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A New Subclass of Meromorphic Multivalent Close-to-Convex
Functions Associated with Janowski Functions
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Abstract. The aim of this paper is to introduce a new subclass of meromorphic multivalent close-to-convex
functions and to study some interesting properties such as coefficient estimates, inclusion relationship,
radius problem and sufficiency criteria for this newly defined class.

1. Introduction

Let )., denote the class of functions f (z) which are meromorphic and p-valent in the region U =
{z € C:0 < [z] < 1} and normalized by

(o]

f) = Zl—p + Z a2, (z € U). 1.1)
k=1

We note that }; = ) the usual class of meromorphic functions. Also let MS" (a) and MK (a) denote the
classes of meromorphic starlike and meromorphic close-to-convex functions of order « respectively. For
two functions f (z) and g (z) analytic in U, we say that f (z) is subordinate to g (z), denoted by f (z) < g (2), if
there is an analytic function w(z) with |w(z)| < |z|] and w (0) = 0 such that f(z) = g (w(z)). If g (z) is univalent,
then f (z) < g(z) if and only if f (0) = g(0) and f (U) € g (U).

In 2008, Srivastava et al. [6] (see also [1, 7]) studied the class of meromorphic starlike functions with
respect to symmetric points, denoted by MS; and is defined by

. 2zf'(2) 1+z
= T— . 1.2
MS; {f(Z)EZ o9 1 <zeU>} (12)
One can easily obtain that the function (f(z) — f(-z)) /2 is meromorphic starlike in U and therefore the
functions given in (1.2) are meromorphic close-to-convex. Later Wang et al. [8] introduced a class MK
of meromorphic close-to-convex functions; a function f(z) € }, belongs to the class MK if it satisfies the
inequality
f& 1+
9@2)9(-2) 1-

i, for some g (z) € MS’ (%)
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Sim and Kwon [4] used the concept of Janowski function and introduced a subclass MK, [A,B], -1 < B <
A < 1. This class of functions is defined as

M?(S[A,B]z{f(z)ez. f'(@) 1+ Az

(1
@9 (=2 < T2 B forg(z) e MS (E)}

More recently, Amit and Shashi [5] extend the class M%[A, B] by introducing the class M% [t, A, B]
as follows; a function f(z) € ). is said to be in the class M%K;[t, A, B] with 0 < [t| < 1, if there exists

g(z) e MS (%) such that

—f'(2) - 1+ Az

t.‘](z)g (tZ) 1 + BZ, (Z S U)

Motivated from the above work, we introduce a subclass of p-valent meromorphic functions by using the
techniques of subordination as follows;

Definition 1.1. Let f(z) € Y,. Then f(z) € MK,(t, A, 0, A,B), (| < 1witht #0,-1<B<A<1,0<a<p
and A € [0,1]), if it satisfies

—z'PF\(z) p+[pB+(A-B)(p-a)]z

tPg(2)g (tz) 1+Bz (1.3)
for some g(z) € MS, (%) and F(z) is defined by
PO =(1-1f@- 2 @). (1.4

By simple computation, we can easily obtain that (1.3) is equivalent to

—2"F)@) ‘ H—zl‘”F;@)

Pe@g ) 7| W}+pB+(A—B)(P—a).

In this paper we discuss some useful results including coefficient estimate, sufficiency criteria, distortion
problems and inclusion relationship for the functions belonging to the class defined in (1.3).

To avoid repetition, we shall assume, unless otherwise stated, that [{{ < 1 witht # 0,-1 < B <A <1,
0<a<ppeNandAel01]

For our main results we need the following lemma.

Lemma 1.2. [2] Let —1 < B1 < By < Ay <A1 <1.Then

1+ Az 1+ Az
1+ Byz 1+Blz'

2. Some Properties of the Class MK, (t, A, o, A, B).
Theorem 2.1. Let g;(z) € MS;(ai) withO < a1 +ar —1 < 1. Then
t?tgngl (ti2)g2(t2z) € MS,(7),

wherey =a1+a; —land0 < |t <1fori=1,2.
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Proof. Let g(z) € /\/(S;J (a;). Then by definition we have

tizg;(tiz)

e
pgi(tiz)

< —;.

