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Abstract. We originate some existence results on periodic and fixed point using generalized (¢ o ¢)-
contractions and generalized (i, p)-contractive mappings with weaker Meir-Keeler function in the setup
of a complete generalized metric space in sense of Branciari without Hausdorff assumption. Our results
generalize the results of several well-known comparable results in the literature. To illustrate our results,
we conclude the paper with some examples.

1. Introduction and Preliminaries

All the way through this paper, by R*, we designate the set of all real nonnegative numbers, while IN is
the set of all natural numbers.

Banach’s contraction mapping principle is one of the cornerstone in the development of nonlinear
analysis. Fixed point theorems have applications not only in the various branches of mathematics but
also in economics, chemistry, biology, computer science, engineering, and others. In particular, such
theorems are used to demonstrate the existence and uniqueness of a solution of differential equations,
integral equations, functional equations, partial differential equations and others. Due to the importance,
generalizations of Banach fixed point theorem have been investigated heavily by many authors (see, e.g.,
[18] and references cited therein).

In the year 2000, Brianciari in [2] initiated the notion of a generalized metric space as a generalization
of a metric space in such a way that the triangle inequality is replaced by the “Quadrilateral inequality”,
d(x,y) < d(x,a) +d(a,b) + d(b, y) for all pairwise distinct points x, y,a and b of X. Then after, many authors
initiated and studied many existing fixed point theorems in such spaces. For more details about fixed point
theory in generalized metric spaces, we refer the reader to [1],[2], [8]-[13], [15]-[22]; In these papers the
authors assumed that the generalized metric space is Hausdorff to get a fixed point.
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The following definitions will be needed in the sequel.

Definition 1.1. [2] Let X be a non-empty set and d : X X X — [0, +00) such that for all x, y € X and for all distinct
points u, v € X each of them different from x and y, one has:

(pl): x =y = d(x,y) =0,

(p2): d(x, y) = d(y, x),

(p3): d(x,y) < d(x,u) +d(u,v) + d(v, y).

Then (X, d) is called a generalized metric space (or shortly g.m.s).

Any metric space is a generalized metric space, but the converse is not true ([2]).

Definition 1.2. [2] Let (X, d) be a g.m.s, {x,} be a sequence in X and x € X. We say that {x,} is g.m.s convergent to
x if and only if d(x,, x) — 0.as n — +oo. We denote this by x, — x.

Definition 1.3. [2] Let (X, d) be a g.m.s and {x,} be a sequence in X. We say that {x,} is a g.m.s Cauchy sequence if
and only if for each € > O there exists a natural number N such that d(x,, x,,) < € for alln > m > N.

Definition 1.4. [2] Let (X, d) be a g.m.s. Then (X,d) is called a complete g.m.s if every g.m.s Cauchy sequence is
g.m.s convergent in X.

Several publications attempting to generalize fixed point theorems in metric spaces to g.m.s are plagued
by the use of some false properties given in [2] (see for example [1], [8], [9], [10]). This was observed
first by Samet [20] and then by Sarma, Rao and Rao [22] by assuming that the generalized metric space in
Hausdorff.

Recently, Lakzian and Samet [15] proved the following result.

Theorem 1.5. Let (X, d) be a Hausdorff and complete generalized metric space. Suppose that T : X — X is such that
forallx,y e X

P(Tx, Ty)) < Pld(x, y) = (d(x, y)) 1)

where 1) : [0, 00) — [0, o0) is continuous and non-decreasing with P (t) = Oifand only ift = 0,and ¢ : [0, 00) — [0, o0)
is continuous and ¢(t) = 0 if and only if t = 0. Then there exists a unique point u € X such that u = Tu.

Very recently, Chen and Sun [5] improve the Theorem 1.5 by using the notion of weaker (¢, ¢)-contractive
mapping and prove the periodic points and fixed points for this type of contraction. Shatanawi et al. [21]
also extended the Theorem 1.5 by replacing in (1) the term d(x, y) by the quantity max{d(x, v), d(x, Tx), d(y, Ty)}
and the continuity of ¢ by lower semi-continuity; see also [3]. In the following lemma Z. Kadeburg, S.
Radenovi¢ [23] show that the assumption of Hausdorff in the most of fixed point theorems in generalized
metric spaces can be omitted.

Lemma 1.6. [23] Let (X, d) be a generalized metric space and let {x,} be a Cauchy sequence in X such that x,, # x,
whenever m # n. Then the sequence {x,} can converge to at most one point.

In this paper, we develop some existence results on periodic point using generalized (i, ¢)-contractive
mappings and generalized (i, ¢)-contractive mappings with weaker Meir-Keeler function in the setup of
a complete generalized metric space without the Hausdorffness assumption. Consequently, our results
extend, improve and generalize several results in the literature. Our results generalize the results of Chen
and Sun [5], Lakzian and Samet [19], Shatanawi et al. [21] as well as, our results generalize several
well-known comparable results in the literature. To illustrate our results, we conclude the paper with
examples.
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2. Periodic and Fixed Point for Generalized (1 o ¢)-Contractions in Generalized Metric Spaces

We will prove periodic and fixed point theorem for self-mappings defined on a complete generalized
metric space and satisfying certain weaker Meir-Keeler conditions. To achieve our goal, we recall the notion
of a Meir-Keeler function (see [16]).

