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Abstract. The paper deals with certain families {A,} (@ > a;) of summability methods. Strong and
statistical convergences in Cesaro- and Euler-Knopp-type families {A,} are investigated. Convergence of a
sequence x = (x,) with respect to the different strong summability methods [A,.1]; (with positive exponents
t = (t,)) ina family {A,} is compared, and characterized with the help of statistical convergence. A convexity
theorem for comparison of three strong summability methods [A,1];, [As+1]: and [Agi]: (B > 0 >y > &)
in a Cesaro-type family {A,} is proved. This theorem can be seen as a generalization of some convexity
theorems known earlier. Interrelations between strong convergence and certain statistical convergence are
also studied and described with the help of theorems proved here. All the results can be applied to the
families of generalized Norlund methods (N, p3, gn).

1. Preliminaries and Introduction

1.1 We start with some basics of summability theory (see [1], [7]). Let us consider sequences x = (x,)
with x, € C for every n € Ny = {0,1,2,...}. If a sequence x is bounded, we write x, = O(1). If lim, x, = s
or lim, x, = 0, we write also x, — s or x, = 0(1), respectively. Let A be a transformation which transforms
a sequence x into the sequence v = (y,) = Ax = (A,x). If the limit lim,, y, = s exists, then we say that x is
convergent with respect to the summability method A (in short, A-convergent) to s and write x,, — s(A). If
y» = O(1), we say that x is bounded with respect to the method A and write x,, = O(A). The most common
summability method is a matrix method A defined with the help of the matrix A = (a,x), where a,,; € C
(n,k € Ny) and which transforms x into y with

(o)

Yn = Zan,m (n € Np). 1)

k=0

If x, = s = x, — s(A) for any x € ¢, then we say that the matrix method A = (a,,%) is regular.
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It is well-known that the method A = (a,x) is regular if and only if the following conditions are satisfied:

lima,e =0 (k€No), im )" ane=1, Y lansl = O(1).
n n
k=0 k=0

1.2 The notion of a A-statistically convergent sequence x (see [8], [4]) also belongs to the basics of this
paper. We denote

Ke = {k:|xx —s| > €}, (2)
where s and ¢ > 0 are some numbers.

Definition 1. Let A be a non-negative reqular matrix method defined by transformation (1). We say that a sequence
x = (x,) is A-statistically convergent to s and write x, — s(sta), if for any € > 0

lim Apk = 0,
n—oo

K

where K is the set defined by (2).

In particular, if A = (C, 1) then A-statistical convergence of x turns into statistical convergence defined in
[6], and we write x,, — s(st). This notion was generalized also in [11] where statistical (C, 1)-convergence was
defined. About further developments of the notion of statistical convergence and appropriate references
can be read, e.g., in [5], [9] and [2].

Let us have another summability method B, besides the non-negative matrix method A. Generalizing the
notions of statistical (C, 1)-convergence and A-statistical convergence we define A-statistical B-convergence
of x as A-statistical convergence of Bx.

Definition 2. Let A be a non-negative reqular matrix method and B be a summability method. We say that a sequence
x = (x,) is A-statistically B-convergent to s if B,x — s(sta). In particular, if A = (C, 1), i.e., if Byx — s(st), we say
that x is statistically B-convergent to s.

In case of A = B = (C, 1) Definition 2 defines the statistical (C, 1)-convergence (see [11]). In case of B =1
Definition 2 coincides with Definition 1.
We need also the following definition (see [10]).

Definition 3. We say that a matrix method B is A-statistically regular if
X, = O(1), x,, = s(sta) = Byx = O(1), Byx — s(sta).
In particular, if A = (C,1) then we say that a matrix method B is statistically regular if
x, = O(1), x,, = s(st) = B,x = O(1), B,x — s(st).

1.3 The main object of discussions in this paper is a family {A,} of summability methods A,, which
transform sequences x into sequences Yy, = (y5) = A,x, and where a is a continuous parameter with values
a > ag (oo is some fixed real number). Denote by w,, the set of all x where y, = A,x exists and suppose
that wa, C wa, forany g >y > ao.

