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Abstract. In the present article, we construct a new sequence of bivariate Szász-Durrmeyer operators based
on Dunkl analogue. We investigate the order of approximation with the aid of modulus of continuity in
terms of well known Peetre’s K-functional, weighted approximation results, Voronovskaja type theorems
and Lipschitz maximal functions. Further, we also discuss here the approximation properties of the
operators in Bögel-spaces by use of mixed-modulus of continuity.

1. Introduction

In the late of nineteenth century 1885, Weierstrass, a German mathematician proposed a prominent and
historical theorem termed as Weierstrass approximation theorem [1]. This theorem plays a vital role and
motivated several mathematicians to work on approximation theory. But there was a major drawback of
the proof of the theorem, that it was very tedious and lengthy. In the year of 1912, Bernstein [2] proposed the
polynomials with the aid of binomial distribution, which give the simplest and easiest proof of Weierstrass
approximation theorem as follows:

Bn( f ; x) =

n∑
ν=0

pn,ν(x) f
(
ν
n

)
, n ∈N, (1)

where pn,ν(x) =
(n
ν̌

)
xν(1 − x)n−ν. He proved that Bn( f ; x) ⇒ f for each f ∈ C[0, 1] where ⇒ stands for uni-

form convergence. Szász [3] generalized the operators defined by (1) on unbounded interval, i.e., on [0,∞] as

Sn( f ; x) = e−nx
∞∑
ν=0

(nx)ν

ν!
f
(
ν
n

)
, n ∈N. (2)

Many generalizations were discussed for (2), by the mathematician Acar [see [22], [23]], Acar et al. [ see
[24], [25]], Mohiuddin et al. ([15], [16]) to achieve the convergence properties by these sequences on positive
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semi axis. Operators (1) and (2) are restricted for continuous functions only. An integral modification of
Bernstein operators (1) on an interval [0,1] was proposed by Durrmeyer [4] to study the approximation
properties for Lebsgue integrable functions given by

Dn( f ; x) = n
n∑
ν=0

pn,ν(x)
∫ 1

0
pn,ν(t) f (t)dt. (3)

Lately, several mathematician proposed Szász-type operators via various types of generating functions,
i.e. Szász types operators via Charlier polynomials [6], Szász types operators via Sheffer polynomials [7].
Many generalizations have been studied in this directions [ see [5], [11]-[33]]. The Szász types operators on
the basis of Dunkl analogue was proposed by Sucu [8]. Using the generalization of exponential function is
given by [9] as

eµ(x) =

∞∑
ν=0

xν

λν(ν)
(4)

where the coefficients γµ(ν) are defined as follows:
For ν ∈N0 = {0}

⋃
N and µ > −1/2

γµ(2ν) =
22νν!Γ(ν + µ + 1/2)

Γ(µ + 1/2)
, γµ(2ν + 1) =

22ν+1ν!Γ(ν + µ + 3/2)
Γ(µ + 1/2)

and the recursive relation for γµ is defined as

γµ(ν + 1) = (ν + 1 + 2µθν+1)γµ(ν), ν ∈N0, (5)

with θν is defined to be 0 if ν ∈ 2N and 1 if ν ∈ 2N+1. For f ∈ C[0,∞), Sucu [8] defined Szász type operators
using (4) given by

S∗n( f ; x) =
1

eµ(nx)

∞∑
ν=0

(nx)ν

γµ(ν)
f
(ν + 2µθν

n

)
, (6)

where µ, x ≥ 0 and n ∈ N. One can notice that for µ = 0, the operators (6) reduce to the operators (2).
Wafi et al. [10] introduced Durrmeyer type modification of the operators defined by (6) to approximate the
Lebesgue integrable function as follows:
For every f ∈ Cβ[0,∞) = { f ∈ C[0,∞) : f (t) = O(tβ), as t→∞}, we define

T∗n( f ; x) =
1

eµ(x)

∞∑
ν=0

(nx)ν

γµ(ν)
1

B(ν + 2µθν + 1,n)

∞∫
0

tν+2µθν

(1 + t)ν+2µθν+n+1
f (t)dt, (7)

where β > n and B(ν + 2µθν + 1,n) is known as beta function which is defined as

B(m,n) =

∫
∞

0

xm−1

(1 + x)m+n dx =
Γ(m)Γ(n)
Γ(m + n)

, m, n > 0. (8)

The motive of this article is to introduce bivariate Szász-Durremeyer type operators via Dunkl analogue.
In order to get approximation results for these bivariate sequences, we yield results using modulus and
mixed-modulus of continuity in Voronovskaja type theorem , K-functional and Lipschitz maximal functions,
global approximation results. In addition to this, we also study the application of the GBS type operators
with the help of mixed-modulus of continuity and yield results for Bögel continuous functions.
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2. Construction of bivariate Szász-Durrmeyer-Operators H∗n1,n2
(.; .) and their Basic Estimates

let I2 = {(y1, y2) : 0 ≤ y1 ≤ 1, 0 ≤ y2 ≤ 1} and C
(
I

2
)

is the class of all continuous functions on I2

equipped with the norm ||1||C(I2) = sup(y1,y2)∈I2 |1(y1, y2)|. Then for all h ∈ C
(
I

2
)

and n1,n2 ∈N, we construct
a new sequences of bivariate Szász-Durrmeyer type operators via Dunkl analogue as follow :

H∗n1,n2
(h; y1, y2) =

∞∑
ν1=0

∞∑
ν2=0

Q∗1(n1, y1)Q∗2(n2, y2)
∫
∞

0

∫
∞

0
P∗1(n1, y1)P∗2(n2, y2) f (t1, t2)dt1dt2 (9)

where Q∗i (ni, yi) = 1
eµ(ni,yi)

(ni yi)µi

λµ(ϑi)
1

B(νi+2θνi +1,ni)
and P∗i (ni, yi) =

(ti)
ν+2ϑiθνi

(1+ti)
ϑi+2ϑθνi +ni+1 i = 1, 2

Lemma 2.1. [10] Let ei(t) = ti, i = 0, 1, 2 be the test functions. Then, for the operators T∗n given by (5), we have

T∗n(e0; x) = 1,

T∗n(e1; x) =
nx + 1
n − 1

, n > 1,

T∗n(e2; x) =
1

(n − 2)(n − 1)

{
n2x2 +

(
4 + 2µ

eµ(−nx)
eµ(nx)

)
nx + 2

}
, n > 2.

Lemma 2.2. [10] Let ψi
x(t) = (t − x)i, i = 0, 1, 2 be the central moments. Then, for the operators defined by (5), we

have

T∗n(ψ0
x; x) = 1,

T∗n(ψ1
x; x) =

x + 1
n − 1

, n > 1,

T∗n(ψ2
x; x) =

1
(n − 2)(n − 1)

{
(n + 2)x2 +

(
1 + µ

eµ(−nx)
eµ(nx)

)
2nx + 2

}
, n > 2.

