [22-24]).

The study of global existence of solutions and its qualitative properties for partial differential equa-
tion, impulsive partial differential equation and partial integro-differential equation are very limited. E.
Hernandez et al. has studied the impulsive and non-impulsive global partial differential equations see[3-7]
and the references there in. Tidke et al., [8, 9] studied the global existence and uniqueness for mixed integro
differential equations.

The study of impulsive moments in random time is very limited. The existence, uniqueness and
stability results were discussed in [13, 14] through Banach fixed point method for the system of differential
equations with and without random impulsive effect. The stabilities like continuous dependence, existence
and exponential stability for a random impulsive semilinear differential equations through the fixed point
technique (see [11, 12] and the references therein). Ravi Agarwal, et al.[15], proved exponential stability
for differential equations with random impulses at random times. For further study refer [10, 16-21] and
references therein.

Motivated by the above mentioned works, we study the global existence, uniqueness and stability via
continuous dependence and exponential stability of random impulsive differential equations.
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The paper is organized as follows: In section 2, we recall briefly the notations, definitions, lemmas
and preliminaries which are used throughout this paper. In section 3 and 4, we investigate the existence
results and uniqueness of solutions of random impulsive PIDEs by relaxing the linear growth condition.
In section 5, we extend the existence and uniqueness of solutions of random impulsive PIDEs globally. In
section 6, we study the stability through continuous dependence on initial conditions of random impulsive
PIDEs. The exponential stability under nonuniqueness of the mild solutions of random impulsive PIDEs
are investigated in section 7. Finally in section 8, an example is given to illustrate our theoretical results.

2. Preliminaries

Let X be a real separable Hilbert space and () a nonempty set. Assume that 74 is a random variable

defined from Q to Dy ot (0,dy) for k = 1,2,---, where 0 < dy < +oco. Furthermore, assume that 7
follow Erlang distribution, where k = 1,2,... and let 7; and 7; are independent with each other as i # j
fori,j = 1,2,---. Let 7,T € R be two constants satisfying 7 < T. For the sake of simplicity, we denote
R+ =0, +00); Ry = [1,00).

We consider partial nonlinear integrodifferential equation of the form

t

X' (1) Ax(t) + f(t, xt,f k(t,s, xs)ds), t # &, t=>T,

0
X(Ek) = bk(Tk)x(EI:)/ k= 1/ 2/ Tty
xto = (P/

2.1)

where A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators 5(t)
in X; the functional f : R; xCx X — X, C = C([-1,0],X), 0 < r < oo is the set of piecewise continuous
functions mapping [-r,0] into X with 7 > 0; k : R; x R; x X — X; x; is a function when t is fixed, defined
by x¢(s) = x(t +s) for all s € [-1,0]; & = to and & = &g + T for k = 1,2, - shere t) € R is an arbitrary real
number. Obviously, t) = &y < &1 <& <-+- < I}im & = 00; by : Dy — R for each k = 1,2,---;x(£]:) = ltiTrénx(t)
—00 k
according to their paths with the norm ||x|| = sup [x(s)| for each f satisfying ¢ > 7. || - || is any given norm

t—r<sst
in X; ¢ is a function defined from [-r, 0] to X.

Denote {B;,t > 0} the simple counting process generated by {&,}, that is, {B; > n} = {£, < t}, and denote
¥+ the o-algebra generated by {B;, t > 0}. Then (Q, P, {;}) is a probability space. Let L, = L,(Q, ;, X) denote
the Hilbert space of all #; - measurable square integrable random variables with values in X.

Let I' denote the Banach space. F([to -r1T], Lz), the family of all #;-measurable, C-valued random

1
variables ¢ with the norm ||1,b||r = LSSETE ||'7D||t2 2'
0 <t<

Let Lg(Q, I') denote the family of all #( - measurable, I - valued random variable ¢.

Definition 2.1. A semigroup {S(t); t > to} is said to be exponentially stable if there are positive constants M > 1 and
y > 0 such that ||S(t)|| < Me 1) for all t > t,, where || - || denotes the operator norm in L(X) (The Banach algebra
of bounded linear operators from X into X). A semigroup {S(t), t > to} is said to be uniformly bounded if ||S(t)|| < M
forall t > ty, where M > 1 is some constant. If M = 1, then the semigroup is said to be contraction semigroup.

Definition 2.2. Amap f : R, X C x X — X is said to be L2-Caratheodory, if

(i) t — f(t,u,v) is measurable for each u € C;

(ii) u,v — f(t,u,v) is continuous for almost all t € [t, T];

(iii) for each positive integer m > 0, there exists a,, € L' ([1, T], R™) such that
sup ||f(t, X, y)”2 < am(t), fort €1, T], ae.

llxll llyll<m
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Definition 2.3. For a given T € (ty, +00), a stochastic process {x(t) € I', to —r < t < T} is called a mild solutions to
equation (2.1) in (Q, P, {F4)), if

(1) x(t) € X is F1— adaptedfor t > to;

(ii) x(to + ) = @(s) € LY(Q, F), when s € [-1,0],

+00 k k &
x(t) = kZO‘ Hb(T)S(t—to ¢(0)+Z‘Hbj(rj) L CS(-9f(sx, fo k(s, T, x.)d7)ds
i= i=1 j=i i-1

t S
+ f S(t — ) f(s, s, f ks, T, x)d0)ds )lig, 5., (8), £ € [to, T,
Ek 0

where H ()=1lasm>mn, H bi(1}) = bi(ti)br-1(Tk=1) - - - bi(7;), and 14(") is the index function, i.e.,

j=m
|1, if teA,
IA(t)‘{ 0, if tgA.