The following definition is given in [15].

Definition 4. A family {A.} (@ > ap) is said to be A) a Cesaro- or B) an Euler—Knopp-type family, if for every
B>y > ag the transformed sequences y, = (y},) and yg = (yﬁ) of x € wa, are related by the connection formula

n

Yy = E cﬁj{'r}:yz (n €Ny), (3)
n k=0
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where (1) (a > ap) are some positive sequences being related by

r'Z = Z cﬁ:;:rz (n € Ny), 4)
k=0
and
cz=A2:‘1=(”+fj 1) (n €Xo) )

= (nely) ©)
in case B).

Relations (3) and (4) give us the connection formula
Ag=DygoA, (B>y>ag)

where D, g = (dZ’f) with

(7)

B = A ifo<k<n,
nk 10 ifk>n.

The connection methods D, 4 are regular (see [15], Lemma 1). The methods D, 4 can be seen as gener-
alizations of Cesaro methods in case A) and Euler-Knopp methods in case 8), that is why {A,} is called a
Cesaro-type family in case A) and an Euler—-Knopp-type family in case 8).

As examples of Cesaro-type (case A)) and Euler—-Knopp-type families (case $8)) can be seen the families
of generalized Norlund methods (see [15])

A(X = ND( = (N/Pz/ Qn) (CY > aO)/
where
red 1 - o
Yn = a kZ_:; P i9kXks

e = Lz Pk P = Li=o € Pk and c; is defined by (5) in case A) and by (6) in case B), and (p,) and
(gn) are two non-negative sequences with pg, go > 0. The number ag € R is chosen such that 7 > 0 for all
n € No and a > ay. Note that for § > v > ay the methods are related through (3). The particular cases of
the methods (N, p%,q,) are the Cesaro methods (C, a) (@ > —1) in case A) and the Euler-Knopp methods
E1/(a+1) (@ > 0) in case B). More particular cases can be found in [15].

The inclusion relations in a family {A,} are given by the following proposition (see Proposition 1 in [15]).

Proposition 1. Let {A,} (o > ) be a Cesaro- or an Euler—Knopp-type family. Then for sequences x = (x,), and
numbers s and § >y > ag we have:

i) x,= O(A)/) = Xn = O(A/g),

ii) x, = s(A)) = x, — s(Ap).

The following convexity theorem is true (see Theorem 2.1 in [14]).
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Proposition 2. Let {A,} (a > ap) be a Cesaro-type family satisfying for any B >y > aq the condition V)

B
y
Kinf7 < r—)" <Konf7 (nel) (8)

n

with suitable positive constants Ky and Ky. Then for sequences x = (x,), and numbers s and > 0 > y > ap we have:
xn = O(Ay), X, = s(Ag) = x,, — 5(As).

In case of Cesaro-type methods A, = (N, p5, g,) condition (8) holds for any « > 0 if, for example, the
conditions

np, = O Zpk] ©)
k=0
and
n
ng, = O Z qk]
k=0

are satisfied (see [14], Lemma 2.1). Any nonincreasing sequence (p,,) satisfies (9). Also, (9) is satisfied if
(pn) = n°L(n), where 6 > —1 and L(n) is a slowly varying function (see [14], p.45). In particular, if A, = (C, a),
then (8) is satisfied for any a > —1.

One of the main topics in our paper is the notion of strong convergence defined with the help of a given
positive sequence t = (t,) (see [13]).

Definition 5. Let {Ay} (o > ) be a Cesaro- or an Euler—Knopp-type family and t = (t,) be a positive sequence. We
say that a sequence x = (x,) is strongly convergent with respect to the method A, with index t = (t,) (in short,
[Ag+1]e-convergent) to s and write x, — s[Ag+1]e if

n

1 t
parit) = ) Z o |y§; - s| “=o(1). (10)

n k=0

We say that x is strongly bounded with respect to the method Ay+1 with index t = (t,) (in short, [Ay+1]-bounded)
and write x, = O([Aa+1]t) if

n

1
7 et il = o
n k=0

Recall thatc! , =1orcl , =1/(n—k)!by (5) or (6), respectively. In particular case of constant exponent
t, = t the last definition was given in [16].

