Filomat xx (yyyy), zzz—zzz Published by Faculty of Sciences and Mathematics,

DOI (will be added later) University of Ni8, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Approximation Properties of Bivariate Szasz Durrmeyer Operators via
Dunkl Analogue

Nadeem Rao?, Md Heshamuddin®, Mohd Shadab®, Anshul Srivastava“

*Department of Mathematics,Faculty of Science,Shree Guru Gobind Singh Tricentenary University,Gurugram, Haryana-122505, India
YDepartment of Natural and Applied Sciences,School of Science and Technology, Glocal University, Saharanpur-247121, India
¢Department of Mathematics,Dr. Akhilesh Das Gupta Institute of Technology and Management, GGSIPU, New Delhi, India

Abstract. In the present article, we construct a new sequence of bivariate Szdsz-Durrmeyer operators based
on Dunkl analogue. We investigate the order of approximation with the aid of modulus of continuity in
terms of well known Peetre’s K-functional, weighted approximation results, Voronovskaja type theorems
and Lipschitz maximal functions. Further, we also discuss here the approximation properties of the
operators in Bogel-spaces by use of mixed-modulus of continuity.

1. Introduction

In the late of nineteenth century 1885, Weierstrass, a German mathematician proposed a prominent and
historical theorem termed as Weierstrass approximation theorem [1]. This theorem plays a vital role and
motivated several mathematicians to work on approximation theory. But there was a major drawback of
the proof of the theorem, that it was very tedious and lengthy. In the year of 1912, Bernstein [2] proposed the
polynomials with the aid of binomial distribution, which give the simplest and easiest proof of Weierstrass
approximation theorem as follows:

B0 =Y pos(L) nen, )
v=0

where p,,,(x) = ()x"(1 — x)""". He proved that B,(f;x) =3 f for each f € C[0,1] where =3 stands for uni-
form convergence. Szész [3] generalized the operators defined by (1) on unbounded interval, i.e., on [0, co] as
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v=0

Many generalizations were discussed for (2), by the mathematician Acar [see [22], [23]], Acar et al. [ see
[24], [25]], Mohiuddin et al. ([15], [16]) to achieve the convergence properties by these sequences on positive
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semi axis. Operators (1) and (2) are restricted for continuous functions only. An integral modification of
Bernstein operators (1) on an interval [0,1] was proposed by Durrmeyer [4] to study the approximation
properties for Lebsgue integrable functions given by

n 1
D) =Y punts) [ pusti ot ®)
v=0

Lately, several mathematician proposed Szédsz-type operators via various types of generating functions,
i.e. Szasz types operators via Charlier polynomials [6], Szdsz types operators via Sheffer polynomials [7].
Many generalizations have been studied in this directions [ see [5], [11]-[33]]. The Sz4sz types operators on
the basis of Dunkl analogue was proposed by Sucu [8]. Using the generalization of exponential function is
given by [9] as

o)

(4)

eu(x) =
=0

where the coefficients y,,(v) are defined as follows:
Forve Ny = {0} UNand u > -1/2

22T (v + p + 1/2)
Tu+1/2) '

22 IT(v + u + 3/2)
I'(p+1/2)

)/H(Zv) = )/H(Zv +1) =

and the recursive relation for y, is defined as
V;L(V + 1) = (V +1+ 2H9v+1))/y(1/), v € Ny, (5)

with 0, is defined tobe 0if v € 2N and 1 if v € 2N + 1. For f € C[0, o), Sucu [8] defined Szdsz type operators
using (4) given by

(nx)” (v +2u0, ), ©)

Salf; )_eymx)va) ”

where p,x > 0 and n € IN. One can notice that for ; = 0, the operators (6) reduce to the operators (2).
Wafi et al. [10] introduced Durrmeyer type modification of the operators defined by (6) to approximate the
Lebesgue integrable function as follows:

For every f € C4[0,00) = {f € C[0,00) : f(t) = O(tf), as t — oo}, we define

0o

. (nx)v 1 tv+2p9
ey(x) Vy(V) B(v+2u06, +1, n) (1 + t)v+2u0,+n+1 f(bdt, 7)

Tu(fix) =

where > n and B(v + 2u0, + 1,n) is known as beta function which is defined as

oyl _ T(m)I'(n)
o @+x)mn " T T(m+n)’

B(m,n) = m, n>0. (8)