Definition 2.1. [16] A function i : [0, +00) — [0, +00) is said to be a Meir-Keeler function if for each n > 0, there
exists & > 0 such that for t € [0, +00) with n <t < n+ 6, we have Y(t) < 1.

The notion of weaker Meir-Keeler function is as follows:

Definition 2.2. [4] We call ¢ : [0, +00) — [0, +00) a weaker Meir-Keeler function if for each n > 0, there exists
0 > 0 such that for t € [0, +00) with n < t < 1+ 0, there exists ny € IN such that ™ (t) < n.

As in [4], in this section, we denote by W the set of weaker Meir-Keeler functions ¢ : [0,+1) — [0, +1)
satisfying the following hypotheses:

(o) ¢ is non-decreasing;

(1) P(@) > 0fort > 0and 1(0) =0;

(o) forallt € [0, 00), {1p"(f)}nen is decreasing;

(13) fort, € [0, o), we have that
(a) if limy e t;, =y > 0, then lim, . Y(t,) < y, and
(b) if lim,_,0 t, = 0, then lim,,_, Y(t,) = 0.

Also suppose that @ is the set of non-decreasing and continuous functions ¢ : [0,+00) — [0, +00)
satisfying:

(p1) ) >0fort>0and ¢(0) =0;

(p2) @ is subadditive, that is, for every pq, uz € [0, +00), p(u1 + p2) < (u1) + @(U2);
(p3) forallt € (0,00), lim,_, t, = 0 if and only if lim, . @(t,) = 0.

The notion of a periodic point of a given mapping T : X — X is crucial for proving our main theorem.
So, we need the following definition.

Definition 2.3. Let X be a non-empty set. A given mapping T : X — X admits a periodic point if there exists u € X
such that u = TPu for somep > 1. If p = 1, u is a fixed point.
Hence, each fixed point is also a periodic point of T.

Our first main result is the following.
Theorem 2.4. Let (X, d) be a complete generalized metric space. Suppose that T : X — X is such that forall x,y € X
P(Tx, Ty)) < P(eM(x, 1)) (2)
where € @, € W and
M(x, y) = max{d(x, y), d(x, Tx),d(y, Ty)}. 3)

Then T has a periodic point u in X, that is, there exists u € X such that u = TPu for some p € IN. Also T has a unique
fixed point, that is, u € X of T such that p = Tp.

Proof. First, it is obvious that M(x, y) = 0 if and only if x = y is a fixed point of T. Let xp € X an arbitrary
point. By induction, we easily construct a sequence {x,} such that

Xps1 = Txy = T"xy  forall n > 0. 4)
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Step 1. We claim that
lim d(x,, x,+1) = 0. ®)

n—o0

Substituting x = x,, and y = x,,_; in (2) and using properties of functions i and ¢, we obtain

(P(d(xnﬂr Xn)) = @(d(Txn/ Txy-1))

< PleM(xn, Xn-1))), (6)
that is,
Pd(xni1,%0)) < Y@M (xn, x0-1))  forall n > 1.
Note that

M(xnl xn—l) = max{d(x”, xn—l)/ d(xn/ Txn)l d(xn—ll Txn—l)} = max{d(xn/ xn—l)r d(xnl xn+l)}

If for some n > 1, d(x,-1, %) < d(Xp, Xn41), then M(x,, x,-1) = d(xy, xy41) > 0 and @(d(xy41,%,)) > 0 by a
property of @, so (6) becomes

0 < @(d(xns1, %)) < P(@(A(Xn11, Xn))) < PA(X041, X0))

a contradiction. Thus, foralln > 1

(P(d(xn/ Xnt1)) < Hb(q)(d(xn—ll Xn))) )
and by the condition (¢0), we have

PAxn, xn41)) < P(@(d(xn-1,%n)))
Y(W(p(d(xn-2,Xn-1))))
PA(@(d(xXn-2, Xn-1))

IA

IAN -

P (p(d(xo, x1)))-

Since {¢"(p(d(xo, x1)))}nen is decreasing, it must converge to some 1 > 0. We claim that = 0. On the
contrary, assume that n > 0. Then by the definition of weaker Meir-Keeler function 1, there exists 6 > 0
such that for xg, x; € X with n < @(d(xg, x1)) < 0 + 1, there exists ny € IN such that ¢ (¢(d(xo, x1))) < 1. Since
limy, e " (@(d(x0, x1))) = 1, there exists pg € IN such that n < PP (e(d(xo, x1))) < 6 + 1, for all p > py. Thus,
we conclude that P ((d(xo, x1))) < 1. So we get a contradiction. Therefore lim,_, " (@(d(xo, x1))) = 0,
hence also

lim ¢ (A, %1:1))) = 0,

that is,
lim @(d(x,, Xn41)) = 0,
or
35?0 A(xu, Xp41) = 0. (®)