Next proposition gives the inclusion relations (see Theorem 4 in [13]).

Proposition 3. Let {A,} (o > ) be a Cesaro- or an Euler—Knopp-type family. Then for sequences x = (x,), and
numbers s and > y > o we have:

i) xy = s[Aylr = xn = s[Agualr and x, = O([Ay41]1) = x4 = O([Aps1]y), provided that t = (t,) is nonin-
creasing and t, > 1;

DConstants K; and K; in (8) may depend on y and . Throughout our paper the coefficients in O(1)- and o(1)-conditions related to
the family {A,} may depend on values of the parameter a. Let us agree not to show this dependence explicitly with indices without
special need.



A. Seletski, A. Tali / Filomat 28:6 (2014), 1225-1236 1229

ii) x, — s(A)) = x, = s[Ay 1] and x, = O(A,) = x, = O([A,11]y), provided that inf, t, = m > 0;

iii) x, = s[Ay 1l = x4 = s[Ay 1]y and x, = O([Ay11]1) = x4 = O([A,+1]r), provided that (t,) and (t,,) satisfy
the conditions 0 < t;, < t, < Kt], where K is some positive constant;

n —

iv) x, = s[Ay 1l = x, = 5(Ay 1) and x, = O([A,41]:) = x4 = O(A,41), provided that 1 < t, <M < oo.

1.4 The idea of the present paper is to continue the comparison of different strong summability methods
[As+1]r in Cesaro- and Euler-Knopp-type families started in [13]. A convexity theorem for comparison of
three different strong summability methods [A,+1];, [As+1]r and [Ag1]; (B > 6 > ¥ > ap) in a Cesaro-type
family is proved. This convexity theorem can be seen as a generalization of convexity theorems published
earlier in [16], [3] and [12] in case of constant exponent £, = f. Interrelations between [A+1]i-convergence
and certain A-statistical A,-convergence of x = (x,), i.e., A-statistical convergence of A,x = (v4) for different
values of the parameter « are also investigated and described with the help of theorems. All these results
can be transferred to particular cases of the family {A,}, e.g., to the families of generalized N6rlund methods

(N, P, Gn)-

2. A Convexity Theorem

We prove the following convexity theorem.

Theorem 1. Let {A,} (o > ap) be a Cesaro-type family. Suppose that t = (t,) is nonincreasing and t, > 1. Then the
following statement is true for sequences x = (x,), and numbers s and p > 6 >y > ay:

Xy = O([Ay]), X0 = s[Apale = x0 = s[As il (11)
provided that (8) is satisfied for any >y > ay.
For the proof of this theorem the next auxiliary result is needed.

Lemma 1. Let r, = (%) (o > ap) be positive sequences satisfying (4) for any B > y > ao. If (8) is satisfied for any
B > v > ay, then for non-negative sequences x = (x,) and numbers y > ag we have:

n n
)5 Y My =0(l) = 1 Y x=o0(1),
k=0 k=0

%
Tn

i) 2 Y x=0(1) = <& X rlxe = o(1).
k=0 T k=0
Proof. Statement i) is true due to Theorem 14 in [7].
ii) Fix y and choose y’, such that ay <y’ <y. We denote 6 = y — )’ and get with the help of (8)

n n Y+l n n

1 ,f 1 ’ 1
=Y n = o= Y e = 021 Y K= 0()— Y Kl
"n k=0 Tw k=0 Th k=0 i
1 n )
= 00 ZAg—lxk.
n k=0
If LY" xi=0(1), then & Y7 A% Ix; = 0(1) due to Theorem 14 in [7], and thus ii) holds. ]
n k=0 A5 k=0“"k

Proof of Theorem 1. Without loss of generality we may take s = 0 and by Proposition 3 i) also § = y + 1.
Suppose that x is strongly bounded with respect to the method A, and x is strongly convergent to 0 with
respect to the method A, >, and show that x is strongly convergent to 0 with respect to the method As,1 for
anyy <o6<y+1L

In other words, suppose that y%”(t) = O(1) and y%+2(t) = 0(1), and show that [ufp +1(t) = o(1) for any
p=06-ysuchthat0<p<1.