Our existence and exponential stability theorems are based on the following theorem, which is a version
of the topological transversality theorem.

Theorem 2.4 ([24] Lerray Schauder Alternative). Let B be a convex subset of a Banach space E and assume that
0 € B. Let F : B — B be a completely continuous operator and let U(F) = {x € B: x = A Fx for some 0 < A < 1}.
Then either U(F) is unbounded or F has a fixed point.

3. Existence of mild solutions
In this section, we prove the existence theorem by using the following hypothesis.

(H1) : There exists a continuous function p : [to, T] — R, such that

t
Ellf k(t,s, x5)dsl* < p(DEIIIE;,
0

for every t,s > 0 and x € X.

(Hy) : There exists a continuous function 6 : [tg, T] — R, such that

EIlf(t,x, ) < SOHE(NE + IyIIE),
for every t € [tp,T] and x,y € X where H : Ry — (0,) is a non-decreasing function satisfying
H(a(t)x) < a(t)H(x)..
k k
(H3) : E{mix I ||b,'(T]')||} is uniformly bounded that there is ¢ > 0 such that E{m%x I ||b]'(’[j)||} < ¢ for all
i, j=i ik =i
Tj ED]', j= 1,2,---.

Theorem 3.1. If the hypotheses (H1) — (H3) hold, then system (2.1) has a mild solution x(t), defined on [to, T]
provided,

T ® ds
L)Mﬂs)ds < L %, (31)

where M1 (t) = 2M? max{1, 2}(T — to)(1 + p(t))d(t), c1 = 2M>c*E||p||* and Mc > %



A. Vinodkumar, P. Indhumathi / Filomat 32:2 (2018), 439-455 442

Proof 1. Let T be an arbitrary number ty < T < co. We transform problem (2.1) into a fixed point problem. Consider
the operator F : T — T defined by

(P(t - t()), te [tO -7 tO]/

+oo , k k k Si S
Pl = k)go(gbi(f,-)S(t—to)qo(O)+l§1 gbj(fj) S(t — 5)f(s, X, fo k(s, T, x;)d7)ds

t S
+ f S(t—5)f(s,xs, f k(s, T, xT)dT)ds)I[gk,gm)(t), t € [to, T].
Ek 0

In order to use the transversality theorem, first we establish a priori estimates for the solution of the integral solution
and A € (0,1),

/\(P(t - tO)/ te [tO -1 tO]/
+oo , k k
A Y (TTbi(T)S(t = to)p(0) +
=1

4
x(t) = k=0 " i=1 i1 i Eia
t S
+f S(t—s)f(s,xs,f k(S,T,XT)dT)dS)I[gkrgkﬂ)(t), t e [to, T]
&k 0

Hbj(rj)fiS(t—s)f(s,xs,‘fosk(s,T,xT)dT)ds

+0o0 k
Ix@®IF < Az{ [HHbi(’t,’)HHS(t—t0)||||(p(0)||
k=0 i=1
k k i S
bj(t; S(t- 7 Ass k , T, Td d
+;”l}l J(TJ)”L1 ISCE = )l f (s, x fo (s, 7, x)d7)||ds
t S 2
o st amses, [ he o0}
+00 k
< 2{ Y (T T oiealPsce - to)PllpO)lPle, ... ()]
k=0 i=1
+00 k k & s
bj(t; S(t - 7 XSy k Y Td d
+{;[;lll;[ J(mHL IS(t — )£ (s, x fo (s, 7, x.)dllds
t s )
+L ”S(t_s)“”f(s/xs/f(; k(s/T’xT)dT)'|ds]l[§k,§k+1)(t)} }
k k 2 ; . )
< 2M2mI§1X{||Hbi(Ti)||2}||(P(0)|I2+2M2[H}2X{1,H|Ib]‘(’fj)ll}] ( f I1£(s, s, fo k(s,T,xT)dT)Hds) _
i=1 ’ j=i fo
Ellxll7 < ZMZCZE[||go||2]

t S
+ 2M2max{1,c2}(T—to)f EIIf(s,xs,f k(s, T, x;)d7)|*ds
to 0

IA

t
2M2EE [llplP] + 2M? max(1, c2}(T - to) f S()H(E [Idls® + p(s)lxI2] )ds
to

IA

2MPCE [llplP] + 2M? max(1, c2|(T - to) f t 5(s)(1 + p(s)H(E [1x112] )ds.
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Last term of the right hand side of above inequality also increases in t

sup E[IxE] < 2M*CE[llgl?]

to<ou<t

fo<v<t

t
+ 2M2 max{1, (T - k) f 5(s)(1 + p(s)) sup H(E [IIxI] )ds.
to

Consider the function I(t) defined by I(t) = sup E [lellzz,], t € [to, T]. Forany t € [ty,T],

to<v<t
t
(1) < 2MPCEllplP] +2M? max{1, @NT - to) f 8(s)(1 + p(s))H(I(s))ds. (3.2)
fo
Denoting by u(t) the right hand side of the (3.2) we obtain that

1()
u'(t)

IA

u(h, te lto, Thu(to) = 202CE ]| = er.