Lemma 2.3. Let ei, j = y1
iy2

j. Then, for the operator H∗n1,n2
(.; .), we have

H∗n1,n2
(e0,0; y1, y2) = 1,

H∗n1,n2
(e1,0; y1, y2) =

n1y1

n1 − 1
, n1 > 1

H∗n1,n2
(e0,1; y1, y2) =

n2y2

n2 − 1
, n2 > 1

H∗n1,n2
(e1,1; y1, y2) =

n1y1

(n1 − 1)
n2y2

(n2 − 2)
, n1,n2 > 1

H∗n1,n2
(e2,0; y1, y2) =

1
(n1 − 2)(n1 − 1)

{
n2

1y2
1 +

(
4 + 2µ

eµ(−n1y1)
eµ(n1y1)

)
n1y1 + 2

}
,n1 > 2,

H∗n1,n2
(e0,2; y1, y2) =

1
(n2 − 2)(n2 − 1)

{
n2

2y2
2 +

(
4 + 2µ

eµ(−n2y2)
eµ(n2y2)

)
n2y2 + 2

}
,n2 > 2.

Proof. In the light of lemma (2.1) and linearly property, we have

H∗n1,n2
(e0,0; y1, y2) = H∗n1,n2

(e0; y1, y2)H∗n1,n2
(e0; y1, y2),

H∗n1,n2
(e1,0; y1, y2) = H∗n1,n2

(e1; y1, y2)H∗n1,n2
(e0; y1, y2),

H∗n1,n2
(e0,1; y1, y2) = H∗n1,n2

(e0; y1, y2)H∗n1,n2
(e1; y1, y2),

H∗n1,n2
(e1,1; y1, y2) = H∗n1,n2

(e1; y1, y2)H∗n1,n2
(e1; y1, y2),

H∗n1,n2
(e2,0; y1, y2) = H∗n1,n2

(e2; y1, y2)H∗n1,n2
(e0; y1, y2),

H∗n1,n2
(e0,2; y1, y2) = H∗n1,n2

(e0; y1, y2)H∗n1,n2
(e2; y1, y2),
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which proves Lemma (2.3).

Lemma 2.4. Let Ψ
y1,y2

i, j (t, s) = ηi, j(t, s) = (t − y1)i(s − y2) j, i, j ∈ {0, 1, 2} be the central moments. Then from the
operators H∗n1,n2

(.; .) defined by (9) satisfies the following identities

H∗n1,n2
(η0,0; y1, y2) = 1

H∗n1,n2
(η1,0; y1, y2) =

y1 + 1
n1 − 1

, n1 > 1,

H∗n1,n2
(η0,1; y1, y2) =

y2 + 1
n2 − 1

, n2 > 1,

H∗n1,n2
(η1,1; y1, y2) =

y1 + 1
n1 − 1

y2 + 1
n2 − 1

, n1,n2 > 1,

H∗n1,n2
(η2,0; y1, y2) =

1
(n1 − 2)(n1 − 1)

{
(n1 + 2)y2

1 +

(
1 + µ

eµ(−n1y1)
eµ(n1y1)

)
2n1y1 + 2

}
, n1 > 2.

H∗n1,n2
(η0,2; y1, y2) =

1
(n2 − 2)(n2 − 1)

{
(n2 + 2)y2

2 +

(
1 + µ

eµ(−n2y2)
eµ(n2y2)

)
2n2y2 + 2

}
, n2 > 2.

Proof. Using Lemma (2.2) and linearly property, we have

H∗n1,n2
(η0,0; y1, y2) = H∗n1,n2

(η0; y1, y2)H∗n1,n2
(η0; y1, y2),

H∗n1,n2
(η1,0; y1, y2) = H∗n1,n2

(η1; y1, y2)H∗n1,n2
(η0; y1, y2),

H∗n1,n2
(η0,1; y1, y2) = H∗n1,n2

(η0; y1, y2)H∗n1,n2
(η1; y1, y2),

H∗n1,n2
(η1,1; y1, y2) = H∗n1,n2

(η1; y1, y2)H∗n1,n2
(η1; y1, y2),

H∗n1,n2
(η2,0; y1, y2) = H∗n1,n2

(η2; y1, y2)H∗n1,n2
(η0; y1, y2),

H∗n1,n2
(η0,2; y1, y2) = H∗n1,n2

(η0; y1, y2)H∗n1,n2
(η2; y1, y2),

which proves Lemma (2.4).

Lemma 2.5. For all y1, y2 ∈ I
2 and sufficiently large n1,n2 ∈N the operators H∗n1,n2

(. ; .) satisfy following

(1) H∗n1,n2
(Ψ2,0

y1,y2
; y1, y2) = o

( 1
n1

)
(y1 + 1)2

≤ C1(y1 + 1)2 as n1,n2 →∞;

(2) H∗n1,n2
(Ψ0,2

y1,y2
; y1, y2) = o

( 1
n2

)
(y2 + 1)2

≤ C2(y2 + 1)2 as n1,n2 →∞;

(3) H∗n1,n2
(Ψ4,0

y1,y2
; y1, y2) = o

 1
n2

1

 (y1 + 1)4
≤ C3(y1 + 1)4 as n1,n2 →∞;

(4) H∗n1,n2
(Ψ0,4

y1,y2
; y1, y2) = o

(
1
n2

2

)
(y2 + 1)4

≤ C4(y2 + 1)4 as n1,n2 →∞.

3. Some approximation results in weighted space and their degree of convergence

Let ϕ be weight function such that ϕ(y1, y2) = 1 + y2
1 + y2

2 and satisfying Bϕ
(
I

2
)

= {1 :| 1(y1, y2) |≤

C1ϕ(y1, y2), C1 > 0}, where Bϕ
(
I

2
)

is the set of all bounded function on I2 = [0, 1] × [0, 1]. Suppose

C(m)
(
I

2
)

be the m-times continuously differentiable functions defined on I2 = {(y1, y2) ∈ I2 : y1, y2 ∈ [0, 1]}.

The equipped norm on Bϕ defined by ‖ 1 ‖ϕ= supy1,y2∈I
2
|1(y1,y2)|
ϕ(y1,y2) . Moreover we have classified here some

classes of function as follows:

Cm
ϕ

(
I

2
)

= {1 : 1 ∈ Cϕ
(
I

2
)

; such that lim
(y1,y2)→∞

1(y1, y2)
ϕ(y1, y2)

= k1 < ∞};
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C0
ϕ

(
I

2
)

= { f : f ∈ Cm
ϕ

(
I

2
)

; such that lim
(y1,y2)→∞

1(y1, y2)
ϕ(y1, y2)

= 0}.