The motive of this article is to introduce bivariate Szdsz-Durremeyer type operators via Dunkl analogue.
In order to get approximation results for these bivariate sequences, we yield results using modulus and
mixed-modulus of continuity in Voronovskaja type theorem , K-functional and Lipschitz maximal functions,
global approximation results. In addition to this, we also study the application of the GBS type operators
with the help of mixed-modulus of continuity and yield results for Bogel continuous functions.
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2. Construction of bivariate Szasz-Durrmeyer-Operators H,  (.;.) and their Basic Estimates

let 72 = {(y1,12) :0<y1 <1, 0 <y, < 1} and C(IZ) is the class of all continuous functions on 72

equipped with the norm [|gllc(r2) = sup,, ,,)c72 [9(y1, ¥2)|. Then forallh € C (fz) and 19,1, € IN, we construct
a new sequences of bivariate Szasz-Durrmeyer type operators via Dunkl analogue as follow :

1, = Y Y Qi0m,m)Q3tm ) [ [ P, Pt ) o o ©)

V1 =0 V2=0

(1) 200

where Q(n;, i) = - iy L and P (n;, yi) =

eu(niyi) Au(3;) B(vi+26,,+1,n;) = (1+t’)8i+289V_,+71i+1

i=1,2

Lemma 2.1. [10] Let ei(t) = #,i = 0,1, 2 be the test functions. Then, for the operators T}, given by (5), we have
Th(eo;x) = 1,

. nx+1
T, (e;;x) = PR 1,
1 ey (—nx)
T (er;x) = —0——— n2x2+(4+2 i )nx+2},n>2.
n(€2; %) n—2)(n - 1){ H e ()

Lemma 2.2. [10] Let Y'.(t) = (t — x)', i = 0,1,2 be the central moments. Then, for the operators defined by (5), we
have

T,@%x) = 1,
Twho = T s,
12, _ 1 eu(—nx)
T, W) = m{(rz +2)x% + (1 + U ) )an + 2}, n>2.

Lemma 2.3. Let e;; = y1'y»/. Then, for the operator H, , (.;.), we have

ny,ny

Hy n,(e00:y1,42) = 1,
miy

H;, .10y, ¥2) = o ™ >1
* naYy2
H;, ey, y2) = nz}_/l, > 1
% nyi naly>
H, 50, y2) = 1) (12— 2)’ ny,ny > 1
1 eu(=n1y1)
H; : = — - lp2l24la4out +2 5
nl,HZ(EZ,O, Y y2) (nl — 2)(1’11 — 1) {nlyl ( M e[.l(nlyl) )nlyl }/ nm >z,
1 eu(=n212)
H* M = - 2.2 4 2 U 2 2
iz (€023 Y1, Y2) (12 — 2)(m3 — 1){712]/2 + ( + H—ey(nzyz) )n2y2 + } ny >

Proof. In the light of lemma (2.1) and linearly property, we have

H o (eo0;y1,y2) = Hy (e Y1, y2)Hy, i, (005 11, 12),
Hy w0y, v2) = Hy (e v, y2)Hy, (605 Y1, Y2),
H, (o191, y2) = Hy (€0 y1, y2)Hy, (015 Y1, 12),
Hy w(eiu v, 92) = Hy (e v1, y2)Hy, (61511, 12),
Hy (€20, y1,y2) = Hy (€25 y1, y2)Hy, i, (005 v1, 12),
Hyom(€ops v, y2) = Hy, (60 1, Y2)Hy, i, (€25 Y1, 12),
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which proves Lemma (2.3). O

Lemma 2.4. Let \Pg}.’yz (t,s) = nij(t,s) = (t — y1)i(s — v2), i, j €1{0,1,2} be the central moments. Then from the
operators H;, . (.;.) defined by (9) satisfies the following identities

1,112

Hy ooy, y2) = 1
" Y1+ 1
Hnl,nz(nl,(); Y1, y2) = P n >1,
" Yo + 1
Hnl,nz(nO,l;ylz ]/2) = "y — 1, ny > 1,
* Y1+ 1 Y+ 1
Hy o (Masyny2) = m—1m—1 ny,np > 1,
H (12,05 ) = ;(n+2)2+1+ Mzn +24 4iso
R0 2) = oy ) | (L Gy Pt 2fm > 2

1

* eu(=n2y2)
Hy o (Mo2y1,y2) = m{(ﬂz + 2)y§ + (1 + lu—’J

2151y + 2 ¢, 11y > 2.
eu(n2y/2) ) 2 } 2

Proof. Using Lemma (2.2) and linearly property, we have

H;, o (Moos vy, y2) = Hyy o, (Mo; y1, y2)Hy, 4, (M0; Y1, Y2),

Hy o, (mos v, y2) = Hy o, (M5 Y1, y2)Hy, 0, (1105 Y1, Y2),

Hy (o y1,y2) = Hyy (Mo y1, v2)Hyy, o, (M 11, 12),

By y2) = Hoy o, (01 Y1, y2)Hyy 0, (00 Y1, Y2),

Hy o (M20sy1,y2) = Hy o, (12; 1, ¥2)Hy, 0, (105 Y1, Y2),

Hy (o2 y1,y2) = Hy o, (105 Y1, Y2)H, 0, (1125 Y1, Y2),
which proves Lemma (2.4). O