2M?(1 + p(t)) max{1, c*}(T — to)S(H)H(I(t))
2M?(1 + p(t)) max{1, c}(T — to)d(H)H(u(t)).

IA

' (t)
H(M(t)) <M, te [to, T]. (3.3)

Integrating (3.3) from ty to T and making use of change of variable, we obtain

u(t) ds t T 00 ds
G fo My(s)ds < fo Mi(s)ds < fc Hy (3.4)

1

where the last inequality is obtained by (3.1).
From (3.4) and by mean value theorem there is a constant 11 such that u(t) < n;. Hence I(t) < 1m1. Since
sup E [llxll%] < m , where 1y only depends on T and the functions 6 and H

0<v<t

Ellx|l2 = sup E [Ixl2] < 1.
0<v<t
We will prove that F is continuous and completely continuous.
Step-1 We prove that F is continuous. Let {x,} be a convergent sequence of elements of x € I'. For each t € [ty, T],
we have

kK k
i=1

H bi(t)) j: S(t=s)f(s, xn,, j: k(s, T, x,,, )d7)ds

i

+o00 k
Fr(t) = Y [[]bimst - to)p©) +
k=0 i=1

t S
+ f St~ 5)f (s, %n., f ks, T, % A0S |, ) (B), £ € [t, T].

Ek 0
Then,
+00 k k i S S
Fxn(t)—Fx(t)=kZ=;‘[i=1 gb]-(fj) f él S(t = 9){f(s, 2., fo k(s, T, %, )d7) = f(s, X, fo k(s, T, x:)d7)}ds

+ f tS(t—s){f(s,xns, fo Sk(s,r,xm)d’c)— F(s, x5, fo sk(s,T,xT)dT)}]I[gk,5k+l)(t).

Ck



Therefore,

EllFx, — Fxlf <

Thus F is continuous.
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t S S
M2 max(1, X(T — to) f EIlF(s, %, f K(s, T, %)) — (5, %, f KGs, 7, x(r))do)lds
0 0 0

—0 as n— oo.

Step-2 We prove that F is completely continuous. Denote B,, = {x eT/|x2 < m} for some m > 0.
Step2.1 We show that F maps By, into an equicontinuous family. Let y € B,,. Let t1,ty € [to, T]. Ifto < t1 <t < T,
then by using hypothesis (H1) to (Hs), we have

Fx(t) — Fx(t) =

E||Fx(t1) — Fx(t)II*

+00 k
Y { [Jbi)st - t)p©

k=0 i=1
k

k &
bj S(t - o | k(s T x0)d1)d
;H (T])f (t1 S)f(S X, f (s, T, x)dt)ds

j=i &i-

t S
+f S(tl—s)f(s,xs,f k(S,’C,XT)dT)dS}I[gklgkﬂ)(tl)

Sk

—Z{Hb (1)S(t2 — to)p(0)
k=0
+Xk: ﬁb (1)) f " Sty —9) s, %, f k(s, 7, x.)dT)ds

+

{ H bi(ti){S(t1 — to) — S(t2 — to)}g(0)

M*M

+

k S
b {S(ty —s) — S(t, — , Xs, k(s, T, dt)d.
H (@) f 150 -9 - S - 9 s x fo (s, % x()d0)ds

,_.

i=

ty S
+ f ((t1 - 5) — S(t2 — )} (5,7, f ks, xe)do)ds
0

Ek

to S
+f S(t, —s)f(s,xs,f k(s, T,XT)dT)dS}I[gklgk+1)(t2).
tp 0

< 2E|LIP + 2ElILIP,
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where

+00 k
I = kz;‘ | H1 bi(T)S(t — to)p(0) +

ty S
+ f S(t — s)f(s, s, f ks, T, x)d0)ds | (I, ) (1) = I .0 (R2)).

Ek 0

k

Ei s
[Teie [ sti=s16sx, [ ke nxoos

k
i=1 j=i

+00 k
=Y [ [T o) 18t = to) = S(t2 — )} (0)

k=0 i=1

k k & s
+ Z H bi(t)) L_l {S(t1 —s) = S(ta —s)} f(s, xs,j; k(s, T, x;)dt)ds

i=1 j=i

l’l S
+ f {S(t1 —s) = S(t2 — s} f(s, xs,f k(s, T, x;)dT)ds
¢ 0

k

l’z S
+ f Sty — 5)f(s, s, f ks, T, x0)dT)ds |Iie, 1.0y (12)-

t 0

+00 k
EILIP < E{ [ TTHieCxallisE - to)lllp ()
k=0 i=1
k k Ei S
+ Y [T wwicpn f 1S(t = S)LF (s, xe, f K(s, T, x)dT)l|ds
i=1 j=i Sin1 0
f] S 2
v s - st k(s,T,x»dwuds][I[gk,gm(n)—I[gk,.ghl)(tz)]}
Ek 0
< 2MPCElQO)IPEN s, ) (1) = Lig g (B