Now let
G(z) = t?t;z”gl(tlz)gz(tzz).
Then one can easily obtain that

2G'(z)  hzgi(hz)  hzg)(hz)

G(z) TP g1(t12) - gao(trz)

It follows that

z2G'(2) tizg| (t12) tazgy(trz)
e =p+Re e
G(z) g1(t12) ga(t22)

<—(a1+a,—-1)p=—yp.
By noting that 0 < a; +a» — 1 < 1, which implies that G(z) € MS,(y), it completes the proof of Theorem. [

Corollary 2.2. If g(z) € MS; (1) and 0 < |t| < 1, then
2 g(z)g(tz) € MS,.

Theorem 2.3. If -1 < B, < By < A1 £ Ay <1, then
MK, (t, A, @, A1, B) € MK,(t, A, a, Az, By).

Proof. Let us suppose that f(z) € MK, (t, A, a, A1, B1). Then

—Z'PFi(2)  1+[(1-a/p)As+(a/p)Bi]z

ptrg(z)g (tz) = 1+ Bz (2.1)

Now if C; = (1—-a/p)A1+ (a/p)Brand C; = (1 —a/p) Az + (a/p)Bz, then -1 <B; < C; < land -1 < By <
C; < 1. Therefore (2.1) can be written as

EE) 14C0
ptPg(z)g (tz) 1+ Biz’

and hence by using Lemma 1.2, we have

—z'"PF/ (2) . 1+ Cyz - 1+ Coz
ptPg(z)g(tz) 14+ Biz 1+ Byz’

or, equivalently

Zl_pF;\(Z) p+[(p—a)Ar+aB]z
tPg(z)g (tz) 1+ Byz

7

which further implies that f(z) € MK, (t, A, a, A2, B2). O
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Lemma 2.4. If g(z) € MS, (1/2) and is of the form

1 (o]
9(2) = Z_p + Z{ Cn+pzn+p/ (zelU),

then

2p
n+p

(P + 1) |y | <

and
c1+pcn+p_1if”_1 + cz+pcn+p_2t”_2 + ...+ Cup-16part = 0.
Proof. By virtue of Corollary 2.2, we have #2Pg(z)g(tz) € MS,, and if
G(z) = 2P g(z)g(tz) = le + Z bz,
k=p+1
then it is well known that

2p

|Bpan| < Rty

Substituting the series expanssions of G (z) and g (z) in (2.2), we get
iig [27’J + k;l ckzk] [(tz)’” + kg;l Cx (tz)k] = le + kg;l bz~
Comparing the coefficients of z**? and z"*%, we have
(7 + 1)cpin = bpen.
and
c1+,,cn+p_1t”_1 + cz+pcn+p_2t”_2 + ...+ Cup-16part = 0.
Putting the value from (2.3) in (2.4), we get the required result. [J
Theorem 2.5. Let f(z) € MK,(t, A, a, A, B). Then

3

p(A-B)(p—a) [ 2p 2p
] < @Ap+nd=p)(p+n) ;(i+P)+

Proof. Let f(z) € MK,(t,A,a, A, B). Then we have

~zF (2) - 1+[1-a/p)A+(a/p)B]z
pG(2) 1+ Bz ’

where G(z) is given by (2.2) . If we put

—zF' (z)
q(z) = G

Ap+nA —p)(p+n)?

2392

2.2)

2.3)

2.4)

(2.5)

(2.6)
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it follows from (2.5) that

o 1+[(-a/p)A+(a/p)Blz . (A-B)(p-a)
q(z)=1+2dnz < 1+ B2 =1+ ; Z+...,

and by using Rogosinski result [3], we obtain

(A—B)(P—a).

ldal < 27)

Now by putting the series expanssions of f (z), G (z) and ¢ (z) in (2.6) and then comparing the coefficients of
Z"P, we obtain