Cϕ
(
I

2
)

= {1 : 1 ∈ Bϕ ∩ Cϕ
(
I

2
)
}.

Suppose ωϕ(1; δ1, δ2) is the weighted modulus of continuity for all 1 ∈ C0
ϕ

(
I

2
)

and δ1, δ2 > 0, defined by

ωϕ(1; δ1, δ2) = sup
(y1,y2)∈[0,1]

sup
0≤|θ1 |≤δ1, 0≤|θ2 |≤δ2

| 1(y1 + θ1, y2 + θ2) − 1(y1, y2) |
ϕ(y1, y2)ϕ(θ1, θ2)

. (10)

For any η1, η2 > 0 one has

ωϕ(1; η1δ1, η2δ2) ≤ 4(1 + η1)(1 + η2)(1 + δ2
1)(1 + δ2

2)ωϕ(1; δ1, δ2),

| 1(t, s) − 1(y1, y2) | ≤ ϕ(y1, y2)ϕ
(
| t − y1 |, | s − y2 |

)
ωϕ

(
1; | t − y1 |, | s − y2 |

)
≤ (1 + y2

1 + y2
2)(1 + (t − y1)2)(1 + (s − y2)2)ωϕ

(
1; | t − y1 |, | s − y2 |

)
.

Theorem 3.1. Let 1 ∈ C0
ϕ

(
I

2
)
, then for sufficiently large n1,n2 ∈N operator H∗n1,n2

satisfying the inequality

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) |

(1 + y2
1 + y2

2)
≤ Ψy1,y2

(
1 + o

(
n−1

1

) )(
1 + o

(
n−1

2

) )
ωϕ

(
1; o

(
n−

1
2

1

)
,
(
n−

1
2

2

) )
,

where Ψy1,y2 =
(
1 + (y1 + 1) + C1(y1 + 1)2 +

√
C3(y1 + 1)3

)(
1 + (y2 + 1) + C2(y2 + 1)2 +

√
C4(y2 + 1)3

)
and

C1, C2, C3, C4 > 0.

Proof. For all δn1 , δn2 > 0 we have

| 1(t, s) − 1(y1, y2) | ≤ 4(1 + y2
1 + y2

2)
(
1 + (t − y1)2

) (
1 + (s − y2)2

)
×

(
1 +
| t − y1 |

δn1

) (
1 +
| s − y2 |

δn2

)
(1 + δ2

n1
)(1 + δ2

n2
)ωϕ

(
1; δn1 , δn2

)
= 4(1 + y2

1 + y2
2)(1 + δ2

n1
)(1 + δ2

n2
)

×

(
1 +
| t − y1 |

δn1

+ (t − y1)2 +
1
δn1

| t − y1 | (t − y1)2

)
×

(
1 +
| s − y2 |

δn2

+ (s − y2)2 +
| s − y2 |

δn2

(s − y2)2

)
ωϕ

(
1; δn1 , δn2

)
.
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There for apply operator H∗n1,n2
and then use Cauchy-Schwarz inequality,

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ H∗n1,n2

(
| 1(., .) − 1(y1, y2) |; y1, y2

)
4(1 + y2

1 + y2
2)

× H∗n1,n2

(
1 +
| t − y1 |

δn1

+ (t − y1)2 +
1
δn1

| t − y1 | (t − y1)2; y1, y2

)
× H∗n1,n2

(
1 +
| s − y2 |

δn2

+ (s − y2)2 +
| s − y2 |

δn2

(s − y2)2; y1, y2

)
× (1 + δ2

n1
)(1 + δ2

n2
)ωϕ

(
1; δn1 , δn2

)
= 4(1 + y2

1 + y2
2)(1 + δ2

n1
)(1 + δ2

n2
)ωϕ

(
1; δn1 , δn2

)
×

(
1 +

1
δn1

H∗n1,n2
(| t − y1 |; y1, y2) + H∗n1,n2

((t − y1)2; y1, y2)

+
1
δn1

H∗n1,n2
(| t − y1 | (t − y1)2; y1, y2

)
×

(
1 +

1
δn2

H∗n1,n2
(| s − y2 |; y1, y2) + H∗n1,n2

((s − y2)2; y1, y2)

+
1
δn2

H∗n1,n2
(| s − y2 | (s − y2)2; y1, y2

)
;

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ 4(1 + y2

1 + y2
2)(1 + δ2

n1
)(1 + δ2

n2
)ωϕ

(
1; δn1 , δn2

)
×

[
1 +

1
δn1

√
H∗n1,n2

((t − y1)2; y1, y2) + H∗n1,n2
((t − y1)2; y1, y2)

+
1
δn1

√
H∗n1,n2

((t − y1)2; y1, y2)
√

H∗n1,n2
((t − y1)4; y1, y2)

]
×

[
1 +

1
δn2

√
H∗n1,n2

((s − y2)2; y1, y2) + H∗n1,n2
((s − y2)2; y1, y2)

+
1
δn2

√
H∗n1,n2

((s − y2)2; y1, y2)
√

H∗n1,n2
((s − y2)4; y1, y2)

]
.

In view of Lemma (2.5) and choose δn1 = o
(
n−

1
2

1

)
and δn2 = o

(
n−

1
2

2

)
, then

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ 4(1 + y2

1 + y2
2)(1 + δ2

n1
)(1 + δ2

n2
)ωϕ

(
1; δn1 , δn2

)
×

[
1 +

1
δn1

√
o
( 1

n1

)
(y1 + 1)2 + o

( 1
n1

)
(y1 + 1)2

+
1
δn1

√
o
( 1

n1

)
(y1 + 1)2

√
o
( 1

n1

)
(y1 + 1)4

]
×

[
1 +

1
δn2

√
o
( 1

n2

)
(y2 + 1)2 + o

( 1
n2

)
(y2 + 1)2

+
1
δn2

√
o
( 1

n2

)
(y2 + 1)2

√
o
( 1

n2

)
(y2 + 1)4

]
≤ 4(1 + y2

1 + y2
2)(1 + δ2

n1
)(1 + δ2

n2
)ωϕ

(
1; δn1 , δn2

)
×

[
1 + (y1 + 1) + C1(y1 + 1)2 +

√
C2(y1 + 1)3

][
1 + (y2 + 1)

+ C3(y2 + 1)2 +
√

C4(y2 + 1)3
]
.
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Which completes the proof.

Lemma 3.2 ([43, 44]). For the positive sequence of operators {Ln1,n2 }n1,n2≥1, which acting Cϕ → Bϕ defined earlier
then there exists some positive K such that

‖ Ln1,n2 (ϕ) ‖ϕ≤ K.