+2max{1,c*}(t — to) ftl 1S(t1 = $)IIPM” H(EIXZ)dSEllis, 1) (t1) = Iisy 1) (E2)I]
—> 0 as tp — 1y, "
where M* = sup {0(£)(1 + p(t)) : t € [to, T]}.
EILIP < 3EElS(t — to) — S(t2 — to)IPEllp(0)I

ty

+3max{1, )t~ t)E | ISt —5) = S(t2 = )Pl (5, xs, fk(S, T, x7)d7)|*ds
0

to

l’z S
+3(t2 — tl)Ef IS(t2 — S)Ilzllf(s,xs,f k(s, T, x:)d)|Pds
t 0
< 3CPElS(t ~ to) = S(t2 — to)IPEllpO)I

+3max(1, (¢ — to) f EIIS(t — 5) — S(t2 — PO H [EllE + po)EIIZ] ds
fo

to
3(2— ) f EIIS(t — $)IP5(s)H [EIRIE + p(s)EllI] ds.
31

445

Since thereis xk > 0, such that ||S(t1) — S(£)|] < % YVt — ta (see[22,proposition 1]) and the compactness of S(t) fort > 0
implies the continuity in the uniform operator topology, we have ||S(t1) — S(t2)II> — 0,IS(t1 —s) — S(t, = 8)II> — 0

as tl —> i’z.
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Therefore E||I||> —> 0 as t; —> t,. Thus F maps By, into an equicontinuous family of functions.
Step2.2 We show that FB,, is uniformly bounded. ||y||2 <m, from (3.1) and by (H1) - (Hs),

t
E|IFx|[? < 2M?cE|lp(0)II* + 2M? max{1, ¢*}(T — to) f Ellf(s, xs, f k(s, T, x;)d7)|Pds
f() 0
< 2M2AE||p(0)|1* + 2M? max{1, (T — to)llatll-

This yields that the set {Fx(t), llyliz < m} is uniformly bounded. So {FB,} is uniformly bounded. We have already
shown that FB,, is an equicontinuous collection. Now it is sufficient, by the Arzela-Ascoli theorem, to show that F
maps B, into a precompact set in X.

Step2.3 We show that FB,, is compact. Let ty <t < T be fixed. Let € be a real number satisfying € € (0,t — to), for
x € By, Define

+00 k

Fex(t) = ) [ [ [ 0@t ~ to)e0)
k=0 i=1
k, K Ei s
+;1]1 i(T7) Ll S(t—s)f(s,xs,f0 k(s, T, x.)d7)d7)ds

t—€ S
+ f S(t —s)f(s, xs, f ks, T, x0)dT)ds |I1e, ) (8), £ € (o, £ = €).

Ek 0

Since S(t) is a compact operator, the set He(t) = {Fex(t) : x € By} is precompact in X for every € € (0,t—ty). Moreover,
for every x € B,,, we have

+00 k
Px(t) - Fex(t) = ) [ [ ] bzt = to)p(0)
k=0 i=1

k k & S
Y TTeitx» L ) S(t = 9)f(s, %, fo k(s, T, xo)d)ds

i=1 j=i
s S

+ f Se-9f fo K, )0 e, ()

+00 k
- Y [ Twtwse -ty

k=0 i=1

k k i S
+;‘ng(71) f i St~ 5)f(s, %, fo ks, T, x)d7)ds

t— S
+ f S(t — 5)f(s, xe, f ks, T, x0)dT)ds |Iie, ...y ()-
&k 0
By using (H1)~(Hs), (3.1) and ||x||> < m, we obtain
¢
E|[Fx — Fex|[> < M? max({1, (T — to) f M*H(m)ds.

t—e

There are precompact sets arbitrarily close to the set {Fx(t) : x € B,,}. Hence the set {Fx(t) : x € By} is precompact in

X. Fis a completely continuous operator. Moreover the set U(F) = {x €l':x = AFxforsome0 <A < 1} is bounded.
By Theorem 2.1, the operator F has a fixed point in I' and this fixed point is the mild solution of the system (2.1).
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4. Existence of unique solution:

To prove the existence results by Banach contraction principle, we need the following hypotheses.

(Hs4) : There exists a constant L > 0 such that
Ellf(t, x1, y1) = f(t, %2, y2)I* < LE {||X1 — x5 + Il — ]/2||§} ,
forall t € [ty, T],x;,y;i € X,i=1,2.
(Hs) : Letk: [ty, T] X [to, T] X X — X. There exists constants M > 0 such that

f
El f [K(t, 5, %) — K(t, 5, yo)] dsIP: < MiEllx - 12,
0

forevery t,s > 0and x,y € X.

Theorem 4.1. If the hypotheses (H3)-(Hs) holds then the system (2.1) has a unique mild solution on [ty, T] provided,
@ = 2M? max{1, c*J(T — to)*L(1 + My) < 1. 4.1)

Proof. Consider the operator F : I' — I defined as in Theorem 3.1, then
t S
E||Fx — Fyllf < 2M?max{1, *}(T — tO)f E||f(s,xs,f k(s, T, x;)dT)
0 0
S
~ £, ys f K, 7, yo)do)Pds
0

t
< 2M? max{1, |(T - to)f LE{llx = yI2 + Myllx - yl2} ds
to

¢
< 2M? max{1, *}(T — to)f L(1 + M)E||x — yllfds.
to

Taking supremum over t, we get
IFx(t) = Fy()ly 2M? max{1, (T - to)*L(1 + Mi)llx = ylIf
pllx = ylIz.