Lemma 2.5. For all yy, y, € I? and sufficiently large ny,n, € N the operators H;, , (. ; .) satisfy following

. 1
) H (201, p0) o(n—1)<y1+1)2scl(yl+1)2asn1,nzﬁoo;

. 1
@) H; (W92, v1,2) O(n—z)(y2+1)2SCz(y2+1)zﬂSﬂ1,n2—>00;

. 1
B Hy (Pl v y2) = 0[;] (1 + 1)* < C3(y1 + 1)* as 1, mp — oo;
1

1
@ H, (P v,y = o(;)(yz +1)* < Cy(ya + Dt as ny, np — oo.
2

3. Some approximation results in weighted space and their degree of convergence

Let ¢ be weight function such that ¢(y1,y2) = 1+ y3 + y5 and satisfying B, (Iz) =g | g(y1, 1) I<
Cyp(y1,y2), C; > 0}, where B, (IZ) is the set of all bounded function on 72 = [0,1] X [0,1]. Suppose
clm (I 2) be the m-times continuously differentiable functions defined on 7% = {(y1,y2) € 7% : y1,y2 € [0,1]}.

The equipped norm on B, defined by || g ll,= sup,, .. % Moreover we have classified here some
classes of function as follows:

(1) =19:0¢Co(D); suchthat lim JY¥D _p ).
(p( ) {g:9 ‘P( ) suc a (yl/;z)rrlm‘P(ylfl/Z) 7 >l
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CO(12) = (f: fecn(1?); hthat i 9(y1,Y2) _
({)( ) {f f ({;( ) suc a (yl,ylz)nlmo—(p(yl,yz)

Cy(I?) =1g: g€ By NCy (12}

Suppose wy(g; 01, 62) is the weighted modulus of continuity for all g € C(% (I 2) and 01, 0, > 0, defined by

01,12 + 65) — ,
wy(g;01,02) = sup sup L9+ Ou 2 2) = 90, 32) l. (10)

(y1,2)€[0,1] 0<|64|<51, 0<]0,|<52 (Y1, y2)p(01, 02)

For any 11,12 > 0 one has

we(g;m61,M202) < AL+ )L+ m2)(1 + &)L + 83wy (g; 61, 62),

IA

e, 1) t—yLIs—y Dwe (@l t—y1lIs—y2 )
A+ +y)A+E—y))A+ 6 -y (gt =yl Is—y ).

| g(t,s) — 9(y1, v2) |

IN

Theorem 3.1. Let g € C° (1?), then for sufficiently large ny, ny € IN operator H:. . satisfying the inequalit
g (2 y g p ny,ny g q ]/

| H;,, 0 (7591, y2) — 9(y1, y2) | _ _ -1 -1
A+ i+ 9 < V(140 (i) 140 (") Joulgro (). (7))

where Wy, ,, = (1 1)+ Gy + 12+ VG + 1)3)(1 +(a+ 1)+ Calya + 1)2 + VCalya + 1)3) and
Cl, Cz, C3, C4 > 0.

Proof. For all ,,, 64, > 0 we have

|9ts) =gy, p2) | < 40+ + ) (1+ (- y)?) (1+ - v2)?)
t— —
. (1+|6}”)@+lsmwlyl+&ﬂﬂ+5imwwﬁmﬁm)

41+ Y +15) (L +062 )1 +064)

t— | 1
T L RN S S S R
On, Om

ls—y2 |

(1+w+(s—y2)2+ 5

5 6= ) 0y 500,80,
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There for apply operator Hj, , and then use Cauchy-Schwarz inequality,

| H;, @y, y2) =9, y2) | < Hy (0gG) — 9, v2) by, v2) 40+ y7 + 13)
- 1
X H;Zlnz(l It 6y1|+(t—y1)2+6—|t—y1|(f—]/1)2;]/1,]/2)

. l[s—y2 | ls—y2|
X H”l”z( 5—}/2+(S_y2)2+ 6y2 (S—yz)z;yl,yz)

X (1 + 6311)(1 + 6312)0)(() (91 6711/5"2)
= 41+ y;+ )+ 851 + 8w (9;0m,, 6ny)

x (1 51 s E= 1051, 92) + Hy (= 10% 1, 12)
+ 61 ol E=y (= y)%5 y2)
X (1 + (%ZHZW(I s=y2 Ly, y2) + Hy (= v2)% v, 12)
+ (51 ron(s=12 (s =15 y1,y2);

| (@91, 92) =91, y2) | < 4(1+ y‘f + 121+ 82)(1 + 5%2)% (7 Oy, Ony)
X [1 i \/Hm nz((t ]/1/ ]/2) + HH] ﬂz((t yl)z; Y ]/2)