A. Seletski, A. Tali / Filomat 28:6 (2014), 1225-1236 1230

Choose some 0 € (0; 1) and divide v, 71" into two parts:

n n—[0n] n
YEpLy+p _ p=1y v _ p-1 Y p=1y. v
Yn " Tn _ZAn—krkyk = Z AT Y Z A e Yy
k=0 k=0 k=n—[On]+1

Using Abel transformation for the first sum of the right side of the last equation and substituting v = n—k
for the second sum we get the equality

n—[On]-1 [On]-1
y+tp y+p _ 4p-1 y+1 y+1 p-2 )/+1 y+1
Yp Ty A[Qn] netomYnton) + Z A T Y+ AVl oyl = Uy + Vi + W
k=0 v=0

Therefore, v, rP = =U,+V,+W )/rwp
Now, using the inequality

la+b+cl <laf"+bI" +]c]" (r<1)

withr = ]t\—'/‘l, where M = sup,, t,, we have

4
M
| )/+p| X Uy Vi Wi
P r+p 7+p
" " T
Further we get with the help of the Minkowski inequality:
1
_ 1 e i3 I M
n MM n M M M
y+p+1 ¢ y+p+1 ﬁ _ y+p y+p th < y+p uk Vk Wk
(B = ol |7 = T y+p y+p P
r r r
| k=0 k=0 k k k
1 1
M M

IA

[ k M k n b
Z | U’ Z Vil N Z | Wil
y+p k™ 7/+P b1 y+p\f1
= () = (1)
= (U + (V) (W,Q)M -
It follows immediately from the last inequality that

1 1 1
1 u M \d M W’ M
[ o] < |5 =] |- (12)
TZ+P+1 ry+p+1 ry+p+1

n n

Next we evaluate the sums U, V;, and W, separately, starting from W;,.
Using Holder inequality and the definition of a Cesaro-type family, we have
[6n1-1

tn [6n] tn [6n] ti=1 [6n] ,
p=1y Y PlV Y p-Ly Pl ’ "
Y, A [zA L (B Rarde
k=0 k=0
t,=1 [67]
) LA

W,

<
k=0
Further we get
y+p\l s [6k] 4p-1 V [6K]
W - Z. Wil _ye D e N A 1]
no = S\l T = v Yk-o
k=0 (7, ) k=0 (rk ) k=0 v=0

IA
g
N
3
gl
=
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So we have the inequality

[6n]

W’<ZA912 7

k=0

tk+v ) (13)

Let us denote

b4 tro

PN B A R A B
“ 1o if [y)] <1

and

Vv tk+v

Yk
0

Thus we have the relations:

if |yk| <1,

tero _

4
- uk,v

ko’

b
k

w)v = |3/Z|

+w

Now we can develop inequality (13), denoting 1 = (1,1, ...):

[6n] [6n] n-v
)y v | tkro v
W, < ZA‘”Z} I ZA“ZWZ LA
Sn] n— ; [6n]
p-1 y k p-1 Y y p-1 1/+1 ;/+1 p-1 ;/+1 y+1
< ZA ol ZA Z ZA AT v<t>+ZA EATAREY
k=0
[911] [en]
-1 1 1 -1 1 y+1 1
< Y AT+ Y A T ) = 06 ony),
v=0 v=0

because yzﬂ(t) o) = nyrl(l) = O(1) by Proposition 3 iii). Further we get with the help of (8) that

W, = 2 W 0(1)(r7+f’“9P) (14)
" yrp\El " '
k=0 (rk )