From (4.1), F is a contraction on I'. By the Banach contraction principle, there is a unique fixed point for F
in space I and this fixed point is the mild solution of the system (2.1). O

IA

IA

5. Existence of global solutions

In this section, we study the global existence of solutions for

t

X = Axt)+ £, f Kt s, x)ds), £ # &, t€ [t 00),

oo G.1)
x(ék) = bk(Tk)x(ék )/ k = 1/ 2/ ttty
Xt, = Q.

Definition 5.1. A function x : [ty,00) — X is called a mild solution of (5.1), if x/j;, 1 € T'([to, T1, X) for every
Te (tOI OO)/

+00 k k k & S
X(t) = ;(Hbi(n)S(t—to)(p(O)+ .1H’b]»(1]~) 5 S(t = 8)f(s, s, fo k(s, T, x.)d7)ds
=l 1= i= j=i i-1

t S
+ j: S(t—s)f(s,xs, f(; k(s,T,xT)dT)ds)I[gk,gm)(t),te[to,oo). (5.2)
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In order to obtain our results, we need to introduce some additional notations, definitions and technical
remarks. It follows that, g : [tp,o0) — R is a positive, continuous and nondecreasing function such that
g(to) = 1 and lim g(#) = co. In this section, I'([ty, ©0), X), Co(X), CH(X) and T)(X) are the spaces.

I([to, ), L) = {x : Tto, ) = X : 2/, 1) € T([to, T, X)V T € [to, 00), Ellx|2 = sup Ellx()|> < oo};

t>ty

Co(X) = {x & Cllto,20),3) : lim EIR(0)” = 0f; CYX) = {x € C(lto, ), %) Jim EL = o};

. E| 2
rYx) = {x & (o, ), X) : lim B0F 0},
endowed with the norms :
t
IR, = sup EN(®I; EllIf = sup Elx(OI ; Ellly = sup =it —
t>to t=to

We recall here the following results of compactness in these spaces [3]. We omit the proof.

EIIX(t)H

and E||x||2 = sup respectively.

Lemma 5.2. A set B C Cy(X) is relatively compact in C} if and only if,

(a) B is equicontinuous;
. Elx®I? i .
(b) tlgg % = 0, uniformly for x € B;
(c) The set B(t) = {x(t) : x € B} is relatively compact in X, for every t > t.

Lemma 5.3. A set B € T)(X) is relatively compact in T)(X) if and only if,
(a) The set Br = {x/1, 11 : x € B} is relatively compact in I'([to, T]; X), for every T € (0, o0).

(b) lim E”x((f))” = 0, uniformly for x € B.

Theorem 5.4. Let the conditions (H),(Hy),(Hz) holds for every T > 0. Suppose, in addition, that the following
conditions are verified
(a) For every t > tg, the set {S(t)f(s,x,y) : s € [to, T],x,y € Bu[0, X], (closed ball of radius m > 0 in Banach space
X)} is relatively compact in X;

¢

(b) For every > 0, lim ﬁ f M (s)H[eg(s))ds = 0;
to

(c)fto Ml(s)ds<£ %,

where My(t) = 2M? max{1, 2}(T — to)(1 + p(t))d(t), c1 = 2M>c*E||p|* and Mc > %’Z Then, there exists a mild
solution for the system (5.1).

Proof 2. On the space FO(X), we define the operator

+00 k Kk & S
Fx(t) = kz;‘ Hb(@ S(t — to)p( 0)+;1;[bj(fj) f ) S(t — ) f(s, xs, fo k(s, T, x.)d7)ds

t
+f S(t—s)f(s, xs,f k(s, T, xT)dT)ds)I[gk,ng)(t),t € [to, ).
&k 0
We observe that E||x()||*> < E||x||%gg(t).

EIFx(IP 2M2C2E[”(P”2]+2M2max{1c \T -
ONE g(t) g(t)

Next we show that F satisfies all the conditions in Theorem 2.1.

Let (xp)nen be a sequence in FO(X) and x € FO(X) such that x,, = xin FO(X) Let € > 0 be given. 1 = sup E||x,,||r
neN

© f 1+ pE)HEIR g(s))ds.

From condition (b), there exists Ly > 0 such that
2M? max{1, c*}(T —
g(t)

fo) f 5(s)(1 + p(s))H(1g(s))ds < =, t>1L.
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From the Lebesgue-dominated convergence theorem, we infer that Ne € N such that

L1 S S
E 7 Angr k 7 Lrin dt) - 7Sy k r by ’Id Zd < ’ ZN
([ 06, [ s 0= s, [ ks ol < e 2 .