1
E (2Ap +nA —p) (p + M)apsn = p(bpsn + dibpin1 + dobpin o + ... + dy1bpi1).

By using (2.7), we have

n—1

—(2/\p+n/\ p)p+n)’ap+n|<(A B)(p— oz)Z)bp+l|+p|bp+n|
i=1

22
i+p p+n

<(A-B)(p- )Z

This completes the proof. [J
Theorem 2.6. If g(z) € MS, (%) and f(z) € Y., given by (1.1), satisfying

(1 +1B) Z @Ap + 1A —p) (p + 1) |apen| + p(p (1 + A) = (A - B)a) Z B

n=1 n=1
<p(A-B)(p-a)+2p*(B-1), (2.8)
then f(z) € MK,(t, A, a, A, B).
Proof. To prove that f(z) € MK,(t, A, a, A, B), it is enough to show that

zF (2)
e

pB+(A-B)(p-a)-BF5

tpr

o (Z) 2.9

where G (z) is given by (2.2) . For this consider

zF (2)
e

pPB+(A-B)(p-a)-B5

+p —zF)(z) + pG(2)

" |PB+ (A= B)(p - 2)] (@) - BzF; (2)

zF (z)

P ye @Ap+nA-p)(p+ 1) 5apan’ ™" + p Yoy bynz? "

yBABDpa) | [pB+(A=B)(p — )] Xply bpnzP™™ + BY,L1 QAp +nA —p) (p + n)%aernzf”f"

zP

20+ Yooy QAp +nA —p) (p + n) apm + P Yot bpn
2PB +(A=B)(p—a) = [pB+(A=B)(p~ )] Ly by — BLiL AP + 1A = p) (p + 1) 3

Therefore by using (2.8), we get the inequality (2.9) and this end the proof. [
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Theorem 2.7. Let f(z) € MK, (t,A,a,A,B). Then

(A-B)(p—a)\ (1 —ry"
P 1 By )rp+1

(A-B) (- ) (4!
1-Br P+l

< F’A(z)| <|p+

This result is sharp.
Proof. Suppose that f(z) € MK,(t,A,a, A, B). Then we can write

—zF)(2) _1+Dz
pG(z) 1+Bz’

where
D=B+(A-B)(1-a/p).
then with |z| = 7

—-zF\(z) 1-DBr?

(D - B)r
pG(z) C1-BpR2 =

S 1-B

Simple computation gives us

— —zF (z

1 DrS "(2) _1+Dr. 2.10)

1-Br pG(z) 1+ Br
It is shown in Corollary 2.2 that G(z) = t#zPg(z)g(tz) € MS;, thus we have

1-rpt! 1 +r)P*!

S <ioes (2.11)
Now by using (2.11) in (2.10), we obtain the required result. [
Theorem 2.8. Let f(z) € MK ,(t, A, a, A, B). Then

(zf' @)
Re >0, for |z| <,
@

where r is given by

) p(1+B) (2Ap + 1A = p) (p + 1) |apsu| + p(p 1 + A) = (A = B)a) [bpu| |77

((p + 1)2 [ayn] +2p(p + 1) [byen)(2p(IBI = 1) + (A = B)(p ~ )

Proof. Suppose f(z) € MK,(t, A, a, A, B), then for the required result it is enogh to prove that

zf (@)

5 +p|<p,

and for this we only need to show that

= + 1) |ap| + 20 (0 +2) |

Z ((P ) ) p+n| pz P(P )l p+n| I’2p+" < 1/ (2.15)

n=1
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By Theorem 2.6, we have
1+ B) Loy QAp + 1A = p) (p + 1) [apen] + (0 (1 + A) = (A = B)a) Loty [Bpea] - 216
p((A=B)(p—a)+2p(B-1)) a '
Now keeping in veiw (2.16), we easily obtain (2.15) if
(0 + 1) Japen] +20 (0 + DBy
& '
. (1 +Bl) 2Ap + 1A = p) (p + 1) |apen| + (0 (1 + A) = (A = B)at) Loy [Bpn]
B p((A-B)(p—a)+2p(B-1)) '
which implies that
L p(1+|B) 2Ap +nA —p) (p + n) )ap+n| +p(p(1+A)—(A-Ba) (bp+n| e
((p + 12 apsn| + 2p(p + 1) [Bya)2p(BI = 1) + (A = B)(p — )
O
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