+ = \/H:,l,nz«t = 0% 1,1 H (= 1), 2)|

X [ \/Hnl (8= 122591, v2) + Hyy (5 = 12)%5 v1, 12)

— * — 2. * — 4.
g \/Hm,nz«s 1251, 2) yHy (= )%,

1 _1

In view of Lemma (2.5) and choose 6,, =0 (nl_i) and 0,, = 0( 2) then

IN

41+ yi + 5) (A + 62 )1 + 83 )we (95 6ny s Ony)

o L A T A [

o el o s o ()]
[%ﬁWw( g2+ 17

T e

< A0+ + )+ 621 + 635 )we (g;0m,,6n)

X [1 +(y1 + 1)+ Ci(yg + 1)* + \/C_z(yl + 1)3][1 +(y2+1)

| Hyyy (95 Y1, Y2) — 9(y1, Y2) |

b G+ 1)+ Calys + 1)3].
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Which completes the proof. [J

Lemma 3.2 ([43, 44]). For the positive sequence of operators {Lu, u,}n, n,>1, Which acting C, — B, defined earlier

then there exists some positive K such that

“ Ll’ll,l’lz((P) ||(pS K

Theorem 3.3 ([43, 44]). or the positive sequence of operators {Lu, u, }n, n,>1 acting C, — B, defined earlier satisfying

the following conditions

(1) mlgznlm I Ly, (D) =11, =
@) Lm Ly =yilly =
11,1y —>00
3) ml?gr_‘)oo Il Lyyny () = y2 llp =
@ Hm L@+ =GR+ )l =
Then for all g € C°,
p il Lo = 7 llp= 0

and there exists another function f € Cy, \ CJ, such that
Lim || Ly f = f llp> 1.

ny,NMpy—00

Theorem 3.4. If g € C,, (I 2) , then we have

lim || H, ()= g ll,=0.

(1 +H;, Ly, ) + Hy L, (3 11, yz>)

2

nynp—
Proof.
| Hyy (L Y3 + Y5591, 12) |
I Hy, @iy y2) llp = sup —=
o 1 )er? 1+y;+y;
= 1+ sup [—
ez L1+ y% +y;
n? Y
Hy a3 1, Lt | ———= 1
|| n1,n2(¢ yl ]/2) ”([) (n1 _ 2)(7’[] _ 1)

Sup —2 5
(y1,y2)el? 1+ ity

e (—=n1y1) 1 "
¥ (4+2‘ue(n ))(n "Dl T+ 2+ 72
plniy1 1 1 (y2)el ity
. 2 sup — L
(=2~ D s 1+ 12 + 12
n? v2
2 2
+ _— su 5 5
(12 =22 = Dl yoore 1+ 12 + 12
e t(—nzyz)) 1y Yo
+ |4+ 2u-t sup ———
( ¢ eu(nay2) (2 =2)(n2 = 1) (yl,yz)IZIZ L+ i+
. 2 sup L
(n2 =2)(n2 - 1) (yl,yz)IZIZ 1+ ]/% + yg

]
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” H:u,nz((P; yll y?.) ”(p < 1+

n2

I S
(1 — 2)(m — 1)‘ "

‘(4 +2u

eu(—n1y1)

eu(niyr)

Jor=a
(m1 —2)(m - 1)

2 n
T o =20 -l " - 2m - )
ey(—nzyz)) 12 2
+ ‘(4 +2u en(naya) | (2 — 2)(mz — 1)‘ + (na =2)(ny = 1)|

Now for all 11,1, € IN'\ {1,2}, there exists a positive constant K such that

| Hy,, (@ y1,42) llp< K.

Therefore, in order to prove Theorem 3.4 it is sufficient from the Lemma 3.2 and Theorem 3.3. Thus we

arrive at the prove of Theorem 3.4. [

For any g € C(Z?) and 6 > 0 modulus of continuity of order second is given by

w(!]; 6711/ 5112) = SUP“ g(trs) - g(yl' y2) |: (f,S), (yll yz) € IZ}

with | £ =y [< 0y, | S — Y2 |< O, with the partial modulus of continuity defined as:

w1(g;6) = sup sup {l g(x1, y2) — g9(x2, v2) I},

0<y2<1 |x1—x2|<6

w2(g;0) = sup sup {l g(y1, y1) — 9(y1, v2) I}-

0=<y1 <1 [y1—1]<5

Theorem 3.5. For any g € C(I?) we have

| H:zl,nz(g; Yy yZ) - 9(]/1, yZ) |S 2((4)1 (g, 6y1,n1) + 602(9; 6n2,y2))~

Proof. In order to give the prove of Theorem 3.5, in general we use well-known Cauchy-Schwarz inequality.