Fort € [0,L,] and n € N, we have

E||Fx,, — Fx|P? = ° ’ 2
2 — SEf {llf(s,xns,f k(s, T,an)dT)—f(S,xs,f ks, T, x)dD)|P Jds < e.
g(b) 0 0 0
Hence,
_ 2
. {E||Fxn(tg)(t)Fx(t)ll te[0,L],n> NE} < e (5.3)

On the other hand, for t > Ly and n > N, we find that

=T B L
w < ZMzmax;(t; T —to)p f (s, %, f ks, T, %0, )T) — £(5, %6, f k(s, 7, x.)d7)|2ds

+2M2 max{l(t; WT - f llf(s, xn,f k(s, T, x,,)dT) — f(s, XS/f k(s, T, x.)d7)|*ds
< g L e max;('t ; IT — to) ) 6(s)HE{||xn = xI} 9(s) + p()llx, = xII2, 9(5)}ds
2M?2 1, 2T -t
< S maxi] (t; T~ fo) f 5(s)(1 + p(s)H(ElIx, — 2112 g(s))ds
< E " 2M2 max{l C (T tO) 5(5)(1 +p(S))H(lg(S))d5/
2 (t) Ly
so that
w {E||Fxn - Fx||2 S Lins N } (5.4)
P50 v |

From (5.3) and (5.4), we see that F is continuous. Next, we prove that F is completely continuous. Let B,, = {x €
F/IIxII% < m}. From the proof of Theorem 3.1, we establish that the set F(By)|it, 11 = {Xlito,r1 € Bm : x € By} is
relatively compact in T([ty, T1; X) for every T € (ty, 00). Moreovet, for x € By,, we have that

EIFX®IP  _ ZMZCZE[”(P”2]+2M2max{1c T
g(t) - g(t) g(t)

f 561 + PH(EIIE 9(5)ds
. Lo EJIFx]?
which from (b) implies that G
F(By,) is relatively compact in Fg(X). Thus F is completely continuous.

We establish the priori estimates for the equation (5.2). For t > to we get

— 0,as t — oo, uniformly for x € B,,. Now, Lemma 5.2 allows us to conclude that

t
EIFxI} < 2M*CE|llglP]| + 2M? max{1, )T - to) f 8(s)(1 + p(s))H(EIIxI2)ds
to

Denoting by 1i(t) the right hand side of the above equation, we obtain

' (t) < 2M*(1 + p(t)) max{1, }(T — to)5(HH(A(t)),
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and hence,

i s < ds
< M;j(s)ds < —
. HE f R )

This inequality jointly with condition (c) allows us to affirm that F is bounded in Fg(X). By using Theorem 2.1, there
exist a fixed point for F, and as a consequence the existence of a mild solution for (5.1). The proof is complete.

Theorem 5.5. Let the condition (H3) and (Hs) be satisfied for every T > to. Assume that there exists a continuous
function L(t) > 0 such that

(H}) : Ellf(t, x1, 1) = f(t, x2, y2)I* < L(OE{|Ix1 — 22} + llys — wall7), for all t > to and x;,y; € X,i =1,2.

Then there exists a unique mild solution provided,

¢
9 = 2M? max{1, c*}(T — to)(1 + My) sup ﬁ f IL(s)llg(s)ds < 1. (5.5)
to

t>ty

Proof 3. Let F be the operator defined as in Theorem 5.3 and using (Hs),(H}),(Hs)

E|lFx(t) — Fy(t)II? - 2M? max{1, 2}(T -

to) f LE)E{Ik = yI} g(s) + Millx = yI} g(s)} ds

g() - g()
< 2Mmaxi{1, KT — ) f L(s)(1 + MyEllx - yl2 g(s)ds.
g(t) to I
t
IFx(f) = Fy()IIf, < 2M?max{1, [T ~ fo)(1 + My) sup !% f IL@G)IIENx = yiIE, g(s)ds
t>ty to
< Plix = yllF,-

From (5.5), F is a contraction on TY. Hence, there exist a unique global fixed point for F in space Fg and this fixed
point is the mild solution of the system (5.1).

6. Continuous Dependence

Theorem 6.1. Let x(t) and %(t) be mild solution of system (5.1) with initial values ¢(0) and ¢(0) € I'; respectively.
If the assumption (Hs), (H}) and (Hs) are satisfied then the mild solution of the system (5.1) is stable in the mean

square.

Proof 4. By the assumptions x and X are the two mild solutions of the system (5.1), for t € [0, o), then

Ellx — &7 2M**Ellg(0) — ¢(0)I
sup ———— < su
tztlog g(t) tztI: g(t)
t
+ 2M* max({1, ¢}(T — to)(1 + M) sup % f ILG)IEllx = %7 g(s)ds.
t>ty to )

b= %I < 2M2Ellp(0) - PO},

+ 2M? max{1, 2}(T — to)(1 +Mk)sup (t)f [IL(S)||E||x — x||r g(s)ds.
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By applying Grownwalls inequality we have

t
Il = 2, < 2M**Ellp(0) — p(O)IIf, exp(2M? max{1, ¢}(T ~ to)(1 + My) sup % f IL(s)llg(s)ds).
to

t>to

Il — 2l < IElp(0) - pO)IE,

t
where I = 2M?c?exp(2M? max{1, 2}(T — to)(1 + My) sup ﬁ f IL(s)llg(s)ds).
t>ty ty

Now given € > 0 choose 6 = § such that El|¢p(0) — qﬁ(O)lI%’7 < 0. Then ||x — Xll%g <e
This completes the proof. ‘

7. Exponential Stability under nonuniquness

In this section we will study the exponential stability of mild solution of the system (5.1). For any
Fi-adapted process ¢(t) : [-r,00) — R is almost surely continuous in t. For the purposes of stability, we
may assume that f(£,0,0) = 0 for any t > #y so that the system (5.1) gives a trivial solution. Moreover
$(t) = p(t — to) for t € [tg — 1, tg] and E||p|I> — 0 as t — oo.