Theorem 3.3 ([43, 44]). or the positive sequence of operators {Ln1,n2 }n1,n2≥1 acting Cϕ → Bϕ defined earlier satisfying
the following conditions

(1) lim
n1,n2→∞

‖ Ln1,n2 (1) − 1 ‖ϕ = 0;

(2) lim
n1,n2→∞

‖ Ln1,n2 (t) − y1 ‖ϕ = 0;

(3) lim
n1,n2→∞

‖ Ln1,n2 (s) − y2 ‖ϕ = 0;

(4) lim
n1,n2→∞

‖ Ln1,n2 ((t2 + s2)) − (y2
1 + y2

2) ‖ϕ = 0.

Then for all 1 ∈ C0
ϕ,

lim
n1,n2→∞

‖ Ln1,n21 − 1 ‖ϕ= 0

and there exists another function f ∈ Cϕ \ C0
ϕ, such that

lim
n1,n2→∞

‖ Ln1,n2 f − f ‖ϕ≥ 1.

Theorem 3.4. If 1 ∈ C0
ϕ

(
I

2
)
, then we have

lim
n1,n2→∞

‖ H∗n1,n2
(1) − 1 ‖ϕ= 0.

Proof.

‖ H∗n1,n2
(ϕ; y1, y2) ‖ϕ = sup

(y1,y2)∈I2

| H∗n1,n2
(1 + y2

1 + y2
2; y1, y2) |

1 + y2
1 + y2

2

= 1 + sup
(y1,y2)∈I2

[ 1
1 + y2

1 + y2
2

∣∣∣∣∣(1 + H∗n1,n2
(y2

1; y1, y2) + H∗n1,n2
(y2

2; y1, y2)
)∣∣∣∣∣]

‖ H∗n1,n2
(ϕ; y1, y2) ‖ϕ = 1 +

∣∣∣∣∣ n2
1

(n1 − 2)(n1 − 1)

∣∣∣∣∣ sup
(y1,y2)∈I2

y2
1

1 + y2
1 + y2

2

+

∣∣∣∣∣(4 + 2µ
eµ(−n1y1)
eµ(n1y1)

)
n1

(n1 − 2)(n1 − 1)

∣∣∣∣∣ sup
(y1,y2)∈I2

y1

1 + y2
1 + y2

2

+

∣∣∣∣∣ 2
(n1 − 2)(n1 − 1)

∣∣∣∣∣ sup
(y1,y2)∈I2

1
1 + y2

1 + y2
2

+

∣∣∣∣∣ n2
2

(n2 − 2)(n2 − 1)

∣∣∣∣∣ sup
(y1,y2)∈I2

y2
2

1 + y2
1 + y2

2

+

∣∣∣∣∣(4 + 2µ
eµ(−n2y2)
eµ(n2y2)

)
n2

(n2 − 2)(n2 − 1)

∣∣∣∣∣ sup
(y1,y2)∈I2

y2

1 + y2
1 + y2

2

+

∣∣∣∣∣ 2
(n2 − 2)(n2 − 1)

∣∣∣∣∣ sup
(y1,y2)∈I2

1
1 + y2

1 + y2
2
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‖ H∗n1,n2
(ϕ; y1, y2) ‖ϕ ≤ 1 +

∣∣∣∣∣ n2
1

(n1 − 2)(n1 − 1)

∣∣∣∣∣ +

∣∣∣∣∣(4 + 2µ
eµ(−n1y1)
eµ(n1y1)

)
n1

(n1 − 2)(n1 − 1)

∣∣∣∣∣
+

∣∣∣∣∣ 2
(n1 − 2)(n1 − 1)

∣∣∣∣∣ +

∣∣∣∣∣ n2
2

(n2 − 2)(n2 − 1)

∣∣∣∣∣
+

∣∣∣∣∣(4 + 2µ
eµ(−n2y2)
eµ(n2y2)

)
n2

(n2 − 2)(n2 − 1)

∣∣∣∣∣ +

∣∣∣∣∣ 2
(n2 − 2)(n2 − 1)

∣∣∣∣∣.
Now for all n1,n2 ∈N \ {1, 2}, there exists a positive constant K such that

‖ H∗n1,n2
(ϕ; y1, y2) ‖ϕ≤ K.

Therefore, in order to prove Theorem 3.4 it is sufficient from the Lemma 3.2 and Theorem 3.3. Thus we
arrive at the prove of Theorem 3.4.

For any 1 ∈ C(I2) and δ > 0 modulus of continuity of order second is given by

ω
(
1; δn1 , δn2

)
= sup{| 1(t, s) − 1(y1, y2) |: (t, s), (y1, y2) ∈ I2

}

with | t − y1 |≤ δn1 , | s − y2 |≤ δn2 with the partial modulus of continuity defined as:

ω1
(
1; δ

)
= sup

0≤y2≤1
sup
|x1−x2 |≤δ

{| 1(x1, y2) − 1(x2, y2) |},

ω2
(
1; δ

)
= sup

0≤y1≤1
sup
|y1−y2 |≤δ

{| 1(y1, y1) − 1(y1, y2) |}.

Theorem 3.5. For any 1 ∈ C(I2) we have

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) |≤ 2

(
ω1(1; δy1,n1 ) + ω2(1; δn2,y2 )

)
.

Proof. In order to give the prove of Theorem 3.5, in general we use well-known Cauchy-Schwarz inequality.
Thus we see that

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ H∗n1,n2

(
| 1(t, s) − 1(y1, y2) |; y1, y2

)
≤ H∗n1,n2

(
| 1(t, s) − 1(y1, s) |; y1, y2

)
+ H∗n1,n2

(
| 1(y1, s) − 1(y1, y2) |; y1, y2

)
≤ H∗n1,n2

(
ω1(1; | t − y1 |); y1, y2

)
+ H∗n1,n2

(
ω2(1; | s − y2 |); y1, y2

)
≤ ω1(1; δn1 )

(
1 + δ−1

n1
H∗n1,n2

(| t − y1 |; y1, y2)
)

+ ω2(1; δn2 )
(
1 + δ−1

n2
H∗n1,n2

(| s − y2 |; y1, y2)
)

≤ ω1(1; δn1 )
(
1 +

1
δn1

√
H∗n1,n2

((t − y1)2; y1, y2)
)

+ ω2(1; δn2 )
(
1 +

1
δn2

√
H∗n1,n2

((s − y2)2; y1, y2)
)
.