Thus we see that

Hyy, o (@1(g: 1t =y1 ); y1,y2) + Hy,y Ly (02(g5 s = y2 1) v1, 12)

CH L (s=v2 | y1,]/2))

| Hyoo (T Y1, y2) = 9y, y2) | < Hy, o, (19 9) — 91, y2) |y, y2)
< H; ., (gts)-gy1,9) [y v2)
+ H, ., (19(y1,8) = 9y, v2) |y, y2)
<
< @1(g0n) (146 Hyp o (£ = y1 1, 12))
+ @(g;0n) (146, H,
<

+  @2(g; 6ny) (

1
1+ —
On

2

1
w1(g; On,) (1 + 6_,11 \/Hzl,nz((f - 1%y, _1/2))

If we choose 63 =62 = H;, . ((t—y1)%y1,¥2) and 63 = &

. n, ny,ny
to reach our desired results. [

ny nz,Y2

= H

ny,ny

H;, .5 = y2)% w1, yz)) .

((s = ¥2)% 11, 1), then we easily
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Here we find convergence in terms of the Lipschitz class for bivariate function. For M > 0 and
p1, p2 € [0, 1], Lipschitz maximal function space on E X E C 72 defined by

Ly, p,(EXE)

{g:5up(L4 (14 7 (30,00(6,9) = g1, )

1 1
y )
1+ y1)Pr (1 + )P

where g is continuous and bounded on 72, and

| g9(t,s) —g9(y1,¥2) |
[t=y |15 —ya |P2

gphpz(tr S) - gpl,pz(yl/ ]/2) = (tl S)/ (yl/ ]/2) € I2' (11)

Theorem 3.6. Let g € L, ,,(E X E), then for any p1, p2 € [0, 1], there exists M > 0 such that

i) = gy | < M{(@on B+ (8,,) 7 ) @ B+ (3,) )
+ (B (@),
where 6y, y, and Oy, ,,, defined by Theorem 3.5.

Proof. Take | y1 — xo |= d(y1,E) and | y2 — yo |= d(y2, E). For any (y1, y2) € I?, and (xo, Yo) € E X E we let
d(y1, E) = inf{] y1 — 2 |: y2 € E}. Thus we can write here

| g(t,s) — g(y1, y2) IS M | g(t, s) — g(x0, yo) | + | g(x0, o) — 9(y1,Y2) | - (12)

Apply H;, , , we obtain

ny,np’

Hy, o, (1 9(y1, y2) = g(x0, yo) | + 1 9(x0, yo) — 9(y1, ¥2) 1)
MH;, (I t=x0 1P| s = yo I”%; y1, y2)
M|y —x0 Pl y2—yo IP.

| Hyyy (95 Y1, Y2) — 9(y1, Y2) |

+ IN IA

Forall A,B > 0 and p € [0,1] we know inequality (A + B)? < AP + BP, thus

[t—x0 IP'<[t—y1 IP" + | y1 —x0 |F,

ls—yo IP'<[s=vy2 | +|y2—yo | .
Therefore

| H,y @y v2) — 9y, y2) | < MH;, L (E= 1 P s — y2 P51, 12)

+ Mlyi—xo " Hy ,, (Is=y2 P91, ¥2)
+ Mly2=yol” H, , (1 t=y1 1”7 y1,42)
+

2M | y1 = x0 'l y2 — yo |* Hy, ,, (fo,0; Y1, Y2) -

On apply Holder inequality on H;, , , we get
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Hy o, (t=y1 1P s =y 1P 91, v2) U (= 1Py y2) Ve (s = y2 Iy, 12)

1 2-pg
2

(ot =y By, v2)) ™ (Hiy (005 y1,v2)) ©

(15 = v2 Py, 2) F (Hiromsn o)

IA

X

Thus we can obtain

P2

M(2,,)" (2,,)° + 2M @, B (@, E))

b M@, B (R) + L@@ B (5,,)

IN

| Hy,, 0 (75 y1,92) = 9(y1, v2) |

We have complete the proof. [
Theorem 3.7. If g € C'(I?), then for all (y1, y2) € 12, operator H;, . satisfying

[N

| Hyy 7591, 2) = 91, 92) 11 9y, ey (03,5)7 + 1 9 lle) (62,.,)°
where Oy, y, and Oy,,y, are defined by Theorem 3.5.