Next we evaluate the sum U},.
Using characteristics of Cesaro numbers (see [1], [7]) and relation (8) we get:

p-1_y+1 y+1 1 ”+1 y+1
il e’ [0]|yk g MUAOKI+ 1Py < MO |+
N R < R < M(6k) Yijon| < Ho |yk CoIE
k k Tk
Thus we have
|Uk| y+1 b ol 1|fik/a-o)) 1|tk/a-oy
y U 9<1>Z\ ol =00 Y [ = 00 Y i (15)
= (7] p P =0
Denoting
Hk/(1—
. ;{,.,.1 [k/(1-6)] i ’ y+1 >1,
u =
k6
0 if ’yyﬂ <1
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and
i/ (1—
y41|fikra-o y4
1) Yk Flye | <L
ko ~
y y+l
0 fly, (=1,
we get the relations:
/-1 ty
y+1['t _y+l y+1 y+1 y+1 y+1 y+1
| k Sthg T W Mo =Y | - Weo < |V

Developing relations (15) we get

n |u |tk
kZ—O‘ (ry-fp)tk = OQ(DZ
- k

As HV+2(t) = 0(1), then u,*(1) = o(1) and therefore

Z |yy+1

by Lemma 1 i). That is why

y+1

Z \ywl

fo-on _ Oe(l)Z(uyH 7/+1) _ 09(1)(2 |y;+1

].

v+1

= o(n)

Further we get with the help of Lemma 1 ii) that
U;l = Z )/+p tk
k=0 (rk )

Finally we evaluate the sum V,.
As 1*(#) = 0(1), then (1) = o(1) and therefore

UL )P
= 0g(r) ). (16)

k—[Ok] k—[0Ok] —[Ok]
Vi = Z A}/: 3 z)j+1 g}/+1 ‘A y+1 y+1 Z k— v+1)p_zrg)/+1 yg+1
=0
k
-2 y+1 _ —2_y+2
< H(6kP" Zr = o((0k)2r)").

v=0
With the help of condition (8) we get
V"’PkZ p
_ _ 7+p
Vil = (62 s P] 0o(r, ).

As the method D, 4, +p+1 is regular we have

n IVItk n
3y

f—1 B
=4 ( y+p\* - ()'+p)k
k=0 (rk ) k=0 |7y

and thus
V= 0p(r, 7). (17)

ty VTP
|Vk| ' 7’k y+p+1
( ),
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Now we are able to complete our proof.

y+p+1

Let ¢ > 0 be a given number. Due to (14) we can choose 8, € (0;1/2), so that [W;,/rn ]M < /3 for

N

1
any 7. Due to (16) and (17) we can choose now 1y, so that [U;/rfPH]M < ¢/3 and [V,;/rfpﬂ]
all n > ny.
It follows now from (12) that

< /3 for

n M

1
y+p+l ]M _| 4 yEp | e | £
[y" O] = y+p+l T |yv ) < 3 +
T k=0

Wl m

for all n > nyg.
y+p+1

Thus we have shown that p, " (f) = pS*(t) = o(1), and therefore implication (11) holds for any
B>06>y>a. |

In particular case of constant exponent ¢, = t Theorem 1 turns into theorem which was formulated
without proof as Theorem 3 in [16]. Moreover, for methods A, = (N, p5,4,) an analogous theorem was
proved in [12] and, in particular, for A, = (N, p%,1) in [3].

The following remark bases on Lemma 1.

Remark 1. Let {A,} (a¢ > ap) be a Cesaro-type family. If (8) is satisfied for any g > a > ap, then
[Aq+1]-convergence of x = (x,) to s can be defined as

LYl =" = o) (18)
k=0

for any a > ag + 1 due to Lemma 1. In particular, if A, = (C, ), then (18) defines [A,+1];-convergence for
any « > —1 due to Theorem 14 in [7].

3. Comparison of A,- and [A,.1]:-convergences with Some Statistical Convergence

We compare A,- and [A,+1]-convergences of x with its A-statistical A,-convergence (and, in particular,
with its statistical A,-convergence) for different values of parameter o, where A = D, 41 is the matrix
method defined by (7).