Step 2. We shall prove that
lim d(xnr Xnt2) = 0. )
n—o0

From (8), there exists K > 0 such that d(x,, x,+1) < K for all n € IN. We prove (9) in each of the two following
cases:
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o If d(x,_1,x,41) > K for all n € N, from
M(xp-1, xp41) = max{d(xn—1, Xns1), d(Xn-1, Txn-1), d(ns1, TXp41)} = A(Xn-1, Xna1)
and using inequality (2), we have that for each n € IN,

(P(d(xn/ Xn42)) = go(d(Txn—l/ Txy41))
< POM(Xn-1, %041))) (10)
= IP((P(d(xn—l/ xn+1)))/

that is,

(P(d(xn/ Xns2)) < ¢(q0(d(xn—ll Xu+1))) (11)
and from (1), we have

¢(@(d(xn—1, Xn+1)))
P (@(xn-2, x1))))
1702 ((P(d(xn—z/ Xn)))

P(d(xn, Xn+2))

IA A

IAN -

P (p(d(xo, x2)))-

Since {¢" (@(d(xo, x2)))}nen is decreasing, by the same proof process, we also conclude

lim d(x,,, X,42) = 0. (12)

n—oo

o If, for some n € IN, we have d(x,-1, x,+1) < Kand d(x,;, x,+2) > K, then from

@(d(xn, Xp42)) = (P(d(Txn—lr Txp41))
< P(eM(xp-1, Xn+1)))
< e(M(xn-1,Xu+1))
< ¢(K),

and since ¢ is non-decreasing d(x,, X4+2) < K, a contradiction. Then d(x,, x4+2) > K or d(x,, x44+2) < K for

all n € IN and in both cases the sequence {d(x,, x,+2)} is bounded. Now, if (12) does not hold; then there
exists a subsequence {x,,} of {x,,} such that d(x,,, x,,+2) — r > 0. From

(13)

d(xnk—lr xnk+1) < d(xnk—lr xnk) + d(xnk/ xnk+2) + d(xnk+1/ xnk+2)

and
d(xnkr xnk+2) < d(x‘rlk—lr xnk) + d(xnk—ll xnk+1) + d(xnk+1/ x‘rlk+2)

we deduce that
%im A(Xp—1,Xpes1) = T1-

Substituting x = x,, and y = x,, 42 in (2), we have

P, Xn42)) = AT 1, T 41))
< Y@M (X-1, Xnp11)));

where M(xy,—1, Xu,+1) = max{d (X, -1, Xn+1), M(Xn,—1, Txn,—1), M(Xp, 41, TXy41)}. SO

(14)

lim M(xp—1, Xpe1) =1

k— 00
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Using by (40) ask — oo, we get ¢(r) < (¢p(r)). From properties of function 1, Y(¢(r)) < @(r), a contradiction;
sor=0.
Step 3. We claim that {x,} is a g.m.s. Cauchy sequence.

We claim that the following result holds:
Claim: For each € > 0, there is ny(e) € IN such that for all p, g > ny(e),

P(d(xp, xg)) <€, (15)

We shall prove (15) by negation. Suppose, on the contrary, that (15) is false.
Then there exists some € > 0 such that for all n € IN, there are p,, g, € IN with p,, > g,, > n satisfying:
() p(d(xp,,x4,)) = €, and
(ii) pn is the smallest number greater than g, such that the condition (i) holds.

Since
€ < o((xp,, xq,)
< p(xp,, xp,-2) +d(xp,-2, Xp,-1) + d(xp,-1,Xg,))
< eld(xp,, xp,-2)) + @A(xp,-2, Xp,-1)) + PA(xp,-1, X;,))
<

Pd(xp,, Xp,-2)) + Q(A(xp, -2, Xp,-1)) + €

hence we conclude lim,,_,, p(d(x,,, X;,)) = €. Since ¢ is subadditive and nondecreasing, we conclude

Pd(xp,, x,)) < @d(xp,, Xp,+1) + d(Xp, 41, Xp,+2) + d(Xp, 12, X5,))
< (P(d(xp,,/ xp,,+1)) + (P(d(xpnﬂl xp,,+2)) + (P(d(xpn+2/ xq,,))/
and so
PA(xp,, xq,)) = A(xp,, Xp,+1)) = A(Xp, 11, Xp,42)) < P(d(Xp,+1,%y,))
< od(xp,+1,Xp,-1) +d(xp,-1,Xp,) + d(xp,, Xy,))
< @d(xp, 1, Xp,-1)) + @(d(xp,-1, Xp,))
+ (p(d(xpn s Xg, ))-

Passing to the limit as n — co, we also have lim,, .. (d(xp,+1,%;,)) = €.
Thus, there exists i, 0 < i < m — 1 such that p, — g, + i = 1 mod m for infinitely many n. If i = 0, then we
have that for such n,