Proof. Let g € C’(I?), and for any fixed (y1, y2) € 7> we have
t S
9t,8) =gy, y2) = | gos)do+ | gulyr, p)du.
n Y2

%
ny,nz

On apply H

t S
H;, o, (9t 8) 91, v2) = 9(y1, y2) = Hy ( f 90(0,5)do; y1, yz) +H, ., ( 9u(y1, A y1, y2 |-
Y2

n
From the sup-norm on 72 we can see that

¢ ¢
| g.(0,8)do < [ g0(0,8)do =1l gy, lleayl t— 1 |
0 it
S S
| | gu(yr, wdu < | 9y, Wy =l gy, el s —ya |l
Y2 Y2
In the view of (13), (14) and (15) we can obtain

t
| H:zl,‘rlz (g(ylf yZ)/ yh yZ) - g(yl; yz) I < H:llrl’lz ( f g@(@r S)dQ ; yl’ yz)
n
S
+ H:ll,ﬂz ( gﬂ(yll #)d!i Y1, yz)
Y2
< N gy e Hy oy (8= Y1 Y1, 42)
+ N gy, lleazy Hyy o, (s = y2 [y, y2)
< gy, e (Hy, (¢ = v0% y1,y29H;, L, (L v, y2)°

Nl=

+ gy, llea (H;;l,nz((s - )%y, v)H;, (L y1,yz))

1 1
2 \2 2 )2
= |l gy e (5n1,y1)2 + 11 9y, lle@) (6n2,y2)2 .

10

(13)

(14)

(15)
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O

Theorem 3.8. For any f € C(I?), if we define an auxiliary operator such that

Ry (fivuy2) = Hy @y y2) + fyn y2) = AU (w105 y1,v2), V2 (o va, ) |-

where, from Lemma (2.4), (Uffllk(#l,o} Y1, Y2) = Zl : np>land

(¥ . _ y2+1
Vo lwoyy,y) =5 m>1

Then for all g € C'(I?), Ry\y2 satisfying

ni,Mny

2
s Y1+ 1
Rnl nz(g;t/s)_g(yllyz) = {6%1 Y1 +6%2 Y2 (nl -1 _yl)

Yo + 1 2
P v2| ¢ gl -

a2

1,02

11

Proof. In the light of operator R;%>(f;y1,y2) and Lemma 2.2, we obtain Rﬁ} Ly, ) = 1, Ryt -

y1;y1, y2) = 0 and Rﬁ} ,‘;‘zz(s —Y2,y1,Y2) =0. Forany g € C’(I?) the Taylor series give us:

_ _ 991, ¥2) N A7)
9(t,5) =gy, y2) = o (t—y1)+ . (t A)TCM
Ig(y1, y2) Pg(y1,¥)

E (s—12)+ ; (s=1v) dip.

aYP?

On apply R;,>, we see that

sz? :22 (g(t/ S); Y1, yZ) - Rgiﬁzz (9(%/ ]/2)

g 3%g(A, ,
Ruim ( f (f—/\)%d/\; y1,yz) + Ry ﬁf( 5-1v) Fon Eb)d## y1,yz)
n

a2
' g(A, ) *g(y1, )
= H:,lnz f(t—/\)—dA; , )+H:lln2( ) —————=dy; 1, )
( ., o2 Vi, Y2 ) -y 7 v, y1, 42

1\, )

ny-1 ]/1 =+ g , yz
- - d
fyl (111 -1 /\) 3A2 A

BT (s +1 (i1, )
) fyz (“2—1 _1#) IY? -

From hypothesis we easily obtain

NGB, f P9\, y2)

G-t s | fe-n=GERa] sigtew 6w
s *9(y1, ) ) *9(y1, )

A ¢>a—¢12d¢' : fj V| sl glle (=),
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ne 2
1 Y1+ 1 0 g()\, yz) ‘
fy (1’[1 -1 /\) 8A2 dA

2

1

+1
< N gllew (% - ]/1)

Bl e y)
I, e el

+1
< g llew (]/z - yz) .

712—1

Thus,

IA

| Ry2 (g5t 8) — 9(y1, y2) | {H:Ll,nz((t =)%Y, ) + Hyy (5 = y2)%5 v, v2)

y1+1 2
711—1 hn

Yo + 1 2
o1 v2| ¢ gl -

We complete the proof of desired Theorem 3.8.
O

4. Some approximation results in Bogel space

Take any function g : 71 X 7, — R for a real compact intervals of 71 X 1. Forall (t,s), (y1,y2) € 11 X 1>

suppose A, g(y1, y2) denotes the bivariate mixed difference operators defined as follows:

N9, y2) = g(t,5) = g(t, y2) = 9(y1,8) + 9(y1, y2)-

Ifatany point (y1, y2) € Z1XxJ; thefunctiong : 71xJ7, — Rdefined on 71X 15, thenlim 5y, ,y,) AZt,s) g(y1, o) =
0.