Denote (A%x) = (y5) = Aux, and recall that x is D, ,+1-statistically A,-convergent by Definition 2 if
Asx — s(stp,,.,), and x is statistically A,-convergent if Ajx — s(st). Recall also that t = (t,) is a positive
sequence.

a,a+1

The following auxiliary result will be used.

Lemma 2. Let A be a regular non-negative matrix method defined by transformation (1). Suppose that sup, t, =
M < oco. Then the following statements are true for sequences x = (x,) and numbers s:

i) if

o)

Y b= sl = o(1), (19)

k=0
then x, — s (sta),
ii) if x, = O(1) and x, — s(sta), then (19) is satisfied, provided that inf, t, = m > 0.
Proof. Choose an arbitrary ¢ > 0 and consider the set K, defined by (2).
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i) We have the inequalities

(9]

t) 7
Zan,k e —s[* > Z i = s[* = h(e) Z nfs
K K

k=0

where h(¢) = min{1, eM}. If (19) holds, also the sum in the right side of the last inequalities tends to zero,
i.e., x, — s(sta). That proves i).
ii) Denoting K = {k : |xx — s| < €}, we get:

(oY) [
£ 7 £
Z e e = s[* = Z g = s + Z el = s < (L +[s)™ Z an )+ H(e) Z Ly
k=0 X, xK: X, k=0

where |x,| < L and H(¢) = max{e™, eM}. Further, if x,, = s(st4), i.e., if lim,—eo ZﬂQ anx = 0, then

[ee)
lim sup Z Ap e X — sl < H(e)
T k=0

because lim, ) ;o a,x = 1 by regularity of A. As ¢ > 0 is arbitrarily chosen, the last inequality implies (19).
o

We note that statements i) and ii) of Lemma 2 can be proved also as direct applications of Corollaries 3.3
and 3.4 in [9], respectively. References on developments of these statements can be also found in [9].

Theorem 2. Let {A,} (@ > ) be a Cesaro- or an Euler—Knopp-type family. Then for sequences x = (x,), and
numbers s and f >y > ag we have:

i)x, = s(A) = Aﬁx - s(stDﬁM),
ii) X, = O(A,), Alx = s(stp,.,) = %u = s(Ags).
Proof. The implications

Xn > S(A)) =y, = s[Ayul = vy, o (stp,,..) (20)

are true by Proposition 3 ii) and Lemma 2 i), if we apply Lemma 2 i) to A = D,,,+1 and (y},) (instead of (x,,))
and remember that A,,; = D, ;41 © A,. The implications

vy =0Q), yy, = sstp,,,,) = vi = s[Ayals = x4 = s(A;41) (21)
are true due to Lemma 2 ii) (with A = D, ,,4+1) and Proposition 3 iv). Statements i) and ii) follow from (20)
and (21), respectively, because x, — s(A,) = x, — s(Ap) by Proposition 1 ii). O
Theorem 3. Let {A,} (a > a) be a Cesaro- or an Euler-Knopp-type family. Suppose that sup,, t, = M < co. Then
we have for any B>y > ag :

i) x, = s[Aynli = Ayx = s(stp,,,);

ii) x, = O(A,), Alx — s(stp,,.,) = Xu = s[Ay41]y, provided that inf, t, = m > 0;
i) %, = O(A,), 4 = s[Ayle = % — s(Ago).
Moreover, if t = (t,) is nonincreasing and inf,, t, = m > 1, then:
iv) x, — s[A ]y = Aﬁx - s(stDﬁw);
v) xy = O(A)), Ajx = s(stp, ,,) = X, = s[Agu]s-

Proof. i) and ii) are true by Lemma 2, if we take A = D, .41 in it.
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iii) follows immediately from statement i) and Theorem 2 ii).
iv) and v) follow from statements i) and ii), respectively, because x, — s[A, 1] = x, — s[Ap1]; by
Proposition 3 i). O

Remark 2. i) Theorem 3 i) and Theorem 3 ii) imply the statement: if x, = O(A,) then [A,1];- and
[Ay11]1- convergences of x and D, ,1-statistical convergence of A,x to s are equivalent, provided that
sup, t, = M < o0 and inf,, t, = m > 0 (compare with Proposition 3 iii)).

ii) If t, > 1 then the condition x, = O(A,) can be dropped in Theorem 3 iii) (compare with Proposition 3
iv) and Proposition 1 i)).