If we choose δ2
n1

= δ2
n1,y1

= H∗n1,n2
((t − y1)2; y1, y2) and δ2

n2
= δ2

n2,y2
= H∗n1,n2

((s − y2)2; y1, y2), then we easily
to reach our desired results.
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Here we find convergence in terms of the Lipschitz class for bivariate function. For M > 0 and
ρ1, ρ2 ∈ [0, 1], Lipschitz maximal function space on E × E ⊂ I2 defined by

Lρ1,ρ2 (E × E) =
{
1 : sup(1 + t)ρ1 (1 + s)ρ2

(
1ρ1,ρ2 (t, s) − 1ρ1,ρ2 (y1, y2)

)
≤ M

1
(1 + y1)ρ1

1
(1 + y2)ρ2

}
,

where 1 is continuous and bounded on I2, and

1ρ1,ρ2 (t, s) − 1ρ1,ρ2 (y1, y2) =
| 1(t, s) − 1(y1, y2) |
| t − y1 |

ρ1 | s − y2 |
ρ2

; (t, s), (y1, y2) ∈ I2. (11)

Theorem 3.6. Let 1 ∈ Lρ1,ρ2 (E × E), then for any ρ1, ρ2 ∈ [0, 1], there exists M > 0 such that

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ M

{( (
d(y1,E)

)ρ1 +
(
δ2

n1,y1

) ρ1
2
)( (

d(y2,E)
)ρ2 +

(
δ2

n2,y2

) ρ2
2
)

+
(
d(y1,E)

)ρ1
(
d(y2,E)

)ρ2

}
,

where δn1,y1 and δn2,y2 defined by Theorem 3.5.

Proof. Take | y1 − x0 |= d(y1,E) and | y2 − y0 |= d(y2,E). For any (y1, y2) ∈ I2, and (x0, y0) ∈ E × E we let
d(y1,E) = inf{| y1 − y2 |: y2 ∈ E}. Thus we can write here

| 1(t, s) − 1(y1, y2) |≤M | 1(t, s) − 1(x0, y0) | + | 1(x0, y0) − 1(y1, y2) | . (12)

Apply H∗n1,n2
, we obtain

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ H∗n1,n2

(
| 1(y1, y2) − 1(x0, y0) | + | 1(x0, y0) − 1(y1, y2) |

)
≤ MH∗n1,n2

(
| t − x0 |

ρ1 | s − y0 |
ρ2 ; y1, y2

)
+ M | y1 − x0 |

ρ1 | y2 − y0 |
ρ2 .

For all A,B ≥ 0 and ρ ∈ [0, 1] we know inequality (A + B)ρ ≤ Aρ + Bρ, thus

| t − x0 |
ρ1≤| t − y1 |

ρ1 + | y1 − x0 |
ρ1 ,

| s − y0 |
ρ1≤| s − y2 |

ρ2 + | y2 − y0 |
ρ2 .

Therefore

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ MH∗n1,n2

(
| t − y1 |

ρ1 | s − y2 |
ρ2 ; y1, y2

)
+ M | y1 − x0 |

ρ1 H∗n1,n2

(
| s − y2 |

ρ2 ; y1, y2
)

+ M | y2 − y0 |
ρ2 H∗n1,n2

(
| t − y1 |

ρ1 ; y1, y2
)

+ 2M | y1 − x0 |
ρ1 | y2 − y0 |

ρ2 H∗n1,n2

(
µ0,0; y1, y2

)
.

On apply Hölder inequality on H∗n1,n2
, we get
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H∗n1,n2

(
| t − y1 |

ρ1 | s − y2 |
ρ2 ; y1, y2

)
= U

α1
n1,k

(
| t − y1 |

ρ1 ; y1, y2
)
V
α2
n2,l

(
| s − y2 |

ρ2 ; y1, y2
)

≤

(
H∗n1,n2

(| t − y1 |
2; y1, y2)

) ρ1
2
(
H∗n1,n2

(µ0,0; y1, y2)
) 2−ρ1

2

×

(
H∗n1,n2

(| s − y2 |
2; y1, y2)

) ρ2
2
(
H∗n1,n2

(µ0,0; y1, y2)
) 2−ρ2

2 .

Thus we can obtain

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) | ≤ M

(
δ2

n1,y1

) ρ1
2
(
δ2

n2,y2

) ρ2
2

+ 2M
(
d(y1,E)

)ρ1
(
d(y2,E)

)ρ2

+ M
(
d(y1,E)

)ρ1
(
δ2

n2,y2

) ρ2
2

+ L
(
d(y2,E)

)ρ2
(
δ2

n1,y1

) ρ1
2 .

We have complete the proof.

Theorem 3.7. If 1 ∈ C′(I2), then for all (y1, y2) ∈ I2, operator H∗n1,n2
satisfying

| H∗n1,n2
(1; y1, y2) − 1(y1, y2) |≤‖ 1y1 ‖C(I2)

(
δ2

n1,y1

) 1
2

+ ‖ 1y2 ‖C(I2)

(
δ2

n2,y2

) 1
2 ,

where δn1,y1 and δn2,y2 are defined by Theorem 3.5.

Proof. Let 1 ∈ C′(I2), and for any fixed (y1, y2) ∈ I2 we have

1(t, s) − 1(y1, y2) =

∫ t

y1

1%(%, s)d% +

∫ s

y2

1µ(y1, µ)dµ.

On apply H∗n1,n2

H∗n1,n2

(
1(t, s); y1, y2

)
− 1(y1, y2) = H∗n1,n2

(∫ t

y1

1%(%, s)d%; y1, y2

)
+ H∗n1,n2

(∫ s

y2

1µ(y1, µ)dµ; y1, y2

)
. (13)

From the sup-norm on I2 we can see that

|

∫ t

y1

1%(%, s)d% |≤
∫ t

y1

| 1%(%, s)d% |≤‖ 1y1 ‖C(I2)| t − y1 | (14)

|

∫ s

y2

1µ(y1, µ)dµ |≤
∫ s

y2

| 1µ(y1, µ)dµ |≤‖ 1y2 ‖C(I2)| s − y2 | . (15)

In the view of (13), (14) and (15) we can obtain

| H∗n1,n2

(
1(y1, y2); y1, y2

)
− 1(y1, y2) | ≤ H∗n1,n2

(∣∣∣∣∣ ∫ t

y1

1%(%, s)d%
∣∣∣∣∣; y1, y2

)
+ H∗n1,n2

(∣∣∣∣∣ ∫ s

y2

1µ(y1, µ)dµ
∣∣∣∣∣; y1, y2

)
≤ ‖ 1y1 ‖C(I2) H∗n1,n2

(
| t − y1 |; y1, y2

)
+ ‖ 1y2 ‖C(I2) H∗n1,n2

(
| s − y2 |; y1, y2

)
≤ ‖ 1y1 ‖C(I2)

(
H∗n1,n2

((t − y1)2; y1, y2)H∗n1,n2
(1; y1, y2)