€ < @y, x,))
< (P(d(xp,,/ xp,,+1) + d(xp,,+1/ an+1) + d(an-%—l/ an))
< @d(xy,, xp,+1)) + QA(Xp, 11, Xg,41)) + P(A(xg, 41, X,))
= @y, Xp,+1)) + d(Txp,, Txy,)) + (d(xg, 11, %,))
< p(d(xp,, xp,+1)) + PPM(xp,, xq,)) + @(d(xg, 11, X,)-
where
r}l_rilo M(xp,,xg,) = ]}1_1)1010 max{d(xy,, xg,), d(Txp,, xp,), d(xg,, Tx,,)

= %E}olo max{d(xp,, X4,), d(Xp,.., Xp,), A(Xq,, Xg,.1)

= lim d(x,,, xg,)-

n—oo

Passing to the limit as n — co. Thus we have

e<0+ ;}1_r)n P(p(xp,, x4,)) +0 <,

a contradiction. Therefore lim,, .. @(d(xp,,X;,)) = 0, by the condition (¢3), we also have
lim;, 0 d(xp,,%4,) = 0. The case i # 0 is similar. Hence, {x,} is a g.m.s Cauchy sequence.
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Step 4. We claim that T has a periodic point.

We argue by contradiction. Assume that T has no periodic point. Then {x,} is a sequence of distinct points,
that is, x, # x,, for all m # n. By Step 2, since (X, d) is a complete g.m.s, there exists u# € X such that x, — u.
Applying (2) with x = x, and y = u, we obtain

P(d(xnr1, Tu)) = @(d(Txy, Tu)) < P(@(M(xy, 1)) (16)
where
M(x,,, u) = max{d(x,, u), d(x,, xu+1), d(u, Tu)}.

Since lim d(x,, 1) = lim d(x,, x,+1) = 0, so we obtain that
n—oo

n—o0

lim M(x,,, u) = d(u, Tu). (17)
Next we shall find a contradiction of the fact that T has no periodic point in each of the two following cases:

elfforalln >2,x, # uand x, # Tu.
Passing to the limit as lim in (16) and using (17), and the properties of ¢ and ¢, we obtain
n—o0o

Pld(u, Tu)) < P(p(d(u, Tu))) < @(d(u, Tu)

which implies that d(u, Tu) = 0, so u = Tu, that is, u is a fixed point of T, so u is a periodic point of T. It
contradicts the fact that T has no periodic point. Therefore, there exists u € X such that u = T”(u) for some
p € N. So T has a periodic point in X.

e Let for some g > 2, x; = u or x; = Tu. Since T has no periodic point, then obviously u # xo.
Indeed, if x;, = u = x0 so T9xp = xo, i.e, xo is a periodic point of T, while if x, = Tu and xo = u so
Txo = Tu = x, = T7xg = T} (Txo), i.e, Txo is a periodic point of T.

For all n > 0, we have

A(T"u, u) = d(T"xq,u) = d(xp1q,u) or d(T"u,u) = AT 'Tu,u) = d(T”*lxq,u) = d(Xpig-1,1).

In the two precedent identities, the integer g > 2 is fixed and so {x;14} and {x,4-1} are subsequences from
{xn} and since {x,} g.m.s. converges to u in (X, d). On the other hand, we can see that x, # x,, for whenever
m # n. Indeed if for some m,n € N, x,, = x,, and n < m, then by (7), we have

P(d(xn, Xn41)) = @A, Xiur1)) < P P(A(Xn, Xn41)) < PA(Xn, Xn11)), (18)

a contradiction. So by Lemma 1.6 and (18), the two subsequences g.m.s. converge to same unique limit
u,ie,

lim d(x14,u) = lim d(x,44-1,4) = 0.

n—o0

Thus,
lim d(T"u,u) = 0. (19)

n—oo

By quadrilateral inequality, then by (19),

lim d(T"u,u) = 0. (20)

n—o0

On the other hand, since T has no periodic point, it follows that

T°u+Tu forany s,reIN, s#r (21)
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Using (21) and the quadrilateral inequality, we may write
ld(T™ u, Tu) — d(u, Tu)| < d(T" 7w, T ?u) + d(T"u, u).

Passing to the limit as 7 — oo in the above and proceeding as (5) (since the point x, is arbitrary), using (20)
we obtain

lim d(T"u, Tu) = d(u, Tu). (22)
Now, by (2)

QAT u, Tu)) < Y(e(M(T"u, u))) (23)
where

M(T"u, 1) = max{d(T"u, u),d(T"u, T""'u),d(u, Tu)} — d(u, Tu) as n — co.
Passing to the limit as # — oo in (23) and using (22) and the above limit, we get that

P(d(u, Tu)) < P(p(d(u, Tu))) < @(d(u, Tu)

which holds only if d(u, Tu) = 0, i.e, Tu = u, which implies that u is a periodic point of T. This contradicts
the fact that T has no periodic point.
Consequently T admits a periodic point, that is, there exists u € X such that u = TPu for some p > 1.

Step 5. Existence of a fixed point of T.