Definition 7.1. Eq. (5.1) is said to be exponentially stable in the quadratic mean if there exist positive constant Cy
and A > 0 such that
Ellx(t)I? < CiEllplPPe =), > to.
We now consider the following assumptions
(He) : uH(x) < H(uy), for all x € R* where u > 1.
(Hy) ISl < Me™ 710t > to, where M > 1,y > 0.

Theorem 7.2. Let the hypotheses of Theorem 5.3 and (He)-(Hy) hold. Then system (5.1) is exponentially stable in
the quadratic mean if it satisfies the following,
(a) For every t > to, the set {S(t)f(s,x,y) : s € [to, t], x, y € B,[0, X]} is relatively compact in X;

¢
(b) For every T > 0 thj‘g ﬁ f M, (s)H[2ig(s)]ds = 0.
to

(C)jt; My(s)ds < ; HE)

MZmaxll,CZ](1+p(t))6(t) ) = 2M2C2E”(p”2 Mc > 1
7 ’ = 2.

where, My(t) = z > ;i

Proof 5. The proof is similar to the proof of Theorem 5.3, we define the operator F on the space FS(X) and using
(H1) — (Hs), (Hg) and (Hy) we get,

2M?2 1, 2)evtt)
EllI < 2022 " OE| gl + ma"{y”e f & 5(5)(1 + p(s) H(EIIR)ds.
to
Then,
(t—t0) 1112 22 > 2MPmax({1,c?) ' (5—to) 112
supe W < MPEENIP + T sup [ o)1+ pe)HE I Es.
t>ty >ty ty

Consider I1(t) = sup e’ *"E||x||2. For any t € [to, o),
t>ty

2 2 t
I(t) < 2M*CE|lpl? + ZM*X“C} f

to

O(s)(1 + p(s)H (1 (s))ds.
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Denote the right hand side of above inequality by uy(t), then Li(t) < u1(t); ur(to) = 2M*C?Ellpl* = ¢z, uj(t) <

2MEmax ) 54)(1 + p(£))H (1 (£)).

7
u! (t) . . . . .
Hence gras; < Ma(t), integrating making use of a change of variable we obtain

uq(t) ds 00 00 ds
— < My(s)ds < f —_—
u1(to) H(S) jt:) c2 H(S)
This inequality jointly with condition Theorem 7.1 (c) allows us to affirm that F is bounded in Fg(X).

We will show that F is a completely continuous operator. First we prove that F is continuous.
Let (Xn)nen be a sequence in T)(X) and x € T(X) such that x, — x in T9(X). Let € > 0 be given. [ = sup Ellxnll%q,

neN
From condition Theorem 7.1(b), there exists L1 > 0 such that
2M?2e 7t max{1, 2} f ! €
! e’ETS(s)(1 + p(s))HQLg(s))ds < =, +> L.
0 TG+ pODHRIEONS < 5, 2 L
From the Lebesgue-dominated convergence theorem , we infer that N. € N such that
Ly S S
Ef f £, %o, f ks, T, %0, )dT) — £, Xs, f ks, 7, x)do)|P)ds < cy 1> N,
0 " Jo ! 0 2M2e~t=t) max{1, c2}
Consequently, for t € [0, L] and n > N, we obtain that
E||Fx, — Fx]|? - 2M?e7 7t max{1, ¢}
JUNE Y 9()
Ll S
x [l [ Konmin - s, [ Kol <e
0 0 0
hence we get,
_ 2
su {E”Fx”(t) B cro0,1 0> Ne} < e 7.1)
g()
On the other hand, for t > Ly and n > N, we find that
EllFx, —FxI? ¢ 2M2e77t=) max{1,c?} ft
—— < -+ d e’ 5(s)(1 + p(s))H(E||x, — x|[> g(s))ds
o3 0 B+ pEDH 0
e  2M%e7*" max{1, %} f
< -+ d e’)5(s)(1 + p(s))H(2Lg(s))ds,
: 0 | O+ pONHIE)
so that
E||Fx, — Fx]|?
(=L t>L,n>N<e 7.2)
g(®)

From (7.1) and (7.2), we see that F is continuous.

Next, we prove that F is completely continuous. Let B, = {x € T/||x||>2 < m}. From the proof of Theorem 3.1 we
establish that the set F(By)\it, 11 = {Xljty,1) € Bm : X € By} is relatively compact in T([to, T1; X) for every T € (ty, 00).
Moreover, for x € B,,, we have that

20=y(t=to) (2 F I ”2 2 2\ ,—y(t—to) t
E|[Fx(t)[>  2Me c [ ® 2M? max({1, c2}e f o
< + e’E0)5(s)(1 + p(s))H(E|XII? g(s))ds,
- o o T+ pHEIE, 96)
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. Lo E||Fx?
which from Theorem 7.1(b) implies that G

us to conclude that F(B,,) is relatively compact in Fg(X). Thus F is completely continuous. real number satisfying
€€ (O,t - to).

— 0, as t — oo, uniformly for x € B,,. Now, Lemma 5.2 allows

By Theorem 2.1 the operator F has a fixed point in l"g. Therefore the system (5.1) has a mild solution with
B(t) = @(t — to) when t € [to — 1,to] and E||p|[> — 0as t — oco.
This completes the proof.