) 1
2

+ ‖ 1y2 ‖C(I2)

(
H∗n1,n2

((s − y2)2; y1, y2)H∗n1,n2
(1; y1, y2)

) 1
2

= ‖ 1y1 ‖C(I2)

(
δ2

n1,y1

) 1
2

+ ‖ 1y2 ‖C(I2)

(
δ2

n2,y2

) 1
2 .
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Theorem 3.8. For any f ∈ C(I2), if we define an auxiliary operator such that

Rα1,α2
n1,n2

( f ; y1, y2) = H∗n1,n2
(1; y1, y2) + f (y1, y2) − f

(
U

α1
n1,k

(µ1,0; y1, y2),Vα2
n2,l

(µ0,1; y1, y2)
)
.

where, from Lemma (2.4),Uα1
n1,k

(µ1,0; y1, y2) =
y1+1
n1−1 n1 > 1 and

V
α2
n2,l

(µ0,1; y1, y2) =
y2+1
n2−1 n2 > 1.

Then for all 1 ∈ C′(I2), Rα1,α2
n1,n2

satisfying

Rα1,α2
n1,n2

(1; t, s) − 1(y1, y2) ≤

{
δ2

n1,y1
+ δ2

n2,y2
+

(
y1 + 1
n1 − 1

− y1

)2

+

(
y2 + 1
n2 − 1

− y2

)2}
‖ 1 ‖C2(I2) .

Proof. In the light of operator Rα1,α2
n1,n2

( f ; y1, y2) and Lemma 2.2, we obtain Rα1,α2
n1,n2

(1; y1, y2) = 1, Rα1,α2
n1,n2

(t −
y1; y1, y2) = 0 and Rα1,α2

n1,n2
(s − y2; y1, y2) = 0. For any 1 ∈ C′(I2) the Taylor series give us:

1(t, s) − 1(y1, y2) =
∂1(y1, y2)
∂y1

(t − y1) +

∫ t

y1

(t − λ)
∂21(λ, y2)
∂λ2 dλ

+
∂1(y1, y2)
∂y2

(s − y2) +

∫ s

y2

(s − ψ)
∂21(y1, ψ)
∂ψ2 dψ.

On apply Rα1,α2
n1,n2

, we see that

Rα1,α2
n1,n2

(
1(t, s); y1, y2

)
− Rα1,α2

n1,n2

(
1(y1, y2

)
= Rα1,α2

n1,n2

(∫ t

y1

(t − λ)
∂21(λ, y2)
∂λ2 dλ; y1, y2

)
+ Rα1,α2

n1,n2

(∫ s

y2

(s − ψ)
∂21(y1, ψ)
∂ψ2 dψ; y1, y2

)
= H∗n1,n2

(∫ t

y1

(t − λ)
∂21(λ, y2)
∂λ2 dλ; y1, y2

)
+ H∗n1,n2

(∫ s

y2

(s − ψ)
∂21(y1, ψ)
∂ψ2 dψ; y1, y2

)

−

∫ y1+1
n1−1

y1

(
y1 + 1
n1 − 1

− λ

)
∂21(λ, y2)
∂λ2 dλ

−

∫ y2+1
n2−1

y2

(
y2 + 1
n2 − 1

− ψ

)
∂21(y1, ψ)
∂ψ2 dψ.

From hypothesis we easily obtain∣∣∣∣∣ ∫ t

y1

(t − λ)
∂21(λ, y2)
∂λ2 dλ

∣∣∣∣∣ ≤ ∫ t

y1

∣∣∣∣∣(t − λ)
∂21(λ, y2)
∂λ2 dλ

∣∣∣∣∣ ≤‖ 1 ‖C2(I2) (t − y1)2,

∣∣∣∣∣ ∫ s

y2

(s − ψ)
∂21(y1, ψ)
∂ψ2 dψ

∣∣∣∣∣ ≤ ∫ s

y2

∣∣∣∣∣(s − ψ)
∂21(y1, ψ)
∂ψ2 dψ

∣∣∣∣∣ ≤‖ 1 ‖C2(I2) (s − y2)2,
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∣∣∣∣∣ ∫
y1+1
n1−1

y1

(
y1 + 1
n1 − 1

− λ

)
∂21(λ, y2)
∂λ2 dλ

∣∣∣∣∣
≤ ‖ 1 ‖C2(I2)

(
y1 + 1
n1 − 1

− y1

)2

∣∣∣∣∣ ∫
y2+1
n2−1

y2

(
y2 + 1
n2 − 1

− ψ

)
∂21(y1, ψ)
∂ψ2 dψ

∣∣∣∣∣
≤ ‖ 1 ‖C2(I2)

(
y2 + 1
n2 − 1

− y2

)2

.

Thus,

| Rα1,α2
n1,n2

(
1; t, s

)
− 1(y1, y2) | ≤

{
H∗n1,n2

((t − y1)2; y1, y2) + H∗n1,n2
((s − y2)2; y1, y2)

+

(
y1 + 1
n1 − 1

− y1

)2

+

(
y2 + 1

(n2 − 1)
− y2

)2}
‖ 1 ‖C2(I2) .

We complete the proof of desired Theorem 3.8.

4. Some approximation results in Bögel space

Take any function 1 : I1 ×I2 → R for a real compact intervals of I1 ×I2. For all (t, s), (y1, y2) ∈ I1 ×I2
suppose ∆∗(t,s)1(y1, y2) denotes the bivariate mixed difference operators defined as follows:

∆∗(t,s)1(y1, y2) = 1(t, s) − 1(t, y2) − 1(y1, s) + 1(y1, y2).

If at any point (y1, y2) ∈ I1×I2 the function1 : I1×I2 → Rdefined onI1×I2, then lim(t,s)→(y1,y2) ∆∗(t,s)1(y1, y2) =

0.
If set of all the space of all Bögel-continuous(B-continuous) denoted by CB(I1 ×I2) on (y1, y2) ∈ I1 ×I2

and be defined such that CB(I1 × I2) = {1, such that 1 : I1 × I2 → R is 1, B − bounded on I1 × I2}. Next,
the Bögel-differentiable function on (y1, y2) ∈ I1 × I2 be 1 : I1 × I2 → R and limit exists finite defined by

lim
(t,s)→(y1,y2), t,y1, s,y2

1
(t − y1)(s − y2)

(
∆∗(t,s)

)
= DB1(y1, y2) < ∞.