If p =1, then u = Tu, that is, u is a fixed point of T. Suppose now that p > 1. We will prove that u = T"'u
is a fixed point of T. Suppose that it is not the case, that is, TP~'u # TPu. Then d(T"~'u, T’u) > 0 and
Y(p(d(TP~u, TPu))) > 0, which implies that ¢((M(TP~u, TPu))) > 0. Now, using inequality (2), we obtain

@(d(u, Tw)) =p(d(TPu, TP 'u))
=p(d(T(TP"'u), T(T"u)))
<P(Q(M(TP'u, T u)))

which by the property of ¢ implies
P(d(u, Tw) < p(M(T" " u, T')), (24)
where

M(TPYu, TPu) = max{d(TP~u, TP u), (TP u, TPu), d(TPu, TP u)}
= max{d(T"~u, TPu), d(u, Tu)} = d(TP u, TPu)

because otherwise we get a contradiction with (24). Thus, (24) becomes
@(d(u, Tu)) < pd(TV'u, TP u)). (25)
Again, using (2) we have

QTP u, T'w)) =d(T(TP~2u), T(T" ' u)
<YleM(T2u, TP w))).

Again, this implies that
QTP u, T'u)) < (M(T?2u, TV 'u)), (26)
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where
M(TP~2u, TP~ u) = max{d(TP~2u, TP"'u), d(TP~2u, TP u), (TP~ u, TPu))
= max{d(TF~2u, TP~ u), d(TP~u, TP u)} = d(TP2u, TP ')
because of (26). Thus, from (26)
QTP u, TP'u)) < (d(TV2u, TV 'u)). (27)
Continuing this process as (25) and (27), we find that
@(d(u, Tu)) < e(A(TP " u, TPu)) < p@A(TP2u, TP 'u)) < ... < p(d(u, Tu))

which is a contradiction. We deduce that p = TP~'u is a fixed point of T.

Step 6. Uniqueness of the fixed point of T.
Suppose that there are two distinct points y,v € X such that Ty = y and Tv = v. Then, M(u,v) =
max{d(u,v),d(u, Tp), d(v, Tv)} = d(u,v) and @(d(u,v)) > 0. By (2), we obtain
p(d(u,v)) =p(d(Tu, Tv)) < P(e(M(y, v)))
=P(p(d(w, ) < ey, v))

a contradiction. Thus, T has a unique fixed point. This completes the proof of theorem. [
We illustrate Theorem 2.4 by two examples which are obtained by modifying the one from [1, 10].

Example 2.5. Let X = {a,b,c,e} and we define d : X x X — R* by d(a,b) = 0.25, d(a,c) = d(b,c) = 0.1,
d(a,e) =d(b,e) =d(c,e) =0.2and d(x,x) =0 forall x € X.
Then (X, d) be a generalized metric space, but it is not a metric space, because
d(a,b) =025 >d(a,c)+d(b,c) =0.2.

Let i, : RY > R, ¢(t) = t and o(t) = 3t.
We next define T : X — X by

sz{c' ifx#e,

a, ifx=e.
Then all conditions of Theorem 2.4 are satisfied and c is a unique fixed point of T.
Example 2.6. Let X = {t,2t,3t,4t}. Defined : X X X — R as follows:
d(t,2t) =d2t,t) =3,
d(2t,3t) = d(3t,2t) = d(t,3t) = d(3t,t) = 1,
d(t,4t) = d(4t,t) = d(2t, 4t) = d(4¢,2t) = d(3t, 4t) = d(4¢,3t) = 4.
Then (X, d) is a complete generalized metric space but (X, d) is not a metric space because it lacks the triangular

property:
3=d(t2t) > d(t,3t) +d(3t,2t) =1 +1=2.

Let @ : RY — R, (t) = t and ¢(t) = %t.
Next we define a mapping T : X — X as follows:

To = 3t, z:fx¢4t,
t,  ifx =4t

Note that
d(T(t), T(2t)) = d(T(t), T(3t)) = d(T(2t), T(3t)) =0

and in all other cases
d(Tx, Ty) =1,d(x, Tx) = d(y, Ty) = 4.

Then all conditions of Theorem 2.4 are satisfied and 3t is a unique fixed point of T.
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3. Periodic and Fixed Point for Generalized (1, ¢)-Contractions in Generalized Metric Spaces

We assume W the set of functions i : [0, +00) — [0, +0) to be a weaker Meir-Keeler function satisfying
conditions (), (Y1), ({2) and (13) from Section 2. Also consider ® the set of functions ¢ : [0, +00) — [0, +o0)
to be a non-decreasing and continuous function satisfying (¢1) ((¢2) and (¢3) are not needed).

Our second main result is the following.

Theorem 3.1. Let (X, d) be a complete generalized metric space. Suppose that T : X — X is such that forall x,y € X
d(Tx, Ty) < M, ) - p(M(x, ) (28)
where p € ¥, ¢ € D and
M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty)}. (29)

Then T has a periodic point u in X, that is, there exists u € X such that u = TPu for some p € IN. Also if 0 < Y(t) < t
fort > 0, then there exists a unique fixed point u € X of T such that u = Tu.