If set of all the space of all Bogel-continuous(B-continuous) denoted by Cp(Z1 X Z5) on (y1,y2) € 11 X 1>
and be defined such that Cp(f7 X 1) = {g, such thatg: 71 X I, —» Ris g, B—Dbounded on 7 X 7,}. Next,
the Bogel-differentiable function on (y1, y2) € 71 X I, be g : 71 X I, — R and limit exists finite defined by

1

lim — (A7, ) =D , < oo.
(t,5)=(1,y2), 11, 5212 (i’ _ ]/1)(5 _ ]/2) ( (t,s)) Bg(yl yZ)

Let the classes of all Bogel-differentiable function denoted by D,g(y1, y2) and be D,(Z1X1 ) = {g, such that g :
I x I, - R is g, B—differentiable on 77 X I}. Suppose the function g is B-bounded on D and
be g : 71 x I — R, then for all (¢,5), (y1,¥2) € I1 X I, there exists positive constant M such that
| Azt,s)g(yl, y2) IS M. The classes of all B-continuous function is called a B-bounded on 7; X 7, whene
11 x I, is compact subset. Let B,,(Z1 X Z3) denote the classes of all B-bounded function defined on 77 X 15
which equipped thenormon Bas || g |lz= SUP ;) (41 y2)e 1 X1 | A’(*t’s) 91, y2) |. As we know to approximate the
degree for a set of all B-continuous function on positive linear operators, it is essential to use the properties
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of mixed-modulus of continuity. So we let for all (t,s), (y1,y2) € Z1xXZ,and g € B,(Z,,), the mixed-modulus
of continuity of function g bt wp : [0, 00) X [0, ) — R and be defined such as:

wp(g;01,02) = sup{A, (Y1, y2) L £ = y1 IS 01, | s — y2 I< o).
For any 72 = [0,1] x [0, 1], we suppose the classes of all B-continuous function defined on 72 denoted by
Co(I 2). Moreover, let set of all ordinary continuous function defined on 72 be C(Z?) . For further details on

space of Bogel functions related to this paper we propose the article [40, 41].

Let (y1,y2) € 7% and 11,1y € IN then for all g € C(Z?) we define the GBS type operators for the positive

linear operators H;, ,, . Thus we suppose

K2 (9(t,9);, 1, v2) = Hy,, (g(t, v2) + g(v1,8) — g(t,5); y1, yz)- (16)

More precisely, the generalized GBS operator for bivariate function is defined as follows:

Kaln2 (9(t,9); 91, 92) = ZQ (1, y1)Q( nz/yz)f f P (1, y1)Py(n2, y2) (17)

k=0
where Py, ,,(t,5) = (9(t, y2) + 9(y1,5) = g(t,5)).
Theorem 4.1. For all g € Cy, (1), it follows that
| K52 (9(t, ) y1, v2) — 91, ¥2) 1< 4w (95 6,0 O
where 6y, y, and Oy, are defined by Theorem 3.5.
Proof. Let (t,s), (y1,Y2) € I?. For all n1,n, € N and 8,,,6,, > 0, it follows that

| AZyl,yz)g(t’S) | < wp(glt—wnlls—w2l)

t— s — §
(“ 6n1y1)(1+ myz)wg(g;é"”%)'

2

IA

From (16) and well-known Cauchy-Schwarz inequality, we easily conclude that

Dtl ap

Kuin2 (g(t,9); v, y2) — 9(va, y2) |

IA

H:lllnz (l AZyl,yz)g(tr S) |; v, yz)

1 ;
711 1y (Qbo 0s y1/ yZ) + (Hnl 712(( - y1)2; yll yZ))

IA
A

+ %( ni, nz((s ) ;yl'yz))%
+ %( n "2((t_y1) yl,y2)>%
x % (HE3 s (G5 = 2% 1, yz))% )wB (9301, 0n,) -

In the view of Theorem 3.5 we easily get our results.
O
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If weletx = (t,s), y = (y1,42) € L 2 then the Lipschitz function in terms of B-continuous functions
defined by

Liply = g € CU?) 1 87, 90 ) 1< ML x -y I, |

where M is a positive constant, 0 < £ < 1, and Euclidean norm || x — y ||= \/(t —11)? + (s — y2)%

1,0

Theorem 4.2. Forall g € Lipfw operator K;,",> satisfying

Dtl a2

K2 (g0, )i y1,v2) = 9y, v2) 1< MIS, , + 62, 1%,

where 6y, y, and Oy, are defined by Theorem 3.5.

Proof. We easily see that

Ko 9 vy y2) = Hy o (901, y) + (%, v2) = 9(x,8); 41, Y2)
Hy, m, (9(3/1/ y2) = Ay, )9 8) v, yz)
91, y2) = Hy o (A5, 0906 9) 41, ¥2)

Therefore,
| K (G iy y2) = 9 y2) | < Hy (187, 090 9) v, 12)
< MH,, (Ilx=y 15, )
< M&%mﬂu—ywmhmﬁ%
< n1 1y ((t }/1)2} Yy ]/2) +H;1,n2 ((S - _1/2)2; Y1, ]/2)}%

O

Theorem 4.3. If g € Dy,(I?) and Dgg € B(I?), then

| K992 (g5, 12) — 9y, 1) | < qNDwMﬂ%m@m%ﬁm%hﬂwﬁD

+ {1+ VCa(yr +1) + \/C_l(y2+1)}

X @mixed (DBG; Ony, Ony) (1 + 1)(y2 + 1),

where 0y,, 04, defined by Theorem 3.5 and C is any positive constant.