Let the classes of all Bögel-differentiable function denoted by Dϕ1(y1, y2) and be Dϕ(I1×I2) = {1, such that 1 :
I1 × I2 → R is 1, B−differentiable on I1 × I2}. Suppose the function 1 is B-bounded on D and
be 1 : I1 × I2 → R, then for all (t, s), (y1, y2) ∈ I1 × I2 there exists positive constant M such that
| ∆∗(t,s)1(y1, y2) |≤ M. The classes of all B-continuous function is called a B-bounded on I1 × I2, whene
I1 × I2 is compact subset. Let Bϕ(I1 × I2) denote the classes of all B-bounded function defined on I1 × I2
which equipped the norm on B as ‖ 1 ‖B= sup(t,s),(y1,y2)∈I1×I2

| ∆∗(t,s)1(y1, y2) |. As we know to approximate the
degree for a set of all B-continuous function on positive linear operators, it is essential to use the properties



Nadeem Rao,Md Heshamuddin,Mohd ShadabMohd,Anshul Srivastava / Filomat xx (yyyy), zzz–zzz 13

of mixed-modulus of continuity. So we let for all (t, s), (y1, y2) ∈ I1×I2 and 1 ∈ Bϕ(Iαn ), the mixed-modulus
of continuity of function 1 bt ωB : [0,∞) × [0,∞)→ R and be defined such as:

ωB(1; δ1, δ2) = sup{∆∗(t,s)1(y1, y2) :| t − y1 |≤ δ1, | s − y2 |≤ δ2}.

For any I2 = [0, 1] × [0, 1], we suppose the classes of all B-continuous function defined on I2 denoted by
Cϕ(I2). Moreover, let set of all ordinary continuous function defined on I2 be C(I2) . For further details on
space of Bögel functions related to this paper we propose the article [40, 41].

Let (y1, y2) ∈ I2 and n1,n2 ∈ N then for all 1 ∈ C(I2) we define the GBS type operators for the positive
linear operators H∗n1,n2

. Thus we suppose

Kα1,α2
n1,n2

(
1(t, s); y1, y2

)
= H∗n1,n2

(
1(t, y2) + 1(y1, s) − 1(t, s); y1, y2

)
. (16)

More precisely, the generalized GBS operator for bivariate function is defined as follows:

Kα1,α2
n1,n2

(
1(t, s); y1, y2

)
=

∞∑
k,l=0

Q
∗

1(n1, y1)Q∗2(n2, y2)
∫
∞

0

∫
∞

0
P
∗

1(n1, y1)P∗2(n2, y2) (17)

where Py1,y2 (t, s) =
(
1(t, y2) + 1(y1, s) − 1(t, s)

)
.

Theorem 4.1. For all 1 ∈ Cϕ(I2), it follows that

| Kα1,α2
n1,n2

(
1(t, s); y1, y2

)
− 1(y1, y2) |≤ 4ωB

(
1; δn1,y1 , δn2,y2

)
,

where δn1,y1 and δn2,y2 are defined by Theorem 3.5.

Proof. Let (t, s), (y1, y2) ∈ I2. For all n1,n2 ∈N and δn1 , δn2 > 0, it follows that

| ∆∗(y1,y2)1(t, s) | ≤ ωB
(
1; | t − y1 | | s − y2 |

)
≤

(
1 +

t − y1

δn1

) (
1 +

s − y2

δn2

)
ωB

(
1; δn1 , δn2

)
.

From (16) and well-known Cauchy-Schwarz inequality, we easily conclude that

| Kα1,α2
n1,n2

(
1(t, s); y1, y2

)
− 1(y1, y2) | ≤ H∗n1,n2

(
| ∆∗(y1,y2)1(t, s) |; y1, y2

)
≤

(
H∗n1,n2

(φ0,0; y1, y2) +
1
δn1

(
H∗n1,n2

((t − y1)2; y1, y2)
) 1

2

+
1
δn2

(
H∗n1,n2

((s − y2)2; y1, y2)
) 1

2

+
1
δn1

(
H∗n1,n2

((t − y1)2; y1, y2)
) 1

2

×
1
δn2

(
H∗n1,n2

((s − y2)2; y1, y2)
) 1

2
)
ωB

(
1; δn1 , δn2

)
.

In the view of Theorem 3.5 we easily get our results.
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If we let x = (t, s), y = (y1, y2) ∈ I2, then the Lipschitz function in terms of B-continuous functions
defined by

LipξM =
{
1 ∈ C(I2) :| ∆∗(y1,y2)1(x, y) |≤M ‖ x − y ‖ξ,

}
where M is a positive constant, 0 < ξ ≤ 1, and Euclidean norm ‖ x − y ‖=

√
(t − y1)2 + (s − y2)2.

Theorem 4.2. For all 1 ∈ LipξM operator Kα1,α2
n1,n2

satisfying

| Kα1,α2
n1,n2

(
1(x, y); y1, y2

)
− 1(y1, y2) |≤M{δ2

n1,y1
+ δ2

n2,y2
}
ξ
2 ,

where δn1,y1 and δn2,y2 are defined by Theorem 3.5.

Proof. We easily see that

Kα1,α2
n1,n2

(
1(x, y); y1, y2

)
= H∗n1,n2

(
1(y1, y) + 1(x, y2) − 1(x, s); y1, y2

)
= H∗n1,n2

(
1(y1, y2) − ∆∗(y1,y2)1(x, s); y1, y2

)
= 1(y1, y2) −H∗n1,n2

(
∆∗(y1,y2)1(x, s); y1, y2

)
.

Therefore,

| Kα1,α2
n1,n2

(
1(x, y); y1, y2

)
− 1(y1, y2) | ≤ H∗n1,n2

(
| ∆∗(y1,y2)1(x, y) |; y1, y2

)
≤ MH∗n1,n2

(
‖ x − y ‖ξ; y1, y2

)
≤ M{H∗n1,n2

(
‖ x − y ‖2; y1, y2

)
}
ξ
2

≤ M{H∗n1,n2

(
(t − y1)2; y1, y2

)
+ H∗n1,n2

(
(s − y2)2; y1, y2

)
}
ξ
2 .

Theorem 4.3. If 1 ∈ Dϕ(I2) and DB1 ∈ B(I2), then

| Kα1,α2
n1,n2

(
1; y1, y2

)
− 1(y1, y2) | ≤ C

{
3 ‖ DB1 ‖∞ +$mixed

(
DB1; δn1 , δn2

) }
(y1 + 1)(y2 + 1)

+
{
1 +

√
C2(y1 + 1) +

√
C1(y2 + 1)

}
× $mixed

(
DB1; δn1 , δn2

)
(y1 + 1)(y2 + 1),

where δn1 , δn2 defined by Theorem 3.5 and C is any positive constant.