Proof. First, it is obvious that M(x, y) = 0 if and only if x = y is a fixed point of T. Let xo € X an arbitrary
point. By induction, we easily construct a sequence {x,} such that

Xpr1 = Txp, = T"xy forall n > 0. (30)
Step 1. We claim that
lim d(x,, x,+1) = 0. (31)

Substituting x = x,, and y = x,,_; in (28) and using properties of functions i and ¢, we obtain
d(xn+1/ xn) = d(Txnr Txn—l)

< PM(xn, xXn-1)) = QM (X, Xn-1)) (32)
< P(M(xn, Xn-1)),

that is,
d(xp41, Xn) < P(M(xy, xp—1)) forall n > 1.
Note that
M(xn, xp-1) =max{d(xy, Xn-1), d(xn, Txn), d(xn-1, Txn-1)} = max{d(x, Xu-1), d(Xn, Xn+1)}

If for some n > 1, d(xy, Xp—1) < d(xXn, Xn41), then M(x,, x,-1) = d(x,, x4+1) > 0 and so by the condition (¢1),
@(d(xy41,x4)) > 0; so (32) becomes

0 < d(xns1,xn) < P(d(Xns1, Xn)) = @A (Xns1, X)) < P(A(Xns1, X))
a contradiction. Thus, forall n > 1

(X1, Xn) < P(A(xn, Xn-1)) (33)
and by the condition (¢p), we have

P(d(xn-1,xn))
P(p(A(xn-2, Xn-1)))
VA(d(xn-2, Xn-1))

IA

d(xnr xn+1)

IN

IAN -

P (d(xo, x1))-
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Since {¢"(d(xo, x1))}nen is decreasing, it must converge to some 1 > 0. We claim that 1 = 0. On the contrary,
assume that 7 > 0. Then by the definition of weaker Meir-Keeler function ¢, there exists 6 > 0 such
that for xp,x; € X with n < d(xo,x1) < 0 + 1, there exists ny € IN such that ™ (d(xo, x1)) < 7. Since
limy,—,00 Y"(d(x0, x1)) = 7, there exists py € IN such that n < P(d(xo,x1)) < 6 + 1, for all p > py. Thus, we
conclude that ¢7*"(d(xo, x1)) < 1. So we get a contradiction. Therefore lim,_,, " (d(xo, x1)) = 0, that is,

31_{1{)10 d(x,, xp41) = 0.
Step 2. We shall prove that
lim d(x, x042) = 0. (34)
Using inequality (28), we also have that for each n € IN,

A(xn, Xnt2) = d(Txp-1, Txpy1) < l,b(M(xn—lr Xn41)) — (P(M(xn—lr Xp+1))- (35)

From (31), there exists K > 0 such that d(x,, x,+1) < K for all n € IN. We prove (34) in each of the two
following cases:

o If d(x,_1,x,41) > K for all n € N, from
M(xp-1, Xp41) = max{d(xp-1, Xn41), A(Xn-1, Txn-1), d(Xps1, Txni1)} = (-1, Xn41)
and using inequality (28), we have that for each n € IN,
d(xn, Xns2) = A(Txn-1, Txp41)

< PM(xn-1, Xn41)) — PIM(Xn-1, Xn41)) (36)
= I1[J(d(xn—1/ xn+1)) - (P(d(xn—lr xn+1)),

that is,
d(xnr xn+2) < ll)(d(xn—ll xn+1)) - (P(d(xn—lr xn+1))r (37)
and from (19), we have

E[/(d(xn—lz Xnt1)) — (P(d(xn—l/ Xn+1))
Y(A(Xn-1, Xn+1))

P(((xn—2, xn)))

VP (A2, X))

d(xn/ x‘rl+2)

IAIAN A

< P(d(xo, x2)).

Since {¢" (d(xo, x2))}nen is decreasing, by the same proof process, we also conclude

lim d(x,, X42) = 0. (38)

o If, for some n € IN, we have d(x,-1,x,+1) < K and d(x,,, x,42) > K, then from (28) and properties of
function 1,
A(xn, Xp42) = A(Txu1, Txpi1)
< I1[J(]\/I(3Crl—1/ xn+1)) - (P(M(Xn_1,xn+1))
< IP(M(xnflr Xn+1)) (39)
< P(K)
<K,
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that is, d(x,, x,12) < K, a contradiction. Then d(x;,, x,.+2) > K or d(x,, x,12) < K for all n € IN and in both
cases the sequence {d(x;,, X,+2)} is bounded. Now, if (12) does not hold; then there exists a subsequence {x,, }
of {x,} such that d(x,,, x,,+2) = r > 0. From

d(xnk—lr xnk+1) < d(xnk—lr xnk) + d(xnk/ xnk+2) + d(xnk+1r xnk+2)
and
d(xnkr xnk+2) < d(xnk—l/ xnk) + d(xnk—ll xnk+1) + d(xnk+1/ xnk+2)
we deduce that
lim d(xnk—lr xnk+1) =T
k—o0

Substituting x = x,,, and y = x,,+2 in (2), we have

d(x}’lkl xnk+2) = d(Txnk—l/ Txnk+1)

< YMCn1, Xn01)) — QM (1, Xns1)); 40

where M(xnkflr xnkJrl) = max{d(xnkfll Xnp+1 )/ d(xnkfl/ Txnk,1 )/ d(xnkJrl/ Txnk+1)}- So

lim M(Xp—1, Xpe1) = 1-

k—oo

From (40) as k — oo and by using the condition (¢’3) of the function 1, we get r < r — @(¥). So ¢(r) = 0. Thus
r = 0, a contradiction.
Step 3. We claim that {x,} is a g.m.s. Cauchy sequence.