Theorem 7.3. Let the hypotheses (H3), (H}), (Hs)-(Hy) hold. Then system (5.1) is exponentially stable in the
quadratic mean, provided

E = max{1, }M*(1 + My) sup 1

t
up o fto eV I||L(s)||g(s)ds < 7. (7.3)

Proof 6. We defined F as is in the Theorem 7.1, now we have to show that F is a contraction mapping. For any
x,y € Ty, we can obtain

E|[Fy — F,|I? max{1, c2}M? ft * *
_— < e VEIE| £ (s, x ,f k(s, T, x;)dt)ds — f(s, ,f k(s, T, y.)d7)||>ds
g(t) g(t)y fo flsx 0 ( M0)ds = fs. s 0 5, yo)t)

2 2 t
—maxﬁt’)‘; M f 71 + MYLE)Ellx - I g(s)ds.
to

E|[Fy — Fyl2 max{1, 2}M2(1 + M) 1 ff
su < : sup — | e VEN(LEG)E|Ix — yl2 g(s))ds.
tztlog g(t) )4 tztl(? g(t) Jy, (L) Y r”g( )

Hence, we get

2 = 2
|IFx — Fy”rg < Ellx- y“ry-

Thus by (7.3), this shows that F is a contraction mapping. Hence F has a unique fixed point x(t) € T;, which is the
solution of (5.1). This completes the proof.

8. Example

Consider the random impulsive partial integro-differential equation with finite delay of the form,

n 0 t
%v(t,x) = Zai)q(aij(x)(%jv(t,x))—aov(t,x)+Ir ﬁ(@)v(t+9,x,f0a(t,s,v(s,x))ds)d@,

ij=1

&) = qRTE,Y) as xe,
v(t,x) = 0, t=tfy, as x €A, (8.1)
v(0,x) = @@0,x),-r<0<0,x€A,

where ay, 7, are positive constants, A is an open bounded set in R" with a smooth boundary JA, B :
[-7,0] — R is a positive function. Let tx be a random variable defined on Dy = (0,dy) for k = 1,2,...,
where 0 < di < +o0 and yu : [-7,0] = R is a positive function. Furthermore, assume that 7 follow Erlang
distribution, where k = 1,2, ... and 7; and 7, are independent with each otherasi # jfori,j=1,2,...;qisa
function of k; &y = to; &k = &1 + T fork =1,2,... and ty € R™ is an arbitrarily given real number.
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The coefficients a;; € L™ (A) are symmetric and satisfy the ellipticity condition

n
Y aieE; = CIEP, xe A Ee R,
i,j=1
for a positive constant .
In order to rewrite (8.1) in the abstract form, we introduce X = L?>(A) and we define the linear operator
A:DA)c X — Xby

n
D) =HA)NH@;A=-1 (@) 5%)
i,j=
Here H'(A) is the Sobolev space of functions u € L*(A) with distributional derivative u’ € L*(A), Hy(A)
{ue HY(A);u =0 on dA}and H*(A) = {u € L2(A);u’,u” € L*(A)} ([6, 8)).
Then A generates a symmetric compact analytic semigroup S(t) in X (see [12, 13]), and S(t)&

Z exp (—1n*t) (&, &,) &, which satisfies [|S(#)|| < exp(—m2(t — to)), t > to.

Hence S5(t) is a contraction semigroup. Also, note that there exists a complete orthonormal set {£,}, 1

1,2,--- of eigenvectors of A with &, (x) = \/; sin(nx). We assume the following conditions hold:
(i) The function B(:) is continuous with

0
f B(O)*dO < oo.

(i) Efmax ([T la()(zH)} < oo

(iii) Let w : [0, 00) X [0,0) X X — X. There exists constants 1 such that E|| _g[cf(t, s, xs) —a(t,s, ys)]alsll2
nkEllx — y||?, for everyt,s >0and x,y € X.

Assuming that condition (i), (if) and (iii) are verified, then the problem (8.1) can be modeled as the abstract
partial integro-differential equation with random impulsive perturbation of the form (5.1) with

IA

¢ 0 ¢
f(t,xt,fo k(t,s, xs)ds) :f ﬁ(@)v(t+ Q,x,‘fo a(t,s, v(s,x))ds)d@,and bi(t) = g(k) T«

The next results are consequences of Theorem 5.4 and Theorem 7.2.

Proposition 8.1. Assume that the hypotheses (Hs), (H}) and (Hs) hold, then the system (8.1) has a unique, global
mild solution v, provided,

2max{1, *}(T — to)(1 + 1) sup it f IL(s)llg(s)ds < 1.
t>

Proof. Condition (i) implies that (H}) holds with L(t) = f B( (0)*d6 and (H3),(Hs) follow from condition (i)
and (iii). O

Proposition 8.2. Assume that the hypotheses (H3), (H}) and (Hs — Hy) hold, then the mild solution v for the system
(8.1) is exponentially stable in the quadratic mean provided,

max{1,c?}(1 + M) sup % ]t; [IL(s)llg(s)ds < 2,

t>ty

is satisfied.

0
Proof. Since (Hs), (H7) holds. The condition (i) implies that (H}) holds with L(f) = f B(0)*d0 and (H3) and

(Hs) follow from condition (i) and (iif). [
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