Proof. Suppose p € (y1,t), & € (y2,5) and

(yl yz)g(t s) = (t—y1)(s — ]/Z)DB{](P, &),

Dsy(p. &) = A, ,,)DPB9(p. &) + Dig(p, y) + Dpg(x, &) = Deg(y1, y2)-
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For all Dgg € B(I?), it follows that
| KZ;:ZZZ (AZyl,yz)g(tl S)/ yll y2) | | Kﬁ;ﬁ; ((t - yl)(s - y2)DBg(p/ 5)/ y1/ ]/2) |

Koz (1t =1 s =y Il A, . Dea(p, €) 1, o)

IA

+ K161 ls=v2 10 Daglp, )|
+ 1Dsg(y1,€) 1+ | Daglyr,v2) Vi, v2)
< Kﬁfﬁf(lt—yl ls—v2 |

X @uivat (Dagil p= 91 L1 € = v2 51,2

+ 31 Dpglleo Ktz (=1 s = y2 L y1, 12) -

Here @ixed, is mixed-modulus of continuity and it follows that

Omixed (DBg;l PpP—y 1 &—- 2 |)

IA

O prixed (DBg/| t— n |/| S— 12 |)
< (1405 E= 1 )(1+ 65, 15— Y2 |) Duiea (DG | 5, n,)

A

Therefore, it is obvious that

| Ko, @Y1, v2) =gy, y2) | = 1A, ,,)9(t9); y1, 2 |

IA

1
3l Dgg |l (KZ;:Z‘ZZ ((t - ]/1)2(5 — yz)z; ]/1,]/2))
(K Qe s - va )
+ 5;11K101‘11,'322 ((t —n)ls—nl; yl,yz))

+ Sk (1t =y 16— )% v 1)
+ 52115521 Koy ((t -1’6 -5y, y2> ®@mived (DBY; Onys Ony)

| Kooy (991, Y2) = 9(y1, y2) | | Ayt S) y1, 12 |

1
2
311 Dag e (K22 (W32 3))

IA

1
2
+ {(Kﬁi ol A AT )

1
2 2
=1 gai,a 42 =1 o1,z 24 .
+ 5n1 (Km,ﬂz (\yyl/}lz’ Y yZ) ) + 6712 (Knl,nz (\ijllyz’ Y yZ) )

+ 61;1161;211(5%,,322 (\piﬁyz; Y1, yZ) }(Dmixed (DBg; 6711/ 6112) .
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Which follows that

1
2

| Ky (771, v2) = 91, 12) | 31| Dgg lleo (Kﬁ;;‘;: (W30 1, v2) Koo (W75 91, 12) )

1
2
ai,an 2,0 . a,a; 02 .
{(Knlrnz (\I]ylryz' yl’ y2) KnlrnZ (\pyl,yz/ yl/ yZ) )

N
%
+ Oy (KZ?:Z? (W0 v, o) Kotz (P07, 91, v2) )
%
oK (W3 v Ktz (Wi ve) |
+ Ol K (WO sy, ya) Ko (W92, 1, 12) }
X Omixed (DBg;6n1r6n2)~

From Lemma (2.5), we demonstrate

| Ky, (@Y1, v2) =9y, v2) | < 311 Dgg |l (\/Clcz(yl +D(y2 + 1))
+ {(VECan + w2 + )

+ 0l (VE oo Jon + 17 + 1)
v 0 (VE 0o + 120+ 1)
" 6;}6;3(,/0(%)40(%)(%+1)(yz+1))}

X Omixed (Dsg; 6111 , 6712) .
Which complete the proof of Theorem 4.3. [

5. Conclusion and Remarks

These types of generalization, that is, Bivariate Szasz operators is a new generalization. In this,
manuscript our investigation is to generalize the Szdsz Durrmeyer operators based on Dunkl analogue
[46] by introducing the bivariate functions. We study the bivariate properties of Szdsz Durrmeyer operators
with the help of modulus of continuity, mixed-modulus of continuity and then find the approximation
results in Peetre’s K-functional, Voronovskaja type theorem and Lipschitz maximal functions for these bi-
variate operators. Next, we also construct the GBS type operator of these generalized operators and study
approximation in Bogel continuous functions by use of mixed-modulus of continuity.
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