We claim that the following result holds:
Claim: For each € > 0, there is ny(e) € IN such that for all p, g > ny(e),
d(xp, x5) <€, (41)

We shall prove (41) by negation. Suppose, on the contrary, that (41) is false. Then there exists some € > 0
such that for all n € IN, there are p,, g, € IN with p,, > g, > n satisfying:

d(xp,, xg,) = €.

Now, we let n > m. Then corresponding to g, > 1 use, we can choose p, in such a way, that it is the smallest
integer with p,, > g,, > n satisfying d(x,,, x,) > €. Therefore d(x,,, xp,-1) < € and

e < dxg,xp,)
< d(xy,, xp,-1) +d(Xp, -1, Xp,—2) + d(Xp, 2, Xp,)
< €e+d(xp,-1,%p,2) + d(xp, -2, Xp,)-

Passing to the limit as n — oo, we obtain that

nlg{}o d(xy,, xp,) = €.

On the other hand, we can conclude that

€ d(xg,, Xp,)
d(an, an+l) + d(xq,,+1/ xpn+1) + d(xp,,+1/ xp,,)

d(xg,, Xgq,+1) + d(xg,+1,%g,) + d(xg,, Xp,) +d(xp,, Xp,+1) + d(Xp, 41, Xp,)-

IAIAN A

Passing to the limit as n — oo, we obtain that

}Erolo d(xq,,+1/ xpy,+1) = €.
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Using (28)

A(xXg,+1, Xp,41) = d(fxg,, fxp,) < P(M(xg,, Xp,)) — P(M(xg,, Xp,)),

where M(x,,, xp,) = max{d(x,,, xp,), d(xy,, Txg,),d(xp,, Txp,)}. Passing to the limit as n — oo, by using the
condition (y’3) of the function ¢, we obtain that

€ <e—qle),

and consequently, ¢(e) = 0. By the definition of the function ¢, we get € = 0 which is contraction. Hence,
{x,} is g.m.s Cauchy.
Step 4. We claim that T has a periodic point.
We argue by contradiction. Assume that T has no periodic point. Then {x,} is a sequence of distinct points,
that is, x, # x,, for all m # n. By Step 2, since (X, d) is a complete g.m.s, there exists u# € X such that x, — u.
Applying (28) with x = x, and vy = u, we obtain

d(xns1, Tu) = d(Txy, Tu) < P(M(xn, 1)) = 9(M(xn, 1)) < P(M(xn, 1)), (42)
that is,

d(xn+1/ Tu) < l‘/)(M(xnl 1/[))
where

M(xy, 1) = maxid(xy, 1), d(xXn, Xus1), du, Tu)).

Since lim d(x,, u) = lim d(x,, x,+1) = 0, so we obtain that
lim M(x,,, u) = d(u, Tu). (43)
Next we shall find a contradiction of the fact that T has no periodic point in each of the two following cases:

elfforalln >2,x, # uand x, # Tu.
Taking the lim in (42) and using (43), and the properties of ¢ and ¢, we obtain

d(u, Tu) < Y(d(u, Tu)) — e(d(u, Tu))

which implies that d(u, Tu) = 0, so u = Tu, that is, u is a fixed point of T, so u is a periodic point of T. It
contradicts the fact that T has no periodic point. Therefore, there exists u € X such that u = T”(u) for some
p € N. So T has a periodic point in X.

e Let for some q > 2, x; = u or x; = Tu. Since T has no periodic point, then obviously u # xo.
Indeed, if x;, = u = x0 so T7xp = xo, i.e, xo is a periodic point of T, while if x, = Tu and xo = u so
Txg =Tu =x5=TIxg = T (Txo), i.e, Txp is a periodic point of T.

For all n > 0, we have

A(T"u,u) = d(T"xg, u) = d(xy4q,u) or d(T"u,u)= AT ' Tu,u) = d(T”_lxq, u) = d(Xpig-1,u).

In the two precedent identities, the integer q > 2 is fixed and so {x,+,} and {x,+;-1} are subsequences from
{x,} and since {x,} g.m.s. converges to u in (X,d). On the other hand, we can easily see that x,, # x,, for
whenever m # n. Indeed if for some m,n € N, x, = x,,, and n < m, then by (33), we have

d(xnr xn+1) = d(xmr xm+1) < Qbm_nd(xnr xn+1) < d(xn/ xn+1)r (44)
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a contradiction. So by Lemma 1.6 and (44), the two subsequences g.m.s. converge to same unique limit
u,ie,

lim d(xy4q, u) = im d(x;44-1,u) = 0.
n—oo n—oo
Thus,
lim d(T"u, u) = 0. (45)

n—oo

By quadrilateral inequality, then by (45),

lim A(T"?u,u) = 0. (46)
On the other hand, since T has no periodic point, it follows that

T°u+Tu forany s,reIN, s#r. 47)
Using (47) and the quadrilateral inequality, we may write

ld(T" u, Tu) — d(u, Tu)| < d(T"u, T ?u) + d(T"u, u).