Proof. Suppose ρ ∈ (y1, t), ξ ∈ (y2, s) and

∆∗(y1,y2)1(t, s) = (t − y1)(s − y2)DB1(ρ, ξ),

DB1(ρ, ξ) = ∆∗(y1,y2)DB1(ρ, ξ) + DB1(ρ, y) + DB1(x, ξ) −DB1(y1, y2).
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For all DB1 ∈ B(I2), it follows that

| Kα1,α2
n1,n2

(
∆∗(y1,y2)1(t, s); y1, y2

)
| = | Kα1,α2

n1,n2

(
(t − y1)(s − y2)DB1(ρ, ξ); y1, y2

)
|

≤ Kα1,α2
n1,n2

(
| t − y1 || s − y2 || ∆

∗

(y1,y2)DB1(ρ, ξ) |; y1, y2

)
+ Kα1,α2

n1,n2

(
| t − y1 || s − y2 | (| DB1(ρ, y2) |

+ | DB1(y1, ξ) | + | DB1(y1, y2) |); y1, y2

)
≤ Kα1,α2

n1,n2

(
| t − y1 || s − y2 |

× $mixed
(
DB1; | ρ − y1 |, | ξ − y2 |

)
; y1, y2

)
+ 3 ‖ DB1 ‖∞ Kα1,α2

n1,n2

(
| t − y1 || s − y2 |; y1, y2

)
.

Here $mixed, is mixed-modulus of continuity and it follows that

$mixed
(
DB1; | ρ − y1 |, | ξ − y2 |

)
≤ $mixed

(
DB1; | t − y1 |, | s − y2 |

)
≤

(
1 + δ−1

n1
| t − y1 |

) (
1 + δ−1

n2
| s − y2 |

)
$mixed

(
DB1; | δn1 , δn2

)
.

Therefore, it is obvious that

| K∗n1,n2

(
1; y1, y2

)
− 1(y1, y2) | = | ∆∗(y1,y2)1(t, s); y1, y2 |

≤ 3 ‖ DB1 ‖∞

(
Kα1,α2

n1,n2

(
(t − y1)2(s − y2)2; y1, y2

) ) 1
2

+
(
Kα1,α2

n1,n2

(
| t − y1 || s − y2 |; y1, y2

)
+ δ−1

n1
Kα1,α2

n1,n2

(
(t − y1)2

| s − y2 |; y1, y2

) )
+ δ−1

n2
Kα1,α2

n1,n2

(
| t − y1 | (s − y2)2; y1, y2

)
+ δ−1

n1
δ−1

n2
Kα1,α2

n1,n2

(
(t − y1)2(s − y2)2; y1, y2

)
$mixed

(
DB1; δn1 , δn2

)
;

| K∗n1,n2

(
1; y1, y2

)
− 1(y1, y2) | = | ∆∗(y1,y2)1(t, s); y1, y2 |

≤ 3 ‖ DB1 ‖∞

(
Kα1,α2

n1,n2

(
Ψ2,2

y1,y2
; y1, y2

) ) 1
2

+
{(

Kα1,α2
n1,n2

(
Ψ2,2

y1,y2
; y1, y2

) ) 1
2

+ δ−1
n1

(
Kα1,α2

n1,n2

(
Ψ4,2

y1,y2
; y1, y2

) ) 1
2

+ δ−1
n2

(
Kα1,α2

n1,n2

(
Ψ2,4

y1,y2
; y1, y2

) ) 1
2

+ δ−1
n1
δ−1

n2
Kα1,α2

n1,n2

(
Ψ2,2

y1,y2
; y1, y2

) }
$mixed

(
DB1; δn1 , δn2

)
.
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Which follows that

| K∗n1,n2

(
1; y1, y2

)
− 1(y1, y2) | = 3 ‖ DB1 ‖∞

(
Kα1,α2

n1,n2

(
Ψ2,0

y1,y2
; y1, y2

)
Kα1,α2

n1,n2

(
Ψ0,2

y1,y2
; y1, y2

) ) 1
2

+
{(

Kα1,α2
n1,n2

(
Ψ2,0

y1,y2
; y1, y2

)
Kα1,α2

n1,n2

(
Ψ0,2

y1,y2
; y1, y2

) ) 1
2

+ δ−1
n1

(
Kα1,α2

n1,n2

(
Ψ4,0

y1,y2
; y1, y2

)
Kα1,α2

n1,n2

(
Ψ0,2

y1,y2
; y1, y2

) ) 1
2

+ δ−1
n2

(
Kα1,α2

n1,n2

(
Ψ2,0

y1,y2
; y1, y2

)
Kα1,α2

n1,n2

(
Ψ0,4

y1,y2
; y1, y2

) ) 1
2

+ δ−1
n1
δ−1

n2
Kα1,α2

n1,n2

(
Ψ2,0

y1,y2
; y1, y2

)
Kα1,α2

n1,n2

(
Ψ0,2

y1,y2
; y1, y2

) }
× $mixed

(
DB1; δn1 , δn2

)
.

From Lemma (2.5), we demonstrate

| K∗n1,n2

(
1; y1, y2

)
− 1(y1, y2) | ≤ 3 ‖ DB1 ‖∞

(√
C1C2(y1 + 1)(y2 + 1)

)
+

{(√
C1C2(y1 + 1)(y2 + 1)

)
+ δ−1

n1

(√
C2

√
O

( 1
n1

)
(y1 + 1)2(y2 + 1)

)
+ δ−1

n2

(√
C1

√
O

( 1
n2

)
(y2 + 1)2(y1 + 1)

)
+ δ−1

n1
δ−1

n2

(√
O

( 1
n1

)√
O

( 1
n2

)
(y1 + 1)(y2 + 1)

)}
× $mixed

(
DB1; δn1 , δn2

)
.

Which complete the proof of Theorem 4.3.

5. Conclusion and Remarks

These types of generalization, that is, Bivariate Szász operators is a new generalization. In this,
manuscript our investigation is to generalize the Szász Durrmeyer operators based on Dunkl analogue
[46] by introducing the bivariate functions. We study the bivariate properties of Szász Durrmeyer operators
with the help of modulus of continuity, mixed-modulus of continuity and then find the approximation
results in Peetre’s K-functional, Voronovskaja type theorem and Lipschitz maximal functions for these bi-
variate operators. Next, we also construct the GBS type operator of these generalized operators and study
approximation in Bögel continuous functions by use of mixed-modulus of continuity.
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[2] Berntein, S.N.: Démonstration du théorème de Weierstrass fondée sur le calcul de probabilités. Commun. Soc. Math. Kharkow. 13(2), 1–2
(1912)

[3] Szász, O.: Generalization of S. Bernstein’s polynomials to the infinite interval. J. Res. Nat. Bur. Stand. 45, 239–245 (1950)
[4] Durrmeyer, J. L.: Une formule dinversion de la transformée de Laplace-applications à la théorie des moments. Thése de 3e cycle, Faculté
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