Further we consider only Cesaro-type families.

Theorem 4. Let {A,} (a > ap) be a Cesaro-type family. Suppose that sup, t, = M < oo and (8) is satisfied for any
B > v > ag. Then we have:

i) x, = s[Ay ]y = Alx — s(st) forany y > ap +1;

ii) x, = O(4,), Alx — s(st) = x, — s[A,11]; for any y > ay, provided that inf, t, = m > 0;

iii) x, = O(A,), Alx — s(st) = A,ﬁlx — s(st) for any vy > ag and f > max{y, ap + 1}.

Moreover, if t = (t,) is nonincreasing and inf,, t, = m > 1, then we have:

iv) x, — s[Ay ]y = Aﬁx — s(st) for any y > ag and f > max{y, ap + 1};

v) x, = O(4,), Alx — s(st) = x, — s[Aps1li forany B >y > ao.
Proof. i) If x, — s[A, 1] for some y > ag+1 then (18) holds by Lemma 1i); (18), in its turn, implies yz,/ — s(st)
by Lemma 2 i) (take A = (C, 1) in it).

ii) If y,, = O(1) and ), — s(st), then (18) holds by Lemma 2 ii), and x,, — s[A,4+1]; for any y > ag by
Lemma 1 ii).

iii) If y;, = O(1) and y;, — s(st), then x, — s[A,.1]1 by ii) and x, — s[Ag1]1 by Proposition 3 i), and

therefore yﬁ — s(st) by i).
iv) and v) follow from i) and ii) with the help of Proposition 3 i). O

Theorem 5. Let {A,} (o > ap) be a Cesaro-type family. Suppose that (8) holds for any f > y > ap and t is a
nonincreasing sequence with t, > 1. If x, = O([Ay11]) and x,, — s[Ag1]; for some B >y > ap, then Alx — s(st)
for any 6 > max{y, ap + 1}.

Proof. Due to Theorem 1 the conditions x, = O([A,1];) and x, — s[Agi1]; imply x, — s[As41]; for any
B >06>y. Also, x, — s[Ags1]; implies x,, — s[As41]; for any 6 >  due to Proposition 3 i) which, in its turn,
implies ASx — s(st) for any 6 > max{y, ag + 1} due to Theorem 4 i). m|

Theorem 6. Let {A,} (o > ap) be a Cesaro-type family. Suppose that (8) is satisfied for any > y > ap. If
x, = O(A,) and Aby - s(st) for some B >y > a, then Adx — s(st) for any & > max{y, ap + 1}.

Proof. If Alx = O(1) then Aﬁx = O(1) and x, = O([Ay+1]1) due to Proposition 1 i) and Proposition 3 ii),
respectively. By Theorem 4 ii) we have

Af,x =0(1), Aﬁx — s(st) = x, — s[Api1]1.
Now we can use Theorem 5 to finish our proof. O

Remark 3. Theorem 4 iii) remains valid if we replace y, = (A} x) with any sequence y = (y,) in it. Thus the
implication

Y = O(1), yp — s(st) = 20 = 0(1), 25 — s(st),
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where (zﬁ) = D, gy, is true for any y > ap and f > max{y, ap + 1}, which shows that D, s is statistically
regular.

Theorem 7. Let {A.} (@ > ap) be a Cesaro-type family satisfying (8) for any p > y > apg. Then the matrix methods

D VB

defined by this family are statistically regular for any y > ag and p > max{y, ap + 1}.

Remark 4. In particular, if A, = (C, @) (o > —1), the inequalities y > ap + 1 and § > max{y, ap + 1} can be
replaced by y > =1 and § > y > —1, respectively, everywhere in Theorems 4 and 7. Also, the inequality
0 > max{y, ap + 1} can be replaced by 6 > y > —1 everywhere in Theorems 5 and 6.
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