Passing to the limit as # — oo in the above limit and proceeding as (31) (since the point xy is arbitrary),
using (46) we obtain

lim A(T"u, Tu) = d(u, Tu). (48)
Now, by (28)

d(T" u, Tu) < M(T"u, u)) = p(M(T"u, ) (49)
where

M(T"u, u) = max{d(T"u, u),d(T"u, T"'u),d(u, Tu)} — d(u, Tu) as n — co.
Passing to the limit as # — oo in (49) and using (48) and the above limit, we get that
d(u, Tu) < Y(d(u, Tu)) — e(d(u, Tu))

which holds only if d(u, Tu) = 0, i.e, Tu = u, which implies that u is a periodic point of T. This contradicts
the fact that T has no periodic point.
Consequently T admits a periodic point, that is, there exists u € X such that u = TPu for some p > 1.

Step 5. Existence of a fixed point of T.
If p =1, then u = Tu, that is, u is a fixed point of T. Suppose now that p > 1. We will prove that u = T""'u
is a fixed point of T. Suppose that it is not the case, that is, TP~'u # TPu. Then d(T"'u, T’u) > 0 and
Y(d(TP~'u, TPu)) > 0, which implies that ¢(M(TP~1u, TPu)) > 0. Now, using inequality (28), we obtain
d(u, Tu) =d(TPu, TP*u)
=d(T(TP'u), T(T* u))
<YM(TP u, TPu)) — (M(TP " u, TPu))
<Y(M(TP'u, TPu))

which by the property of ¢ implies
d(u, Tu) < M(TP " u, TPu), (50)
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where
M(TPYu, TPu) = max{d(TF " u, TP u), d(TP " u, TPu), d(TPu, TP u))
= max{d(T"~u, TPu), d(u, Tu)} = d(TP~ u, TP u)
because otherwise we get a contradiction with (50). Thus, (50) becomes
d(u, Tu) < d(TP~ u, TPu). (51)
Again, using (28) we have
A(TP~ u, TPu) =d(T(TP~2u), T(TPu))
<YM(TP2u, TP Mu)) — o(M(TV 2w, TP 'u))
<Y(M(TP%u, TP u)).
Again, this implies that
A(TP~ u, TPu) < M(TP~2u, TP u), (52)
where
M(TP~2u, TP~ u) = max{d(TP~2u, TP '), d(TP~>u, TP u), d(TP " u, TPu))
= max{d(TP~2u, TP~ u), d(TP~u, TP u)} = d(TP2u, TP ')
because of (52). Thus, from (52)
(TP~ u, TPu) < d(TP~2u, TP tu). (53)
Continuing this process as (51) and (53), we find that
d(u, Tu) < d(TP~ u, TPu) < d(TP~2u, TP u) < ... < d(u, Tu)

which is a contradiction. We deduce that y = TP~'u is a fixed point of T.

Step 6. Uniqueness of the fixed point of T.
Suppose that there are two distinct points y,v € X such that Ty = y and Tv = v. Then, M(u,v) =
max{d(u,v),d(u, Ty),d(v, Tv)} = d(u,v) and Y(d(u,v)) > 0. By (28), we obtain
d(p,v) =d(Tu, Tv) < p(M(w, v)) = p(M(y, v))
=P(d(p,v)) = @(d(u, v)) < P(y, v))
a contradiction. Thus, T has a unique fixed point. This completes the proof of theorem. [

Remark 3.2. Theorem 2.4 extends Theorem 2.1 and Theorem 2.2 of Chen and Sun [5] while Theorem 3.1 extends
Theorem 3.1 of Lakzian and Samet [15], and Theorem 2.2 of Shatanawi et al. [21].

We illustrate Theorem 3.1 by an example which is obtained by modifying the one from [6].

Example 3.3. Let X = {t,2¢,3t,4t, 5t} with t > 0 is a constant, and we defined : X x X — [0, 1) by
(1) d(x,x) =0, d(x,y) =d(y,x), forall x,y € X;
(2) d(t,2t) = 3a, d(t,3t) = d(2t,3t) = a d(t,4t) = d(2t,4t) = d(3t,4t) = 2a; d(t,5t) = d(3t,5t) = a, and
d(2t, 5t) = d(4t,5t) = 2a, where a > 0 is a constant.
Then (X, d) be a generalized metric space, but it is not a metric space, because
d(t,2t) = 3a > d(t,3t) + d(3t,2t) = 2a.

Ifll)’(p :R" — R+/ I]b(t) = 4t and qo(t) = 3t.
We next define f : X — X by

3t, i 4t,
Ty = 13 zfxi t
t, ifx =4t

Then all conditions of Theorem 3.1 are satisfied and 3t is a unique fixed point of T.
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